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An attempt is made to combine the bremsstrahlung intrinsic energy-angle distribution for radiated 
photons with Moliére’s multiple-scattering theory for the incident electrons. 

The angular distribution of betatron radiation is essentially characterized by a function /(@), which is 
given as a series in inverse powers of Molitre’s parameter B. The first term of this expansion, which is 
dominant for small angles, is equivalent to a combination theory developed on the basis of a Gaussian 
approximation for multiple scattering. This term is worked out exactly and its final expression may be 
compared with previous theories which depend upon mathematical approximations. The term of order B 
becomes important for larger angles and gives the transition to the contribution of single-scattered electrons. 
Expressions for the forward radiation and energy-angle distribution are given. The angular distribution 
predicted by these results was found to be in good agreement with an experiment performed by Lanzl and 


Hanson. 





INTRODUCTION 


XPRESSIONS for the intrinsic energy-angle dis- 

tribution of target bremsstrahlung have been 

derived by Sommerfeld and Schiff on the basis of the 
Bethe-Heitler radiation theory.'? 

It has been pointed out that in the range of target 
thickness that is more frequently used in betratrons 
and synchrotrons, the energy-angle distribution of the 
radiation is modified by the elastic multiple scattering 
of the electrons in the target. On the other hand, energy 
loss of the electrons and absorption of the radiation in 
the target can be neglected.’ 

There are a number of papers in which the influence 
of multiple scattering is taken into account. It is a 
common feature of these papers that they consider the 
problem on the basis of a Gaussian approximation for 


* Present address: Laboratory of Nuclear Studies, Cornell Uni- 
versity, Ithaca, New York. 

1A. Sommerfeld, Atombau und Spektrallinien (Friedrich Viewig 
und Sohn, Braunschweig, 1939), Vol. 2, p. 551. 
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*L. I. Schiff, Phys. Rev. 79, 87 (1 946}. 

‘J. D. Lawson, Proc. Phys. Soc. (London) A63, 653 (1950). 

6 J. D. Lawson, Phil. Mag. 43, 306 (1952). 

7L. Lanzl and A. Hanson, Phys. Rev. 83, 959 (1951). 

8 Muirhead, Spicer, and Lichtblau, Proc. Phys. Soc. (London) 
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( sR M. Warner and E. F. Shrader, Rev. Sci. Instr. 25, 663 
1954). 


multiple scattering.'° There is, however, some experi- 
mental and theoretical evidence for the necessity of a 
more complete and detailed theory (for example, see 
discussion in Sec. II-C of reference 7). 

In the present paper we consider the combination of 
the scattering and radiation theories on the basis of 
Moliére’s complete theory of multiple scattering." 
Our main results depend essentially on two parameters, 
B and X. The former is identical to the parameter 
introduced in Moliére’s theory, while the latter is 
given by the square of the ratio of the angular width 
of the intrinsic radiation to the angular width of the 
multiple-scattering distribution. In the cases of main 
interest, \ and 1/B are small numbers (usually smaller 
than 0.2). 

The angular distribution is essentially characterized 
by a function J(@) [Eq. (7) ] which is given as a series 
in 1/B. The first term of this expansion is exactly the 
expression we would obtain for the combination theory 
on the basis of a Gaussian approximation for multiple 
scattering. This zeroth-order term,!° which is dominant 
for small angles, is worked out exactly and its final 
expression may be compared directly with previous 


© Hereafter, the combination of the radiation theory with a 
Gaussian approximation for multiple scattering will be called for 
brevity “zeroth-order approximation” or ‘zeroth-order term.’ 
(This denomination will become clear later.) 

1 G. Moliére, Z. Naturforsch. 3a, 78 (1948). 

2H. A. Bethe, Phys. Rev. 89, 1256 (1953). 
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theories which made use of mathematical simplifica- 
tions. Next we consider the 1/B term in an approximate 
way, retaining only the main contribution in the limit 
of small \. This term becomes more and more important 
when the angle increases and, in the case of \<1/(2B), 
it turns out to give the dominant contribution in the 
asymptotic region. 

The present results were found to be in good agree- 
ment with the experimental angular distribution as 
determined by Lanzl and Hanson (reference 7, Fig. 12). 


FORMULATION 


Let o(k,0)6d0dk be the intrinsic differential cross 
section for the emission of a photon into the angular 
interval dé and energy interval dk (@ is the angle between 
the directions of the photon and incident electron), 
f(0,t)6d@ the number of electrons in the interval dé 
about an angle 6 with the original beam after traversing 
a thickness ¢, and P(k,0)6d@dk the final number of 
photons emerging from the target in the intervals dé 
and dk. For small angles, as is obvious, the angles of 
the photons and scattered electrons can be represented 
as vectors in the plane perpendicular to the direction 
of the incident electron. Then the energy-angle dis- 
tribution of the radiation from a layer of thickness dt 
at a depth ¢ is given by the convolution of o(k,6) and 
f(0,t) over that plane. Since the electrons radiate at all 
values of ¢ from 0 to T (total thickness of the target), 
it is necessary to perform an additional integration 
over t. Thus, we have 


P(k,0)0d6dk 


- 
= Nedbdk f dt f J f(O—x, t)o(x)dSy, (1) 
0 


where 6— x is the vector in the plane representing the 
direction of the electron before the radiative collision, 
dS,=xdxdo/2x (¢: azimuth of the vector x in the 
plane) and WN is the number of scattering atoms per 
cm’, 

In this paper, f(6,¢) will be given by Moliére’s theory 
of multiple scattering; we can then write (see Sec. 5 
of reference 11) 


Qt /xe (t) 


f(6,t)ed0 = 0d0 ] uduJ o(u) 


xexr|* : ” ( ~b(t)+1n— 7 *)} (2) 


where x-.(¢) and b(t) are complicated functions defined 
in references 11 and 12. The quantity Q%, which repre- 
sents the total number of elastic collisions and is usually 
a very large number, does not play a significant role 
(later on we will set Qo= ~). 

The next step is to put Eq. (2) into a more con- 
venient form in order to perform the operations indi- 
cated in Eq. (1). Observing Eqs. (10) and (22) of 
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reference 12, we immediately realize that x.’ is propor- 
portional to ¢ and that —d(#)+In[w*x2(#)/4] is inde- 
pendent of ¢. Using these simple facts, introducing 
7+=t/T and defining the parameter B through the tran- 
scendental equation 


B(T)—\nB(T)=6(T), (2a) 


we get 


‘ft 1 Qot/ xe (t) 
as f f(@,i)dt= f de f udu o(6u) 
T Jo 0 0 


ue 1 
xexp{ -“ae(T)Br(1-— in x2¢798) (2b) 
4 B 4 


Following Moliére, we introduce now the reduced angle 
3=6/[x-(T)B4(T)]. (2c) 


Setting y=ux-(7)B! and expanding the second ex- 
ponential in Eq. (2b), the following result is obtained: 


a (0,)dt= F (9) 3d8 
ry f(@,))dt= F (3) 


= ddd[F (8) + BF (9) 


+BOF®(8)+-+-], (2d) 


where 


ate e 
Fo (a)=— f arf ydyJ o(3y) 
n!Jo 0 
y? y bed 
xexp(—94/4)( in~) -  (2e) 
4 4 


By restricting the series (2d) to a finite number of 
terms, we are allowed to set the upper limit of the 
integration over y equal to infinity.” 

The next step is to express Schiff’s intrinsic differ- 
ential cross section ¢ as a function of the reduced angle 
v: 


a (k,0)0d0dk =o (k,3) ddddk 
dn 22? 
n 137 


st a—n— my |, @ 
eo oash 


where . 
, (3a) 


(3b) 


e 2 
(-) | [InM (8) (2—2n-+n")— (2—n)*] 
bp 





Z} P TH) 
ng OTTO oe er 
N=p?/(Eex2B). 


Here uy is the rest energy of the electron, Ep and k are 
the energies of the incident electron and the photon and 
n=k/Eo. 


8 See discussions after Eqs. (5,5) and (7,3b) in reference 11, 
and after Eq. 20 in reference 12. 





BETATRON TARGET RADIATION 


The parameter \ will play an important role. It is 
essentially the square of the ratio of the angular width 
of the intrinsic radiation (u/Eo) to that of the multiple 
scattering distribution (x.B). Its physical meaning is 
simple. Roughly speaking, the value of \ measures the 
relative importance of the multiple scattering and 
radiative distributions: when \—0, the former is the 
dominant one; the contrary occurs when A>. In the 
cases of interest here, \ is a small number (usually 
AS0.2). This fact will prove to be important for main- 
taining simplicity in the main results. 

The first term in the expression for 1/M(#) represents 
the influence of the screening of the nucleus by the 
outer electrons. For the moment we will not consider 
the slow angular dependence of InM(#), an approxi- 
mation also used in all previous calculations. Of course, 
this procedure does not introduce any error when the 
screening is neglected [i.e., when we set Z=O in Eq. 
(3a) ]. Moreover, when 2 is small, the final angular 
distribution does not depend very sensitively on the 
intrinsic distribution and, therefore, we may expect that 
this approximation will introduce only a small error. 

Equation (1) may be written now in the abbreviated 
form" 


P(d) ddd = P (0)0d0= NT 3ddF (3) ka (8). (4) 


We obtain immediately for the combined energy-angle 
distribution : 


dn 222 7é\? 
P(9)8dd=8ddNT— —( ~) 
n 137\ p 


X { [nM (x1) (2—29-+n*) — (2—n)* J (8,d) 
+3(1—m)[4—InM (x2) J (8,A)}, (5) 
where!® 
I(8,A)=F (o-( 1+8/r)~, (Sa) 


129? 
J(3,\) =F (8)* y (1+-8?/A)~*. 


(Sb) 


In Eq. (5), x: and x2 are two conveniently chosen angles 
which will be discussed later. It is easily seen that the 
functions J(#) and J(#) are related by a simple 
expression : 


a\2 
J (8A) = [: _ (—) roa. 
Or 


In order to prove Eq. (5c), it is sufficient to observe 
that an identical relation holds between the second 
M4 Here, the symbol F(3)*o(8) means the convolution of F(#) 
and @(#) in the plane of @. 
18 The convolution factors in Eqs. (5a) and (5b) are already 
normalized to unity, i.e., 


- F(d)0d0= (2/a) J" (1+-04/a)*0d0= kaa, 
0 0 


(Sc) 
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convolution factors of Eqs. (Sa) and (5b), as may be 
readily verified by differentiation. 

It is well known that the angular distribution of the 
radiation is essentially given by the function J(#,) 
(see reference 7). In order to evaluate this function, we 
observe that the Bessel (Fourier) transform of the 
second convolution factor of Eq. (5a) may be written 
as follows (see Appendix A): 


2 oO 
pe f ddI (yd) (1+82/r) 
Avo 


-{ e~* exp(—)y"/4a)da. (6) 
0 


Now we make use of the folding theorem: the convolu- 
tion of the two functions of Eq. (5a) is given by the 
Bessel transform of the product of their Bessel trans- 
forms. Remembering Eqs. (2d), (2e), and (6), we imme- 
diately obtain 


1(8,A)=1O+ B14 B°7@4.--, (7) 


1 1 ao c) 
I (8A) =— f arf eda f ydyJ o( dy) 
n! 9 0 0 


4? y? y? n 
Xexp}| ——(r+A/a) ff r— in~) , tt 
4 4 4 


It is interesting to note that if we eliminate the inte- 
gration over 7 and set r=1 (i.e., =7) and A=0 in 
Eqs. (7) and (7a), we reobtain Moliére’s theory of 
multiple scattering in its expanded form, as should be 
expected from the physical interpretation of \. In the 
next section the leading terms of the series (7) will be 
discussed in detail. 

Let us observe that in the derivation of Eq. (2d), 
and therefore of Eq. (7), we have proceeded from the 
integral representation of Moliére’s theory rather than 
from its expanded form: 


f(8,1)9d8 = ddd[2 exp(— 9) +B-1() f (8) 
+B? f(d)+---J. (8) 


The main difficulty in constructing the convolution 
factor fo? {(8,t)ddddt from this series is the fact that, 
in Eq. (8), B(t) is a rather complicated though slowly 
varying function of the variable of integration ¢. (In 
Eq. (8) the angle # also depends on / in a complicated 
way, 0(t)=0/[x-(t)B4(t)].) Through the procedure 
indicated in this section, this difficulty is completely 
avoided because both B(T) and #(7) are now inde- 
pendent of the variables of integration.'* 

We turn now to a brief discussion of the two angles 


16 This exact elimination of the dependence of B on the variable 
/ results in the fact that, for nm > 1, the convolution factors F‘™ (8) 
are not exactly equal to /o!(dr/r)f™(d/r+). (The equality of 
these expressions should be expected from the simple expansion 
(8), if the slow ¢ dependence of B were neglected.) 
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x1 and x2 introduced in Eq. (5). These angles arise 
from the angular dependence of InM(#) which has not 
been considered in the previous mathematical deriva- 
tions. As was pointed out above, when the screening is 
neglected, InM(#) does not depend any longer on # 
and there is no problem at all. In general, however, x1 
and x: will depend on A, #, and 7 in a rather complicated 
way. It is not difficult to see that, when d is small, 
InM (x;) is almost independent of &. Therefore, it does 
not appreciably affect the angular dependence of the 
combined distribution, which is the point of main 
interest here. The dependence of InM(x,) on 7 has, 
however, some effect on the shape of the spectrum. As 
we are mainly interested in small values of \, a way of 
determining approximately the x; is to consider the 
case A=0. It is well known that in that limit the 
theoretical spectrum is almost independent of the angle 
and is essentially given by the integrated spectrum of 
the intrinsic distribution.**"” Taking into account this 
last fact and using some results of reference 2, we find 
the following approximations'*: 


InM (x1)=InM (0)+2—(2/p) tan, (9) 


InM (x2) =1InM (x1)+[4p*—3p~ In(1+p?) 
—2p-*(2—p#) tantp—¥), 


p=2Eo(1—n)Z*/ (111m). 


(9a) 
(9b) 


Equations (5), (7), and (9) give an approximate 
description of the combined energy-angle distribution. 
In the next section the evaluation of the fundamental 
function J(#) will be considered in detail. 


EVALUATION 


Let us consider the first term in Eq. (7). Performing 
the integration over y [see Appendix (A, 1) ], we readily 
obtain 

” 1 dr expl — 8?/(7+)/a) ] 
1(9)=2 f -*da f 
0 t+y\/a 





(10) 


This expression is clearly equivalent to a theory based 
on a Gaussian approximation for multiple scattering. 
In fact, let us suppose for a moment that, instead of 
considering the complete theory of multiple scattering, 
we make use of a Gaussian law: 


1 — 92/7 
F(3)~2 id i) T. 


0 T 


(11) 


17 However, Warner, and Shrader (reference 9) have found 
reproducible and rather large variations in the experimental 
angular distribution of different spectral components of betatron 
radiation. 

18The parameter p, introduced in reference 2, measures the 
relative importance of the screening; p>=0 means no screening 
while p= © means complete screening. For all values of p, the 
function between brackets in Eq. (9a) is small and, for p<3, it 
can be neglected. 
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Then, according to the general definition (Sa) and taking 
into account the elementary integral representation 


2 2 je 
“(1-4+-98/\)2=— : ada exp[—a(1+8"/d)], (11a) 
nN A Yo 

we get 


c) 1 2 2 
r~f dac-« f dr- a ae exp(—av?/\). 
’ ae (1b) 


Using the well-known convolution properties of the 
Gaussian function, Eq. (11b) leads again to Eq. (10). 
This proves our assertion. 

Two simple methods of working out exactly Eq. 
(10) will be considered. The first one gives the develop- 
ment of J) (#,\) as a power series in # and is outlined 
in Appendix B. 

A second and more interesting, though mathemati- 
cally equivalent, procedure is the following'®: Intro- 
ducing z=ar as variable of integration instead of 7 and 
interchanging the order of integration 


iahefof-«) 


T(s)= 2f stints exp[_ — 20?/(z+A) ]dz 
0 2+A+” 


one gets 


dg 
ete 


Developing in powers the second exponential, inte- 
grating by parts and setting x=”, the following result 
is obtained : 


1 (x,)/2= —Ei(—\—2) 


=2 exp(A— »f e+ exp(Av?/£) 
ny 


a éEi(—)) 
—E (-9[R@)-— a 00) (12) 
n=l n! 
where 


© gt 


-Fi(-w)= f —a (12a) 


R,,(x) at x 


(v—1) i 
rt (y-+n)! 


~-+ 
v! (v-+1)! 


yr 
+ 4 “+ | 
(v-+n—1)! 
(12b) 


(12c) 


n xX” 


A,(x)=>do —. 


vd py! 


This second method was developed by Professor G. Moliére. 
The author is very grateful to Professor Moliére for the communi- 
cation of the essentials of this proof. The leading terms of the 
expansion (12) turned out to be identical with an incomplete 
expansion previously developed by the writer in a more com- 
plicated way. It is also mathematically equivalent to the exact 
development given in Appendix B. 
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Alternately, Ri(x) and R2(x) can be simply evaluated 
from the closed expressions (see also Table I)”: 


= (e*—1) 
Ry (x) = Ei(x) —In(yx)— +1, 
x 


2R2(x) =[Ei(x)—In(yx)](x—1)—e 
(e—1—x) 5 


+—2-+--. 


x 2 


(12d) 


(12e) 


A method to reduce the R,(x) to closed expressions is 
given in Appendix C. 

In spite of its rather complicated form, Eq. (12) has 
a simple interpretation. For \=0, J (#) reduces to 
—2Ei(—x), which is essentially the result of Schiff’s 
theory for the angular distribution. The first term of 
Eq. (12) has the advantage that it does not diverge for 
v=0. Besides, it must be pointed out that, when # 
increases, \e~*R, (x) becomes more and more important 
and is the dominant term of J in the asymptotic 
region; it behaves asymptotically as \/3*. Due to the 
mathematical approximations used in previous papers, 
this feature was never present. The behavior of Eq. 
(12) can be easily understood from an intuitive point 
of view. When ) is very small, the angular width of the 
multiple scattering distribution is much larger than 
that of the intrinsic radiation. Therefore, for angles 
\<#S1, its contribution is the dominant one. On 
the contrary, for large angles 3°>>1, the convolution 
factor (2/A)[1+(8?/A) }* tends to zero much slower 
than the exponential integral term and therefore it 
determines the asymptotic behavior of Eq. (12). On 
the other hand, for small values of 3 (#<X), both con- 
tributions are important and their detailed combination 
is necessary in order to avoid logarithmic divergencies in 
the limit }=0. 

Equation (12) is very useful for numerical calcula- 
tions. If AS0.2, it is usually sufficient to consider the 
first and second terms in the series in A. Remembering 
Eq. (Sc), we readily get the corresponding approxi- 
mation for the function J(#,\): 


2 2 


1—\,\-—— 
A+ 


J® (x,\) [T® Aeo~ —( X ) 


(A +x) 


tn An-1(x) 
+e* ¥(—A)"4 wR, (x) — 


n=l n ! 


X[2n tA eBi(—A)GP+ Qn-bt)a+a9y]. (13) 


* For the definition and properties of the functions Bi(x) and 
Ei(—«x), see E. Jahnke and F. Emde, Tables of Functions (Dover 
Publications, New York, 1945). For numerical applications, see 
Tables of Sine, Cosine, and Exponential Integrals, 2 volumes 
(Mathematical Tables Project, New York, 1940). 


TABLE I. The functions Ri (x), R2(x), and h(x). 








Ri(x) R2(x) h(x) 


0.577 
0.575 
0.568 
0.556 
0.526 
0.439 
0.328 
0.198 
0.054 
—0.191 
—0.739 
— 1.135 





0 
0.002 
0.008 


0 

0.005 
0.025 
0.051 
0.103 
0.214 
0.333 
0.462 
0.596 
0.998 
1.489 
2.107 
2.896 
5.268 
9.516 
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In the important case of the forward radiation (x=0), 
Eqs. (12) and (13) reduce to closed functions: 


I (0)/2=—eEi(—A), 
J (0)/2= —eEi(—d) (1—A—*) +A, 


(14) 
(14a) 


which are exact and valid for all values of \. Equations 
(14) and (14a) may be seen more directly from Eqs. 
(B,5) and (B,9) of the Appendix. For \—-0, both 
I (0) and J (0) tend to —2 In(yA) (where y is Euler’s 
constant). For A>, J (0) tends to zero as 2/X while 
J(0) tend to zero as 2/d*. Inserting Eqs. (14) and 
(14a) into Eq. (5), we get the expression for the forward 
spectrum. 

Equations (12), (13), and (14) complete the study of 
the zeroth order contribution. As the various Gaussian 
approximations of multiple scattering depend on the 
variables + and # in almost the same way [i.e., as in 
Eq. (11)], these results are independent of the par- 
ticular Gaussian theory used in the calculation. (Of 
course, the width x.?B is defined in different ways 
according to the various Gaussian theories, but its 
dependence on r is essentially the same.) Therefore, the 
exact results of Eqs. (12) and (14) may be compared 
directly with previous theories that are based on 
Gaussian laws and depend upon mathematical approxi- 
mations. 

Let us consider now the contribution of order 1/B 
in Eq. (7): 


ro(an)= f rirf eviaf ydyJ o( dy) 
xexo| —* (+e) F-n( =), (15) 
4 4 4 


A method of working out this integral is outlined in 
Appendix D. The general result [Eq. (D, 2)] is rather 
complicated. Fortunately, it simplifies considerably in 
the limit of small \. Retaining only the main contribu- 
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Fic. 1. Angular distribution of radiation from 51. 5-mg/cm? Au 
target, normalized to unity for @=0. Experimental points are 
taken from reference 7, Figs. 12 and 13. Theoretical curve is 
calculated according to Eqs. (7), (12), and (15a) (see reference 
22). 


tion, the following result is obtained: 


1 r 
I /2=I\n(yA) inv cnay+ | +0 
6 


+1(—)+in(14-)/ineo)+3 in( 14) | (15a) 
x+Xr r X 


where 
(-2)" 


h(x) =e Bi(x)—Inx]—5- ———p(n—1), (15b) 


n=l at 
" dt 
Lw)= f In(i—d)—. 
0 t 


The asymptotic expressions for (x) and L(u) are given 
in Appendix D. A short table of the former is given in 
Table I; the latter has been tabulated by Mitchell.” In 
Eq. (15b) the function y(n) is the logarithmic derivative 
of the factorial function, as defined in reference 20. 

It is interesting to study the asymptotic behavior of 
Eq. (15) in the limit \=0. This is most simply done by 
setting \=0 and developing in series the exponential in 
Eq. (15). Then, making use of Eq. (C, 3’) of reference 


(15c) 


% K. Mitchell, Phil. Mag. 40, I, 351 (1949). 


11, we readily find: 


mS 
—— 


2 nat (n-+1)a"4 


n\n 


(15d) 


Remembering that the zeroth-order term behaves 
asymptotically as \/#*, we see that Eq. (15a) will 
represent the dominant contribution in the asymptotic 
region when A<1/(2B). 

Remembering Eq. (5c) and retaining only the main 
contribution in the limit of small , the corresponding 
term BJ“ in the expansion of J(x,\) is readily 
obtained : 

IMO(xr) TM 2 


;" 3 eer 
DISCUSSION 


(16) 


The essential features of the theory of the angular 
distribution are contained in Eqs. (12) and (15a). The 
former is identical with the zeroth order approximation 
and is dominant for small angles. The latter is essential 
for larger angles, say « >1, and gives the transition to 
the contribution of single scattered electrons. Possible 
refinements include the study of the higher order terms 
that have been neglected in Eq. (15a) [see the exact 
representation (D, 2)] and the contribution of order 
B~ that has not been considered. However, these 
terms appear only as corrections and their mathematical 
treatment would complicate the theory to a very large 
extent. Moreover, the omission of the contribution of 
order B-* may be partly justified by the well-known 
fact that the two leading terms of Eq. (8) give usually 
a good approximate representation of the multiple 
scattering theory at any angle.” 

A comparison between theory and experiment is 
made in Fig. 1. The experimental values for the angular 
distribution of the radiation are taken from reference 7 
for the case Z=79, T=51.5 mg/cm’; the kinetic energy 
of the incident electrons was 16.93 Mev. As the experi- 
ment does not consider the dependence on 7, we have 
compared that result with the normalized function 
I(8)/I(0) as defined from Eqs. (7), (12), and (15a).” 

A detailed calculation based on the complete energy- 
angle distribution, as given in Eq. (5), has shown that 
the normalized angular distributions for the spectral 
components 7=0.2 and 7=0.95 do not differ signifi- 
cantly in the case of the previous experiment.!” The 
angular distribution for 7=0.95 follows very closely 
that given by /(#,\), as can be easily understood by 
observing the energy dependence of Eq. (5). The nor- 
malized angular distribution for 7=0.2 is somewhat 
lower but the differences are small, of the order of five 


“In the numerical computation of J®(x,\), apart from the 
exponential integral term, we have used the terms n=1 and 2 
in Eq. (12). To the value of J®(x,A) thus obtained, the con- 
tribution B-J“)(x,4) was added, as given by Eq. (15a). This 
same experimental distribution has been compared with different 
theories (reference 7). 





BETATRON 


percent or less. This similarity is due to two reasons. 
In the first place, the angular distribution predicted by 
Schiff’s intrinsic theory does not depend very sensi- 
tively on the energy. On the other hand, when A is 
small, the behavior of the function J(#,A) is very 
similar to that of I(#,\). 

In general, the theoretical predictions on the angular 
distribution are in very good agreement with the experi- 
ment of Fig. 1. In the large-angle region, the theoretical 
curve is somewhat below the ion chamber points, but 
it fits very closely the film data. 
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APPENDIX A 


Consider the well-known Bessel transform of the 
Gaussian function: 


° A 
J dddT o(yd) exp(— #a/dA) =— exp(—y"A/4e). 


0 2a ; 
(A, 1) 


By multiplying Eq. (A, 1) by ae~* and integrating with 
respect to a from 0 to », Eq. (6) is obtained immedi- 


ately. 
APPENDIX B 


Consider Eq. (10). By integrating over 7 we get 


r xa Xa 
r(x) =2 f e “da Bi( —* )- Bi( — — )} 
0 dr A+a 
(B 


where x= 0". The first integral is easily evaluated by 
means of a partial integration: 


a xa rn 
f e*ti(—~)da=—in(14-), (B, 2) 
0 r x 


Remembering the series development of Ei(—) (see 
reference 20), the following expression is obtained: 


a Xa rn 
-{ esBi( - )da=in( =) —e-8i(—») 
0 A+a x 
2 (-x)" 
- -——¥,0), 


n=l NN 


fa) = jis (<) « aia 


Combining Eqs. (B, 2) and (B, 3), we get 
T (x) x inet? 
=—in(14-)- éEi(—A)— > 

2 r n=l 


n\n 


(B, 3) 


(B, 5) 
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in Eq. (B, 4) and obtain 


co] X p 
v=2[ e(1--) du 
Xr Uu 
2 (orl > 
v=0 


By partial integrations, Eq. (B, 6) leads to 


a 


fom £(") 


Of course, in the case of interest in Eq. (B, 5), p=n is 
an integer and the series of Eq. (B, 7) reduce to simple 
polynomials in \, which may be readily evaluated (in 
that case, replace the upper limits of the first, second 
and third summations by m, n—1 and n, respectively). 
From the definition (B, 4) we find also the following 
relation for integer n: 


1 d\" 
V,.(A) =—_——_ () eFEi(—Xd).  (B, 8) 
(n—1)!A"\ dd 


Using Eqs. (5c) and (B, 8), the expansion for J (x,\) 
is obtained : 


In order to evaluate the V,(A), we introduce ian 


(B, 6) 


V,=1+eEi( 


IOC, mr) _ jo xr 
_ wi sie 
z 2 (x+))? 


2 (—x)" 1 
+> Sh iain Di |v. (2+- ra 
n=i(n—1)! n 
1 
+(14-)re] (B, 9) 
nN 


Equations (B, 5), (B, 7), and (B, 9) are especially useful 
for the case of small angles. 


+r+)e*Ei(—d) (1-+A) 


APPENDIX C 


In this section, a simple method for reducing the 
functions R,(x) to closed expressions is outlined. Con- 
sider first 


Ri(x)= =r oo. 


=f [Bita) inva) (C, 1) 


This integral may be performed by partial integrations 
and Eq. (12d) is readily obtained. 

Now consider R,(x). This function, according to its 
definition (12b), consists of series. Let R,, ; be the jth 
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series of R,(x). Then, obviously, we have 


(C, 2) 


1 z 
R,1(x)=— f Ry-1,1(x)x"—"dx, 
x" Jo 


Rasla)= f R,, j-1(x)dx. (C, 3) 


These integrals may be reduced again to closed ex- 
pressions by means of partial integrations. In this way, 
for n=2, Eq. (12e) is obtained. For the sake of com- 
pleteness we give the result for R;(x) : 


6R3(x) =(EBi(x) —In(yx) ][1—2x—x?/2] 


oo ee ee 
~=(2-—84 =) 4 tet at/2 
e. 2 2) 
‘s 
Smet lig 
6 3 


(C, 4) 


These closed expressions usually involve differences of 
large numbers, but, with the use of accurate tables, 
they greatly simplify the problem of evaluating the 
leading R,(x). 

APPENDIX D 


In order to evaluate Eq. (15), we first develop in 
series the Bessel function and perform the integration 
over y. This leads to 


(—x) )* 
otf rar f — 
(rd) iq)? 


(D, 1) 


r(x) =2 


X Ly (n+1)—In(7+2/a)]. 


Performing the remaining integrations in the order r 
then a, the following result is obtained after a lengthy 
calculation : 


I (x)/2=[eEi(—d)(1+A)+1] Iny 
x 
+4L (nna)*+42/6]— Vi'—BV0" +L ) 
x+A 


+1n(1+«/d)[In(77A)+ (1/2) In(1+2/d) } 


EFF Tv (r) 


A. SIRLIN 


Here V,’ is an abbreviation for (0V,/0p)p_n and 
Vo’ =(8V,/0p*),-0. The functions V, as well as their 
derivatives may be easily calculated from Eq. (B, 7). 
The function L(u) is defined in Eq. (15c) ; the following 
are useful expressions: 


o u” 
> — for |u| <1, 
n=l 92 


L(u)=— 
L(i—u)=In(1i—«) Inu—L(u)=2/6 for O0<u<1, 


s (D, 3) 
Reena ee 
1i+u 


L(u)=4(Inu)?— L(1/u)+1n(—1) Inu— 2/3 


for u>1. 


The general result given in Eq. (D, 2) is very com- 
plicated. A great simplification is attained if terms of 
order A or higher are neglected in the expression for V ,, 
and its derivatives. This is equivalent to the simpli- 
fications V,=1, V,’=Vo’=0. Using these approxi- 
mations and performing a similar simplification in the 
first term of Eq. (D,2), then Eq. (15a) is readily 
obtained. In Eq. (15b) the following relation has been 
used : 

—x)" 


“= eae *(Ei(x)—Inx]. 


n=) n! 


(D, 4) 


It is not difficult to prove directly that the series in 
Eq. (15b) behaves asymptotically as 


ms (9 la—1) — —2 ny Inx—} (Inx)? 
n=1 nin 
aa 3 © n! 
+= —<(im)'-E —"_._ (0, 5) 
2 nae (n+1)a"4 


By using the well-known asymptotic development of 
e~*Ei(x), we readily get 


we n\n 


h(x) — > —————-—2 Iny Inx 
n=l (n+1)x" 
2 


1 r 3 
——(Inx)*4+-——-—(Iny)*?. (D, 6) 
2 i2 2 


Inserting Eq. (D, 6) into Eq. (15a), we reobtain Eq. 
(15d). 
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Phase transitions which occur at or lead to a specific volume larger than the minimum specific volume 
can be described by roots of the Laplace transform Cy(s) of the canonical partition function approaching 
real positive values of the pressure (k7s) in the limit of infinite number of particles. The formulation in 
the pressure ensemble has the advantage that the real values of the variables considered have the immediate 


physical meaning even for a finite number of particles. 


For a special model (molecules whose incompressible cores are oriented cubes), a phase transition leading 
to the minimum specific volume at constant pressure is shown to be impossible. 





I. INTRODUCTION 


N their theory of condensation, Yang and Lee! 
have stated the function-theoretical properties of 
the grand partition function Qy(y) considered as a 
function of the complex fugacity y, which lead to phase 
transitions such as condensation. The grand partition 
function is defined as 
M(V) 


Wy)= LV yOn(V), 


N=0 


(1) 


where WN is the number of particles in a fixed volume V, 
M(V) is the largest number of particles that can fit in 
V, and Qw(V) is the canonical partition function defined 


as 
1 N 
Ow(Vy=— f--- few Tar, 
N! V j=l 


where B=1/kT, U is the potential energy of the V 
particles and dr; is the volume element of the jth 
particle. In the grand canonical ensemble the pressure 
and density are given by 


1 
B(P.)= jim — Ingv(9), (2) 


(3) 


ori 
p=lim | InQ; on} 
yo ay V ‘ 


Yang? has pointed out that the quantity (k7/V) 
XIn Qy(y) is actually a doubly averaged pressure, once 
over the distribution of the number of particles in V 
and once over the volume from 0 to V. In the canonical 
ensemble the pressure is given by 


Bp= (0/8V) InQw(V). (4) 
The average pressure in the grand canonical ensemble 


* Now at Sloane Physics Laboratory, Yale University, New 
Haven, Connecticut. 

t Part of this paper was submitted to Northwestern University 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. 

1C. N. Yang and T. D. Lee, Phys. Rev. 87, 404 (1952). 

2C. N. Yang, “Special Problems of Statistical Mechanics, I,” 
mimeographed lecture notes, Seattle, 1952 (unpublished), p. 31. 


is obtained by averaging over the distribution of the 
number of particles in V i.e., 


M(V) 0 


B= XL W(N)Bp=— InQ(y), (S) 
N=0 , oV 

where W(N) is the probability of finding N particles 

in a volume V in a grand canonical ensemble of fugacity 

y, and W(N) is given by 


W(N)=y*Qn(V)/2r(9). (Sa) 


The pressure used by Yang and Lee is therefore ob- 
tained as a second average over all volumes from zero 
to the actual volume V: 


p= ? pdV’ = ] 6 
a= f Bp ngy(y). (6) 


V 
The quantity 8(p) has no immediate physical meaning 
for finite V but is used by Yang and Lee as the pressure 
only in the limit of infinite V. While there is little 
doubt that the two definitions (p) and p become equi- 
valent in the limit, a rigorous proof of this equivalence 
has not yet been given and would have to be based on 
the limit properties of the canonical partition function. 

Some limit properties of the canonical partition 
function are known from the work of van Hove® and 
are more difficult to prove than the corresponding limit 
properties of the grand partition function. Since some 
of the advantage of the use of the grand canonical 
ensemble is therefore lost if one requires a proof of the 
equivalence of the two pressures in the limit, it seemed 
to us of interest to attempt to rigorize a variant of 
the Yang-Lee theory suggested by one of use,‘ which 
operates with a canonical ensemble from the beginning. 
We use a canonical ensemble whose elements are 
replicas of the system of interest together with a 
mechanical system used as a pressure gauge; that is, a 
pressure ensemble. We believe it to be an advantage 
of our variant that it deals directly with the expectation 
value of the specific volume as a function of the 
pressure, and that these quantities are physically 


*L. van Hove, Physica 15, 951 (1949). 
4A. J. F. Siegert, Phys. Rev. 96, 243 (1954). 
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meaningful for a finite number of particles as well as 
in the limit. The latter advantage is academic as long 
as one deals only with equilibrium states, but may 
become of interest if one wants to deal with the non- 
equilibrium states such as overheated liquid and under- 
cooled vapor which can appear with nonvanishing prob- 
ability only in finite systems. 


Il. PRESSURE ENSEMBLE 


If a substance together with a mechanical system of 
potential energy pV is in thermodynamic equilibrium 
with a heat bath, the probability that the substance 
has a volume between V and V+dYV is 


1 
V(V)dV= 7 
W(V) Cul (7) 


Nn\S 


— 


where s=8p and 
cw= fon rar. 
0 


(8) 


This can be realized, for example, with a gas in a ver- 
tical cylinder which is closed at the bottom and has a 
floating piston on top and a vacuum above the piston. 
The gas is then under a fixed force per unit area p. The 
average volume per particle is given by 


(9) 


1 a 
dy (s)= —— — InCy(s). 
N as 


For finite V the only singularities of iy(s) in the open 
right half plane are the poles corresponding to roots 
of Cy(s). These must occur at complex values of s. 
The real part of dy(s) can be visualized as an electro- 
static potential. Singularities of this potential can for 
finite NV in the open right half-plane arise only from 
dipole lines perpendicular to the s plane located at 
roots of Cy(s). We expect, therefore, that phase transi- 
tions can be described by the closing in of roots of 
Cy(s) onto the real axis in the s plane in the limit 
N—~. If, for instance, the dipole lines close in such as 
to form a dipole layer, a discontinuity of the specific 
volume occurs. 

To make rigorous this formulation, we must prove 
that the limit limy..dy(s) exists and is an analytic 
function in those regions of the complex s plane that 
are free of roots of Cy(s) and contain a segment of the 
positive real axis bounded away from the origin. 


III. LIMIT OF INFINITE NUMBER OF PARTICLES 


The proof falls naturally into two parts. By means of 
some minor extensions of van Hove’s result and 
assumptions, we show that limy...(1/N) InCw(s) exists 
on a certain interval ¢; <s < tg of the real positive s axis. 
This part contains the physical features of the problem 
since the limit shown to exist is essentially the Gibbs 
free energy per particle in the limit of large number of 
particles, and the proof proceeds from van Hove’s 
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results which are based on assumptions concerning the 
intermolecular forces. The other part of the proof 
extends the existence of the limit to any region of the 
complex plane which is contained in the strip ¢, < Res 
tz and remains free of roots of Cy(s) in the limit. 
Using the fact that Cy(s) as a Laplace transform is 
analytic and regular for Res>0O and the Vitali con- 
vergence theorem,* we show that inside of such regions 
c(s)=limy..(1/N) InCy(s) exists and is analytic and 
that limits of derivatives such as limy..fy(s) are 
obtained as derivatives of the limit function c(s). 

In Sec. III-A we carry through the second part of 
the proof, postponing the first part of Sec. III-B. 

A.—Vitali convergence theorem applied to our case 
states: If the sequence of functions [Cy(s) ]"" has the 
following properties: 


(a) [Cy(s)]}/" regular in a region 9. 

(b) [Cw(s) }/* tend to a limit as N- at a set of 
points having a limit point inside of D, and 

(c) |Cw(s) |" <M for every N and s in 9, 


then the sequence tends uniformly to a limit in any 
region bounded by a contour interior to D, the limit 
being an analytic function of s. 

Cy(s) exists for Res>O and, being a Laplace trans- 
form, is analytic and regular there. The existence follows 
from the fact that Qv(V)=K*V%/N! where K is 
independent of NV and V. Let then D be a region which 
contains a segment of the real axis and which is entirely 
contained in the strip ¢; < s < ty where t;, 2 are real and 
positive. Let further be chosen such that any roots 
of Cy(s) are outside of D for any NV. Then condition (a) 
is satisfied. Condition (6) will be shown to be satisfied 
in Sec. III-B. Condition (c) is satisfied since 


ICr(s) | <Cw(Res) €Cw(h) <KN/t4 


and, therefore, |Cy(s) |" < K/t;'+"/". We can certainly 
choose /;<1 and have therefore 


ICx(s) |" <K/t? in D. 
According to the Vitali theorem, therefore, 
lim vel Cy (s) JY 
and, therefore also 
limysx(1/N) InCy(s) 


exists and is analytic and regular in any region entirely 
contained in D. Any phase. transition which occurs for 
t;<s<t, must therefore be ascribed to roots of Cy(s) 
which approach the real axis arbitrarily close in the 
limit VN. 

B.—This part of the proof is primarily based on some 
of van Hove’s results for the canonical partition func- 
tion for a system of N particles in a domain D of volume 
V(D), in the usual limit. These results are based on 


5E. C. Titchmarsh, Theory of Functions (Clarendon Press, 
Oxford, 1939), second edition, p. 168. 
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certain assumptions concerning (1) the intermolecular 
forces and (2) the way in which the limit of infinite 
domain and infinite V is taken. We make the same 
assumptions concerning the intermolecular forces, i.e., 
essentially impenetrable cores of the molecules and 
finite range and magnitude of the attractive part of the 
potential.® 

Concerning the limit, van Hove assumes that the 
volume and the number of particles approach infinity 
in such a way that the volume per particle approaches 
a finite number,’ and further that for each cubic lattice 
the number Ns of cubes which contain points on the 
surface of D satisfies limy..N s/N =0.8 

We have imposed two additional regularity restric- 
tions on D, namely that (1) Ns(D)/Ns(D’) <1 if 
V(D)<V(D’), where V (D) is the volume of the domain 
D, and that (2) 


Ns(D)/V(D) 2Ns(D’)/V(D’) if V(D)<V(D’). 


The meaning of these two additional assumptions is 
roughly that in the approach to the limit the surface 
area of D must not decrease and the surface-to-volume 
ratio not increase with increasing volume. These two 
restrictions are imposed for both the processes we 
consider, i.e., increase of the volume with increase of 
N (passage to the thermodynamic limit) and change 
of volume with fixed NV (change in v). We also assume 
that in the passage to the thermodynamic limit V(D)/N 
= V(D’)/N’=v. This assumption, although not neces- 
sary, simplifies our equations. 

With this assumptions van Hove obtained the fol- 
lowing results for 


1 
f(N,D)= ; InQy(D). 


(1) limy..f(N,D)=f(v) exists and is a function of 
v only for v>2min, Where Yin is the smallest specific 
volume obtainable. 

(2) f(v) is a nondecreasing function. 

(3) df/dv exists almost everywhere.® 

(4) df/dv is a nonincreasing function. 

We have shown in Appendix I that with our addi- 
tional assumption f(N,D) approaches its limit wuni- 
formly in any closed interval 0; {0 < v2, where 2 and 2 
are restricted by 


Vmin<V1<2< %, (10) 


and otherwise arbitrary. In this range of values » we 


thus have 
|f(v)— f(N,D) |<en, 


6 The precise statement is given in reference 3, Sec. 2 (a), first 
half of (6), (c), and second half of (e). Van Hove actually replaces 
assumption (e) second half by a less restrictive assumption in Sec. 
6, but we have disregarded this refinement. 

7 See reference 3, p. 954, assumption (d). 

8 See reference 3, p. 954, assumption (e), first half. 

9This actually follows already from (2) by a theorem of 
Lebesgue. See F. Riesz and B. Nagy, Legons d’analyse Fonctionnelle 
(Académie des Sciences de Hongrie, Akademiai Kiodo, Budapest, 
1952). 
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where ew does not depend on » and can be made arbi- 
trarily small for sufficiently large NV. 


We have then 


ae ; i 
g VY In (e wf eN (sets (v) in) 
iV v1 


1 Io%! = Iv9” 
* nf 1+ + 


Toy"? To "2 


1 e 1 
2— in» f exewt ods) +— In, 
N 21 N 


(11) 


+— InN 





b 
rom f eN (set S(N,D)) dy, 
The term (1/N) In fix"? eX —*"*/))dy approaches, for 
N—o the largest value of —sv+/(v).° Thus limy.. 
X(1/N) InCy(s) exists if the terms Jo"/J»o,"* and 
Tv2”/Iv,"* are of order e?™), with O(N) defined by 
limy+20(V)/N=0. 

We consider first the term J»:”/J»,"%, and find an 
upper bound for J 12”, and a lower bound for /»,"%, and 
then show that for a given s a value of v1 and v obeying 
the inequality (10) can be found such that the ratio of 
these two terms approaches zero as VN ~, 

Using the inequality Qv(D) < KX V(D)*/N}, we get, 
for s>t,>0, 


KYN N oo 
T v9 < f e~*NryNdy 


NV! 
K Ng-sN 2 N (vesV)* 
ie > : te 


NsX1 kmo  h! 





If we choose vos>1, the last term in the sum is the 
largest. Replacing the sum by (V+1) times the last 
term, we have 


‘ KNe-#Nu (vesNV)* (N+ 1) 


To” 2 : 
He" N! 





(13) 


To obtain a lower bound for J»;", we use the fact that 


| (V(D)—Na]}*/N! 


0 for v a, 


va 


Qn(D) 2 


where a is the volume of a sphere of radius d;, where d3 
is the maximum range of the forces." If we choose 
01 <a, we have 


ve N¥(y—a)% 
Tv"? 2 f aint way dv 
- N! 
(v’sN)! 


ean N 
= 1 seals eee’ st 


14 

NsN# im J! | ws 
0A. Zygmund, Trigonometrical Series, Monografje Mathe- 

matyczne (M. Garasinski, Warszawa, Lwow, 1935), Vol. 5, p. 66. 
1 See reference 3, Sec. 2 (e). 
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with v'=v.—a. If we now choose v’s>1 the last term 
in the sum is again the largest, so we have 


ean (v'sN)*(N+1) 
In" > : ot _———___— 
NsN# N! 


| (15) 


We therefore have for an upper bound of J »*/J +" 
see ~arbetne aes) + 1400) 
In® ~—— 1—exp{N(—sv’+In(o’s)+1+0(1))} 


where limy..0(1)=0. Since we have already chosen 
% <a and v,>a+s—', we now need only to choose 22 
sufficiently large to assure limy (J 2*/J 1") =0. 

We next consider the term /o”!/J»;"? in the inequality 
(11). The behavior of this term for large s depends very 
sensitively on the behavior of /(v) in the neighborhood 
Of Ymin. The results of van Hove are not sufficient to 
prove that J9”!/J »:"? is of order e!9“)) for every value of 
s that leads to a state of the system different from that 
of minimum volume. In particular, the following possi- 
bility is not excluded by van Hove’s results: 
lim»—eminf(v)= fa (a finite number) and there exists a 
§>0 such that f’(v) exists and is a constant (= pmax) for 
Vmin<?<Vmint+5. This is physically a condensation 
phenomenon at pressure Pmax in which the system is 
condensed into its minimum volume.” We cannot prove 
that this particular phase transition, if it exists, arises 
from roots of Cy(s). We can prove, however, that all 
other phase transitions can be described in terms of the 
approach of roots of Cy(s) to the real axis in the limit 
N-o. 

To prove the above results, we obtain an upper 
bound for J”! and a lower bound for J>;". It can be 
shown (Appendix IT) that 


S(N,D) < f(r) +n’ (m1) for tmin<vgm, (16) 


where limy«en’ (01) =0. Then 


Tox” 





To?! & eX U on) ten’ (o)) 


"1 exp{ V (f(01) + €w’ (01) —svmin)} 
x eNdy< - . 
SN 


min 


(17) 





From the uniform convergence of f(N,D) in the 
interval [0,2] we get 


v2 
Toy" > cre f e’ (—avtS(v) dy, (18) 


1 


12 We believe that for a system of molecules which possess a 
finite impenetrable core, a finite range of attraction, and a 
bounded attractive poetential, limv—vminf(v)=— © or, more 
precisely, there esists a 6 such that f(?%min+6) <—M for arbitrary 
M>0O. However, we have been able to prove this only for the 
special case that the impenetrable cores of the molecules are 
oriented cubes, and the attractive part of the potential is finite 
and of finite range (see Appendix III). For this case, f(v) has as 


an upper bound: 
saat f(o) <in(o—Pasa) +C, 


where C is independent of ». 
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It was stated in Sec. III that 


1 
— in f eN [sets (v) dy 
N Jv 


approaches as N—>~ the largest value of —sv+ f(r). 
Let VU be the set of values of » for which —sv+ f(z) 
assumes its largest value in [2,02]. (There may be only 
one such value.) Let v9 be some number in VU. Then 


Im" 2 exp{N (—svo+ f(0)— en’ (01,02)—€w)}, (19) 
where limy..€n’’ (01,02) =0, and, therefore, 


To/Iny°*<exp{ N (st0— stmint+ f (01) — f(v)+O0(1))}. 
(20) 


If, for a given s, a value of », can be found which obeys 
the inequality 2)> min, and such that 


$(Vo— min) + f (01) — f (00) £0, 


then the term J9”!/J >"? does not contribute in the limit. 
It is clear that, if lime—ominf(v) = — ©, such a value 2, 
can always be found. To show under what circumstance 
this can be done if lime—»minf(v)= fu, we compare 
f(v) with the linear function s(v— min) +6 where b is 
an adjustable parameter. Van Hove has proven that 
f (2) is a continuous, nondecreasing concave" function"; 
for a given s smaller than some Smax we can therefore 
find a 6 such that s(v—vmin)+6 intercepts f(v) at least 
two points 2,’ and »,’; we have 


f(v) > 5(v— min) +5, 
f(v) <s(v— min) +8, 


If we increase 6 until the equality sign holds in Eq. 
(21), then the new closed interval [v,,0.] (which may 
degenerate into a point) is the set U. We denote by 
bax this value of b and we have 


f(2) ni s(v— Vmin) +)max; 
f() <s(v- Umin) +) max, 


We can now prove the conclusion stated in the be- 
ginning of this section. For a given s we obtain a value 
or set of values U. There are two possibilities we must 
consider : 

(a) The points of U have a lower bound different 
from %min- We can then pick a v* in the open interval 
Vmin<¥* <0 and using o* in Eq. (24) and 2 in Eq. (23) 
we have 


(21) 
(22) 


ta’ LVL 0%’, 


Vmin <U< Uq'. 


(23) 
(24) 


Va LVL %, 


Umin <V< Ms. 


S(*) — f (20) +5(vo—0*) <0. (25) 
If we let v* approach vmin the strict inequality in Eq. 


8, Van Hove uses the term convex, but concave seems to be the 
accepted terminology for a function whose values are never below 
any of its cords. 

4 The fact that continuity of f’(v) has never been proven 
necessitates the following proof of two statements which are 
intuitively obvious. 
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(25) is preserved and 
fu— f(%0)+5(%0— min) <0. 
Therefore there exists a 1;>%min such that 
S (v1) — f (v0) +5 (v0— Pmin) = 0. (27) 


Thus the term J9”!/J»,"? does not contribute in the limit. 

(b) Points of U come arbitrarily close to Yin. In this 
case Eq. (24) does not apply and the inequality in Eq. 
(23) becomes ?min<v <0. In this case the system 
undergoes a phase transition with constant pressure 
into the minimum volume. If we use, in Eq. (23), a 
value vo* and v obeying the inequality tmin<v0* <v0< 9, 
we obtain by letting v9*— min 


fu— f(%)+5(v0— Umin) =0. 


Therefore there exists no suitable 2, and the term 
Jo%!/I +"? cannot be neglected in the limit. 

We have thus the following results: all phase transi- 
tions arise from roots of Cy(s) unless there is a phase 
transition which brings the system to its minimum 
volume at constant pressure. If a system has a phase 
transition of this type, we cannot prove that this par- 
ticular phase transition arises from the closing in of 
roots of Cy(s), but even for such a system, all other 
phase transitions arise from roots of Cy(s). In the 
special case of molecules whose incompressible cores 
are oriented cubes, we can rule out the possibility of a 
phase transition of this type. 


(26) 


(28) 
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APPENDIX I. PROOF OF UNIFORM 
CONVERGENCE OF f(N,D) 


Van Hove has shown the following inequality to 
hold®: 


-(VT)-@\ pV) 
j(——)- 
N Nd 


~ V (Ps) pV (Ts) ds V(T2) 

ci(P (-)o() 

N Nd d Nd’ 
(IA-1) 


where ¢(x) is a function which depends only on the 
intermolecular forces and approaches zero for x—1 and 
d; is the maximum range of the intermolecular forces. 
p depends only on the intermolecular forces and the 
temperature but is independent of the number of 
particles V and of the number of cubes NV which contain 
the surface of D. T'; is the domain formed by the cubes 
of a cubic lattice of length d entirely interior to D and 
V (T;) the volume of Ty. I’, is the domain formed by Ty 
and the cubes which contain boundary points of 


i See reference 3, Eq. (14). 





(: *\ <p 
~~ ~=) < 40D) 
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DUV(l2)=V(l1)+Nsd*]. «(x) is a monotonically 
increasing function and ¢(0)=0. The graph of fa(v) is 
a concave polygonal contour which has for extreme 
sides a vertical line on the left and horizontal line on 
the right.!® 

We next prove that for a given arbitrary 7, there 
exists an No(n) such that |f(N’,D’)—f(N,D) |<» for 
N’>N >N (nm) for all v in the closed interval 0; < v < 
with min<2;<2< 0 where V(D)/N=V(D’)/N’=2, 
i.e., uniform convergence. I’;’ and I,’ are defined for D’ 
in the same way as I’; and Yr, for D. As stated at the 
beginning of Sec. III-A, we restrict the limit process to 
sequences of domains such that Ns’/N’<N3/N, in 
addition to van Hove’s requirement limy..N s/N=0. 
Applying Eq. (IA-1) to the domain D with N particles 
and D’ with N’ particles [V(D)/N=V(D’)/N’=v], we 


get ; 
ds 
2¢( 1 -) 
d 


[f(N’,D’)— f(V,D) ] 
f (—” - 
he =) 

V(r’) ~(V(Ti)-@\ pV) 
pa daa Pa 
N'd3 N Nd 

~sV(t1’)—d pV (Ty) d; 
ing WS 
N' N'd d 


~{V()\ eV (2) V(T2) 
- jel )- -af ). (iA-2) 
N Nd Nd 


The following inequalities follow from the definition of 
T, and T, and are valid for both the primed and 
unprimed systems: 
V(r V(r vir 
(Ts) Pe ( D, (T's) 


N sa 
v " 
Be Ree aa 


Using these relations in Eq. (IA-2) and using the 
properties of the foregoing functions we have 





pV (T 2’) 
4 
N'd 





ad 








N sd’ 


v—- —_———- 


) 





‘ N sd* 
| f(D) f(V,D)| < fi(o+—=) 


_f (Ns+1)d ds 
“if 4a(1-2) 
N d 
pN sa? v N 8 
+- +o(—+=). (IA-3) 
N d® N 


For fixed d and JN, we will replace the terms on the 
right with the maximum value they assume in the 
interval 0; < v < v2, with 993= V(D,)/N and m= V(D2)/N. 
From our assumption in A, Ns(D:2)>Ngs(D,). The 
term e(1—d;/d) is independent of v. The terms 2pv/d 
and pN sd?/N are obviously a maximum at 22. The term 


2pv 


16 See reference 3, Fig. 1. 
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€, is also a maximum at 2, since €, is a monotonically 
increasing function. 

Using first the concaveness of f;, then the fact that 
it is nonincreasing, and the assumption VN s(D) < Ns(D2) 
we get 


Pe eacaG Wy Ab sam 


N 

~ V(D)) Ns(D)d 

cf Pe) 
N N 


~f/V(Di). [Ns(D)+1]d 
i ) 
N N 
~{V(D:) Ns(D:2)d’ 
€ ji + ) 
N N 
. i(-— ae) 
= N N 
Using these results in Eq. (IA-3), we obtain 


s(D-2)d* 
| f(N’,D)—f(N,D)| <id ut V ) 




















ss LN s(D2)+1 ]d* 
= feu )+2e0-ay ‘d) 


v2 NV s(D2) 
+2pv2/d+pN s(D:)d?/ V+e(=+ : ) (LA-4) 


Equation (IA-4) is true for all » (V(D’)/N’=V(D)/N 
=v) between 2, and 2, and, since the right-hand side is 
independent of v and can be made as small as we choose 
by first choosing d and then N sufficiently large, we 
have proved the uniform convergence of f(N,D). 


APPENDIX II. PROOF OF EQ. (16) 


From Eq. (IA-1) and the inequalities following 
(IA-2), we have 
' Nsd* 

< fi r+—) + (1—d;/d) 


+e (2)+ (NV s@2/N)=Un(v 


a3 mA 1) 


" Nst1 
> ji »-——a") —pv/d— e(1 —d;/d) 





| = Ly(v), 


where V(D)/N =v. From the properties of the function 
given in Appendix I, the right-hand side of the 
inequality is a nondecreasing function of v. Therefore, 


F(N,D) <Un(m) for V(D)/N=0¢ 0. 


A. J. F. STEGERT 


If we go to the limit N— with » fixed in Eq. (IIA- 1), 
we have 


Lv) = fa(v) —pv/d—«(1—d3/d) < f(v). (IIA-2) 
We thus have 


F(N,D) ¢ (Uw (01) — Le (01) J+ Le (01) 
< f(x) +[Uw(01)—La(v)]. (ITA-3) 


The quantity [Uy(v)—L.(v:)] can be made arbi- 
trarily small by choosing d and N large enough. There- 
fore 


S(N,D) < f(rd+en’(m) for V(D)/N=0¢ 0, 
with 


(IIA-4) 
lim en’ (01) =0. 


APPENDIX III 


We can disregard the attractive forces and need to 
prove only that, for a gas of hard-oriented cubes, an 
upper bound for /(v) is given by 


f (2) <In(o— min) +C, 


where C is independent of v. Consider N(= N°) ” par- 
ticles in a square cylinder of cross-sectional area N,°c? 
and length LZ. The centers of the particles are allowed 
to reach the surface of the container. The container of 
smallest length which can accommodate N,° particles 
has a volume per particle (Vo— 1)N?a*/N¢. 

We divide the parallelepiped into N° square cylinders 
with a cross-sectional area a’ and a length L. Neglecting 
interactions between the cells and counting a particle 
in the jth cell if it is inside or on one of two adjacent 
surfaces of the jth cell, we then have 


No 
QOn(V) <b’ IT Qnj, 


{nj} 7=1 


nj 
dex f 3 
K=1 L 


where U’ is the interaction energy of the n; particles in 
the cell. The sum is taken over the set of integers n; 
such that 


with 


nj 
II dZxe-*"’, 
K=1 
(IIIA-1) 


Qnj= 


7 
n;! a 


No? 


> #;=N. 


j=l 


The potential energy U’ is a function only of Z;, Zs, --- 
Zn; and is equal to zero if for all pairs |Z;—Z;|>a 
and infinite otherwise. 

The integral over the Z coordinates is thus the par- 
tition function of the gas of hard rods of length aona 


17 By a more laborious derivation our result can be proven for 
numbers N which are not cubes of an integer. 
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line of length JZ, i.e., 


1 nj 1 
— fo f Maze #'=—[L— (na, 
nj! 7, K=1 


n;! 
(IITA-2) 
and 
No? q2"i 
QOn(V) <d’ II —LE— (nj— 1a]. 


{nj} m1 MN; 


(IITA-3) 
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where 9 is the number of terms in the sum and is equal 
to the number of ways of placing 'o° indistinguishable 
particles in No? boxes; therefore 


PO ad aatakses. | eat 
ae ee eee 
Nol[Ne—1]! Wo! 


a2 


N 
[L—(No—1)a}**} 


(IITA-5) 
With L=(No—1)/, we then have 


It is easily shown that the largest term in the sum is the 
term with all ; equal (i.e., #;= No for all 7). Then 


1 
f(v)= lim — InQy(V) <In(la?—a*)+1 (ITIA-6) 
Noo N,? 


a?No No? 
[L—(No—1)a}*° (IITA-1) 
N)! f(y) 1 In (v—vmin) +1. 


Qn(V) CH 
(IITA-7) 
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Refinement of the Brillouin-Wigner Perturbation Method* 


PavuLt GOLDHAMMER{ AND EUGENE FEENBERG 
Wayman Crow Laboratory, Washington University, St. Louis, Missouri 


(Received November 14, 1955) 


New variational parameters are introduced into the wave function employed in the Brillouin-Wigner 
perturbation method, and determined to minimize the total energy. The original and modified procedures are 


illustrated by a numerical example. 


HE variational perturbation method for bound 

states generated by the operator H+V can be 

developed in terms of the complete set of functions y, 
generated by the eigenvalue equation 


HWi=Eni, 


The prescription'* 


EoSE:S Ey: :-. (1) 


Vea V ao 





1 V ao 
Y= —| Wot DV — +5 
N E-E, 


Vie-++Vao | 
(E—E))(E—E,)---(E-E,) J’ 





$+ Dr 


inserted into the variational integral for the energy, 


E=(¥y|H+V|y)//1|y), (3) 


yields 


E= Eot Vooteatest : +++ €enti, (4) 


* Supported in part by the Office of Naval Research and the 
U. S. Atomic Energy Commission. 

¢ University Fellow. 

1E. P. Wigner, Math. u. naturw. Anz. uugar. Akad. Wiss. 53, 
475 (1935). 

2 L. Brillouin, J. Phys. 4, 1 (1933). 

3 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, New York, 1953), Chap. 9 
discusses a number of related perturbation procedures, 


in which 


e2= > ty ? 
o E—E, 
VoaV abV vo 
€3= Mig etek eg P 
ab (E—E,)(E—E)) 
and so on. Here E in the energy denominator is identi- 
fied with the approximate value of the energy given by 
the variational integral. The prime on the summation 
symbols in Eqs. (2), (4), and (5) signifies that the value 
0 is excluded; the variable indices range through the 
values 1, 2, ---/, ---0 independently. Because the 
indices are independent, repetitions occur; i.e., two or 
more indices may take on the same value in a single 
product of V matrix elements. The proof that €2:<0 for 
E <E, is fairly immediate. 

The Brillouin-Wigner perturbation procedure just 
described can be improved in accuracy and rapidity of 
convergence by a simple modification of the wave func- 
tion which entails no additional complications in the 
actual calculations. The wave function of Eq. (2) is 
replaced by 


V ba V a0 


(E— Ey) (E—E,) 


y= 





V oa 
[voHGdy. : aa 


1 
N 1— Le 
Va:°Veo 


+:--+6,> pr | (6) 
(E—E,)(E—E,)-- -(E—E,) 
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TABLE I. Comparison of numerical results 
for the Mathieu equation. 








Method e “ E 


—0.36602 —0.36602 
—0.36287 —0.37790 
—0.36273 —0.37839 


—0.37845 
—0.37847 





n=1,Gi=1 
n=2,Gi:=G:=1 
n=2, Gi=G:¥1 
Eq. (16) 
n=3, Gi=G:=G;=1 
n=3, Gi=1, G:=G:1 
Eq. (18) 


—0.01503 
—0.01502 


—0.01502 
—0.01502 


—0.36273 
—0.36272 


—0.00071 
—0.00071 








Equation (4) for the energy is then replaced by 


E=Eot+ Voot (2G:—G,’) é2+ (G?+ 2G2— 2G;G2) €s 
+ (2G3;—G2+2G:G2—2G:G3) & 
+ (G?+ 2Gs+ 2G,G;— 2G;G.— 2G:G3) ést::: 
+ (2G nGn—1—Gn*) €ont+Grreenz:. (7) 


Minimum energy now occurs for 
0E/dG,;=0, 1=1,2---n, (8) 
which yields m linear equations: 
=>, G;(€¢45-1— €:45), 7=2,3, = -nm+1. (9) 
i=l 


The substitution G;= 1+; in Eq. (9) reduces it to 
€42=)_ Ki (€i4j3-1— €445), 7=2,3, ad -n+1. (10) 
w=] 


The further substitution 2:=K,, L2=K2—K,, ---La 
= K,—K,_: transforms Eq. (10) into 


onl 145 u|-E L i€i45-1. (11) 


i=l i=] 


The solution of Eq. (11) can be expressed in terms of the 
determinant 
€2 €3 dae En+1| 


a=| : , 


Ent2 ***€on 


(12) 


and a set of determinants A; (k= 1,---m) derived from 
A by the substitution of €n42, €ny3, °° *€2n41 for the kth 
column of A. We get 


lima / (aE a1). 13) 
=I 


FEENBERG 


For the special case n=1, Eqs. (7) and (9) yield 
directly 
(14) 


Gi(€2—€3) = €2, 
E= Eot Voot 2+ €3/(1—€3/€2) 
Et Voot €2t+ est €37/e2. (15) 
Equally simple relations may be obtained in higher 
orders if ¢;=0 for odd i. With this stipulation, the 
solution for the case n= 2 is 
Gi=G2= (1 ae €4/€2)~, 


E=Eot Vooteet e./(1 ge €4/€2) 
SEot+ V oot eet est ee/es, 


(16) 


(17) 
and for n=3 
Gi=1, G2=G3=(1—¢6/e4)-, 
E= Eot+ Voot 2+ eat €6/(1—€6/€4) 
SEot V oot ext eat ect €6°/ es. 
Wigner uses the Mathieu equation, 


(—d*/dx?+sinx)y= Ey, 


(18) 


(19) 


(20) 


to illustrate the eigenvalue calculation based on Eq. (4). 
Identifying the sinx term with V, one has Ey= Voo=0, 
¢;=0 for i odd, and 


ae | 


"8 (E-1)*(E—4)’ 





1 1 1 
a= + | (21) 
32L(E—1)*(E—4)? (E—1)*(E—4)*(E—9) 


Numerical results for the lowest eigenvalue with and 
without the refinement of this note are shown in 
Table I. 

The second-order wave function with optimum values 
given to G; and Gz is almost as good for the calculation 
of the energy eigenvalue as the third-order function 
with Gi=G:=G;=1. One additional order is needed to 
give five-figure accuracy. 
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Transmission of Slow Neutrons by Liquid He‘. IT 
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(Received September 19, 1955) 


The Los Alamos slow-neutron total scattering cross sections in liquid He‘ are analyzed using the general 
scattering theory expected to be valid at short and medium neutron wavelenths. With the approximate 
mean kinetic energies and partial mean square forces per liquid atom derived previously, the theory is in 
fair agreement with the data below about 8 A; it breaks down at longer wavelengths. The analysis of the 
data is then inverted by attempting to solve the following problem: is it possible to find with the cross-section 
data a set of liquid parameters, at a given liquid temperature, such that the cross sections computed with 
them would represent the data at wavelengths larger than 8-9 A. This problem receives an affirmative 
solution inasmuch as the neutron data liquid parameters turn out to be in fair agreement with the approxi- 
mate liquid parameters obtained by an entirely different method. The scattering cross sections recalculated 
with the new parameters represent the data fairly well out to 12-13 A. A direct, practically experimental, 
proof has been obtained for the existence of a very large zero-point kinetic energy in liquid He‘ over a wide 
temperature interval. The significance of these results for the derivation, with neutron and x-ray data, of 


mean kinetic and potential energies, and mean square forces, per atom, in liquids is discussed. 





I. INTRODUCTION 


HE object of the present paper is to analyze the 
previously obtained! slow-neutron scattering data 

in liquid He‘. This analysis has been made possible 
through the results obtained recently®* on the various 
elementary properties of liquid He‘ derived with the 
help of x-ray scattering data.* The slow-neutron scatter- 
ing data can thus be compared in an almost straight- 
forward way with the theoretically predicted cross 
sections.® Since the data extend over a relatively wide 
neutron wavelength interval, they are able, in principle, 
to yield some information on the limitations in the 
validity of the theory. The reservations on the straight- 
forward character of the comparison of the experimental 
data with the theoretical slow-neutron scattering cross 
sections result from the following circumstances. The 
evaluation of the theoretical cross sections requires the 
knowledge of various liquid parameters. Of these, the 
static interference cross sections are directly available 
from x-ray scattering data, with relatively good ac- 
curacy.* However, the calculation of the additional 
parameters, such as the mean kinetic energy per atom, 
as well as a portion of the mean square force per atom, 
involves specifically two assumptions. One of these 
concerns the possibility of representing the total poten- 
tial energy of the liquid in terms of the potential energy 
of pairs of atoms, an assumption which, at the present 
time, may not raise strenuous objections.? The second 
assumption is relative to the analytical approximations 
of the mutual potential energy expressions of a pair of 
isolated stationary He‘ atoms which enter into the cal- 


* Present address: RCA Research Laboratories, Princeton, 
New Jersey. 

1 Sommers, Dash, and Goldstein, Phys. Rev. 97, 855 (1955). 

2 L. Goldstein and J. Reekie, Phys. Rev. 98, 857 (1955). 

3L. Goldstein, Phys. Rev. 100, 981 (1955). 

4J. Reekie and T. S. Hutchison, Phys. Rev. 92, 827 (1953); 
C. F. A. Beaumont and J. Reekie, Proc. Roy. Soc. (London) 
A228, 363 (1955). 

5G. Placzek, Phys. Rev. 86, 377 (1952); see also C. G. Wick, 
Phys. Rev. 94, 1228 (1954). 


culation of both the mean kinetic energy per atom, and, 
through its gradient, the mean square forces per atom 
in the liquid. The degree of precision with which these 
two liquid parameters are available would be indeed 
difficult to assess at the present time. At any rate, only 
a portion of the approximate mean square force could 
be obtained so far.* 

In view of this situation, it appeared of great interest 
to follow also a second method of analysis of the scatter- 
ing data—in spite of the difficulties raised by the use 
of the theory in a neutron wavelength range where its 
limits of validity, though poorly defined, might have 
been overstretched. This method of analysis is in line 
with the discussion presented previously*® on the pos- 
sibility of the high-neutron-velocity scattering theory 
to yield approximate values of cross sections of slow 
neutrons in the longer wavelength range. One has here 
a method of exploitation of the experimental data, 
which, with the reservations kept in mind, is quite a 
direct one. Its use involves only the all-important 
interference term evaluated with rather good accuracy 
from x-ray scattering data. This procedure of analysis 
will be shown to be justified insofar as the elementary 
physical quantities of the liquid directly derived from 
the slow-neutron cross-section data compare reasonably 
well with those obtained previously in a completely 
different, though approximate, way. 

Finally, the observed characteristic increase of the 
liquid He‘ slow-neutron cross sections at the higher 
temperatures and the longer neutron wavelengths will 
be briefly discussed. Here, a correspondence type of 
argument will be used in attempting to describe the 
long-wavelength behavior of the scattering cross 
sections. 

Il, ANALYSIS OF THE EXPERIMENTAL 
SLOW-NEUTRON SCATTERING CROSS 
SECTIONS IN LIQUID He‘ 

The high-energy approximation of the total neutron 
scattering cross section per liquid atom, neglecting the 
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neutron-atom relative motion effect as well as all ex- 
plicit atomic binding effects, can be shown to be 
given by 


lim ooA,T)=of1+(1teV7A,7)], (1) 


where a, is the total slow-neutron scattering cross sec- 
tion of the free isolated stationary atom, y is the atomic 
mass in units of the neutron mass, and J(A,7) is the 
scattering interference integral determined by the sta- 
tionary distribution of the atoms in the liquid at equi- 
librium at the temperature 7. The distribution is as- 
sumed to be rigid or permanent, so that the energy loss 
of the neutron in this collective portion of the scattering 
process is taken to be negligible. The interference 
integral may be written in two different ways, either in 
terms of the liquid scattering structure factor per atom 
F,*(A,0,T), 6 being the scattering angle, or in terms of 
the liquid correlation function g(r,T). These various 
forms of J(A,7) have been discussed previously.’ At the 
present time, the best method of obtaining F,? appears 
to be through the direct use of the x-ray diffraction 
patterns of liquid He*. The structure factors to be used 
in the present analysis are those obtained by Reekie‘ 
and his collaborators. 

The first improvement of purely kinematic character 
to the limiting cross-section formula (1) arises from 
abandoning the restriction of the immobility of the 
individual liquid atoms, as far as the single-atom portion 
of the scattering process is concerned. The rigidity of the 
atomic distribution regulating the collective or inter- 
ference part of the scattering is, however, retained. In 
a system such as a liquid, the atoms are distributed in 
velocity space according to some law f(v4,T) or 
dn(v4,T)/dva, giving the number of atoms per volume 
element dv, of velocity space whose velocity is in the 
range (V4, Va+dva). The elementary kinematics of the 
galilean transformation from a coordinate system in 
which the atom is at rest to the laboratory coordinate 
system where it moves with the uniform velocity va, 
leads at once to write in (1), instead of o,, 


(v4°(T))m 
(14 > ) 


=o1+(Ex(T)/3uE)];0>|val|, (2) 


where (v47(T)) is the magnitude average of v4? over 
the distribution f(v4,7), v is the absolute velocity of 
the incident neutrons, E;,(7) is }M (v4?) or the mean 
kinetic energy per atom, and £ stands for the kinetic 
energy of the incident neutrons. It is not superfluous to 
emphasize that the relative motion effect expressed in 
(2) is a purely kinematic one, since the existence of a 
velocity distribution of the atoms rests on extremely 
general grounds. This relative motion effect must appear 
automatically in any theory of the scattering process 
where no restrictive assumptions are made initially on 
the motion of the scattering atoms. As shown_by 
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Placzek,* the rigorous quantum mechanical formulation 
of the individual scattering process does lead directly to 
(2), and, in addition, to a purely quantum term, pro- 
portional to #*, as long as terms proportional to powers 
of h higher than the second are omitted. The term 
proportional to #? depends explicitly on the binding of 
the scattering atoms. Implicitly, of course, the binding 
manifests itself through the instantaneous velocities 
va, as well as through the spatial distribution of the 
atoms which determines the interference term in (1). 
In the high neutron velocity approximation, which is 
expected to be valid at v>(v4"), one has, up to terms 
in fh’, 


(1+y)? 
o(\,T)/os= 1+ i ah oe SO 


m 
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+H(1+e 7,7). (3) 


The explicit binding term appears through the ensemble 
average of the square force per atom, 


N 
((gradV)?)w= VL (grad,V)"]en) (4) 
Avy 


j=1 


in which the quantity to be averaged is the matrix 
element of the operator N-')°; (grad;V)? in the initial 
unperturbed state a of the system of NV atoms. 

In recent work?* on the spatial distribution of 
atoms and their correlations in liquid He‘, the three 
characteristic liquid parameters, [(A,T), Ex(T), and 
((gradV)?), have been obtained approximately over 
a wide temperature interval. Of these quantities, the 
interference integral is directly available from the x-ray 
scattering data,‘ without any intermediate assumptions. 
Its accuracy is determined fully by the accuracy of 
the x-ray scattering data. The evaluation of the mean 
kinetic energies E,(T) and the mean square forces 
((gradV)?), or F?(T), per atom, is however much more 
indirect,* as mentioned in Sec. I. The calculation of the 
E,(T)’s also involves the empirical latent heats or 
binding energies in liquid He‘. As fully described 
previously,?* we have used two analytical approxima- 
tions ¢1(r) and g(r) of the potential energy expression 
of a pair of isolated stationary He‘ atoms. These give 
rise, with the help of the empirical binding energies, to 
two series of mean kinetic energies Ey,1(7) and 
Ex.u(T), such that Ey w~1.4 Ex,1. These also lead to 
two series of approximate partial mean square forces 
F(T) and Fy;°(T) such that FP~2Fy;* over the tem- 
perature interval investigated. The partial character 
of the mean square forces arises from the omission of a 
cross term of pair forces whose evaluation requires the 
use of the presently unknown three-atom distribution 
functions in liquid He*. The deeper potential energy 
gu(r) yields larger kinetic energies but smaller partial 
square forces because of the over-all gentler gradient 
squares of gr1(r) when compared with those of ¢y(r). 
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TABLE I. Theoretical and experimental slow 


EUTRONS BY LIQUID He‘ 


-neutron cross-section ratios as a function 


of neutron wavelength (A) at various liquid He* temperatures. 








o1/os o1/os Cexp/os 


oo/os o1/os : Cexp/os 





1.25°K 

1.000 1.000 1.000 
0.989 0.989 
0.953 0.955 
0.886 0.890 
0.854 

0.779 0.595 

0.503 0.318 

0.212 0.166 

0.057 0.076 

—0.031 0.034 

0.019 

0.015 

0.0135 
0.012 
0.012 


CONAUMPWNHK CO 


1.000 : 1.000 

0.988 

0.949 

0.881 : 0.901 

0.822 , 0.831 

0.721 : 0.646 

0.478 0.426 

0.176 0.250 
—0.0227 0.143 
—0.132 0.097 
—0.198 0.078 
—0.243 0.073 
—0.274 0.072 
—0.298 0.069 
—0.315 0.066 
—0.329 0.0635 


COAIAUMPwWNHKO 


1.000 1.000 1.000 

0.987 0.989 

0.948 0.954 

0.874 0.886 

0.827 . 

0.721 ; 0.643 

0.447 0.341 

0.135 17 0.185 
—0.0307 ; 0.085 
—0.121 0.041 
—0.180 0.018 
—0.218 0.015 
—0.243 0.020 
—0.263 0.028 
—0.277 0.034 
—0.290 0.035 


1.000 ‘ 1.000 

0.989 

0.954 

0.892 . 0.901 

0.841 0.831 

0.756 0.726 

0.530 0.495 

0.247 0.293 

0.0681 0.208 
—0.0225 0.174 
—0.070 0.162 
—0.0950 0.157 
—0.107 0.162 
—0.110 0.165 
—0.108 0.170 
—0.103 0.176 








Using both types, (I) and (ID), of calculated approxi- 
mate mean kinetic energies and mean square forces,’ 
we have computed the cross-section ratios o1/o, and 
ou1/os, and compared them with the experimental cross 
section ratios oexp/oy obtained in this laboratory.' This 
comparison is not as extensive as one would desire it to 
be, because of the breakdown of the theoretical cross 
section ratios, beyond about 8 A neutron wavelength. 
Indeed, the experimental data start at 5 A wavelength 
at the low temperatures of 1.25 and 2.10°K, and at 
3 A at 3.01 and 3.97°K. The mean kinetic energies have 
been given in graphical form over a limited temperature 
range, while the partial root mean square forces (F*)* 
have been tabulated previously.* 

We give in Table I the limiting cross-section ratios 
oo/as, Eq. (1), as well as o1/o7 and or1/o7, Eq. (3), with 
the two series of liquid parameters, and the experi- 
mental ratios oexp/oy. The wavelengths (A) of the in- 
cident neutrons are in the first column. This table refers 
to four of the experimentally investigated liquid tem- 
peratures. It should be noted here that the liquid 
parameters /(\,7) and F(T) used in the 2.10°K liquid 
calculated cross sections refer actually to 2.06°K. This, 
however, does not decrease in any appreciable way the 
accuracy of these calculated cross sections. At 3.01°K, 
however, the liquid parameters are somewhat cruder 


approximations than at the other temperatures, for 
reasons which have been fully dealt with previously.?* 
While the calculated cross sections lose their meaning 
beyond about 8A, the ratios oo/oy and oexp/oy are 
given over the full experimentally explored wavelength 
range because they will be used in the next section. 

The comparison of the oo/ey ratios with those of 
o1/a7 and or1/o shows the intervention of the relative 
motion effect and the explicit atomic binding in Eq. (3). 
Over the neutron wavelength range where these theo- 
retical cross-section ratios fully retain their validity, it 
will be seen that below about 5 A the influence of these 
two effects is rather small ; it increases rapidly at \>5 A. 
If the static approximation J(A,7) to the actual inter- 
ference integral is still acceptable, a situation which will 
be shown to be fairly well realized as discussed in the 
next section, the vanishing of the cross-section ratio (3) 
with either sets of approximate liquid parameters, (I) 
or (II), only demonstrates that additional terms in 
E-", n>3, may become of importance beyond about 
7or8 A. 

At the low liquid temperatures where the measure- 
ments! started at 4.5 A only, the data fall, at the 
beginning, in the region of the sharp bend of the cross- 
section curves.! In this region, the experimental cross- 
section ratios fall below the computed ones, as one 
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might have expected it. On the whole, however, the 
computed cross sections, in their regions of validity, 
represent fairly well the experimental ones. 

We should like to discuss now the temperature 
dependence of the scattering cross sections, the neutron 
wavelength or kinetic energy being considered to be a 
constant parameter. In normal liquids the various 
quantities appearing in the cross section ratio formula 
(3) are smooth functions of the liquid temperature 
together with all their physically meaningful tempera- 
ture derivatives. In liquid He‘ in equilibrium with its 
vapor, the term in E,(T), ie., the relative motion 
term, was proved previously to have an angular point 
at the lambda temperature.?* This should also be the 
case with the mean square force F*(T) or ((gradV)*)w. 
The mean kinetic energy was shown to exhibit®® a 
lambda discontinuity in its temperature derivative or 
the kinetic heat capacity. The mean square force term 
is expected to have a similar lambda type discontinuity 
of its temperature derivative. The latter behavior re- 
sults from the temperature variation of the mean atomic 
concentration and its temperature derivative on crossing 
the lambda point. Since the relative motion and mean 
square force terms figure with opposite signs in the cross- 
section ratio (3), the lambda discontinuities of their 
respective temperature derivatives will tend to cancel 
each other. One has indeed, with the notation 


Af(Tr) = f(T) — f(T), (5) 


and forming the discontinuity of the temperature 
derivative of the cross-section ratio (3), 


A[ (d/dT)o(A,Ty)/o; )= (4uE)A(dE,/dT) 


(1-4-7)? d((gradV)*)ry 
—(h? sare ——-- | 


32u 


While the sign of the preceding discontinuity is un- 
certain at the present time, because of lack of accuracy, 
the cross section ratio in liquid He* must have an 
angular point at 7) or its temperature derivative has a 
discontinuity which could be either of the lambda type 
or the inverted lambda type as that of the mean poten- 
tial energy per atom, as shown recently.” 

In the wavelength region of validity of the cross- 
section ratio formula (3), the verification of the dis- 
continuity law (6) is entirely within the grasp of 
present experimental techniques. At shorter neutron 
wavelengths, where the mean square force term is small, 
the main discontinuity in (6) may arise from the kinetic 
heat capacity. The experimental investigations on the 
discontinuity formula (6) should prove of considerable 
interest over a wide neutron wavelength range. 

Needless to say, the transmission curve of the liquid 
as a function of the temperature, at a fixed neutron 
kinetic energy, also should exhibit an angular point at 
T,, while its temperature derivative is discontinuous 
with a sum of two discontinuities. One of these is 
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proportional to the discontinuity of the temperature 
derivative of the mean atomic concentration (7), and 
the other is proportional to (6). 


Ill. MEAN KINETIC ENERGIES AND MEAN SQUARE 
FORCES DERIVED WITH THE TOTAL SLOW- 
NEUTRON SCATTERING CROSS SECTIONS 


If the mutual potential energy between two isolated 
stationary atoms of a liquid were known rigorously 
together with the pair and three-atom distribution 
functions, over a wide temperature interval, the method 
of evaluating the man potential and kinetic energies and 
the mean square forces** would lead to a fairly correct 
calculation of the cross-section ratios ¢(A,7)/o;, within 
the limits of validity of the pair potential energy 
approximation as well as those of Eq. (3). As fully dis- 
cussed previously** and mentioned briefly in Sec. I, 
various restrictions are involved in these calculations. 
Within the limitations of these restrictions, the various 
elementary quantities, the liquid parameters, entering 
into the calculation of ¢(A,T)/o; became available, to 
various degrees of approximations, in liquid He*. The 
program of comparing the theoretical and experimental 
slow-neutron total scattering cross sections could be 
followed through its completion with some reservations. 
In general, in monatomic or polyatomic liquids, the 
degree of approximation which was expected to be 
achieved on the unknown rigorous mutual pair poten- 
tial energy expressions with the functions ¢1(r) and 
gu(r) of two He‘ atoms, cannot be reached at the 
present time. In view of this situation, it is evident that 
a close study of the theoretical cross-section ratio (3) 
automatically imposes itself. And this, for purposes of 
directly deriving from it approximate or even crude 
values of such elementary liquid parameters as the 
mean kinetic energy per atom E,(7T), and the mean 
square force per atom, ((gradV)?)4 or [F?(T)]*. In 
addition, these quantities may lead, when combined 
with empirically determined liquid properties, to new 
liquid parameters of elementary character. At the 
present time, in liquids in general, there are no other 
ways of evaluating such quantities whose knowledge 
cannot but further the status of the theory of liquids. 

The procedure just outlined to obtain elementary 
liquid parameters can now be tested in the case of liquid 
He‘, to some degree of approximation. Before turning, 
however, to the full exploitation of Eq. (3) in combina- 
tion with the experimental slow neutron scattering 
cross sections, two remarks may be of interest. One of 
these concerns the wide generality of the averages 
E,(T) and {(gradV)*)« or F?(T), which occur in the 
cross section ratio (3). These averages carry no restric- 
tive assumptions, such as needed in their direct and 
approximate evaluation.?* 

The second remark concerns the derivation of the 
mean potential energy per atom (7), using the mean 
kinetic energies E;,(7) resulting from the slow-neutron 
scattering cross-section data. This potential energy in- 
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cludes all quantum-mechanical exchange effects. With 
the rather general relation between the ensemble 
averages, 


E(T)=E,(T)+®(T), (7) 


often called the “caloric equation of state,” E(7) being 
the mean energy per atom, or the negative of the bind- 
ing energy, (7) is given in terms of the latter quantity, 
available from experimental data. Thus, the procedure 
leading to (7) is the inversion of the one which has 
yielded previously® the £,(7)’s, using the liquid pair 
distribution functions and the approximate analytical 
approximations of the pair potential energies? ¢1(r) and 
¢gu(r). The derivation of (7) with (7) does not make 
use, however, of the pair approximation assumption. 

The full use of the cross-section ratio formula (3) 
involves the assumption of the applicability of the static 
interference integral J(\,7) over the wavelength range 
to be explored. This means that /(A,7) is taken to be 
directly available from the x-ray scattering structure 
factors of the liquid without any intermediate assump- 
tions. One should thus look upon the interference term, 
in the present approximation method, as standing in 
Eq. (3) for as much a fundamental portion of its right- 
hand side as the term ay, or unity, in the cross-section 
ratio. Under these conditions, the procedure outlined 
above of exploiting the experimentally observed total 
slow neutron scattering cross sections with Eq. (3) is 
equivalent to attempting at the solution of the following 
problem: given the cross sections together with the 
interference term, is it possible to find a unique set of 
liquid parameters, which, when substituted in the theo- 
retical cross-section ratio formula (3), give an acceptable 
representation of the experimental results over all or at 
least part of the explored neutron wavelength range. In 
solving this problem, several conditions will have to be 
satisfied. In practice, the experimental data oex,/os and 
ao/oy, the latter referring to the interference term ac- 
cording to Eq. (1), are necessarily affected by experi- 
mental errors. Since they appear in the problem through 
the difference (¢ex»—«0)/a,, one would require that this 
quantity be large enough to be well outside the limits 
of the estimated errors. In addition, with the definition 
(1), Eq. (3) also requires that the preceding quantity 
be positive. Indeed, Eq. (3) may be looked upon as an 
expansion in the inverse powers of the kinetic energy 
of the incident neutrons. The condition of ox,—ao>0 
requires the mean square force term in (3) to be a 
moderate fraction of the relative motion term. 

With the preceding conditions imposed upon the use 
of (3) with the experimental data, we have derived the 
characteristic liquid parameters E,(T), the mean 
kinetic energy and F?(T), or ((gradV)*)w, or [F?(T) }}, 
the root mean square force, per atom, at the liquid 


temperatures of Table I as well as at intermediate. 


temperatures with interpolated values of cexp/o,. The 
values of o/c; became available from x-ray data.’* 
With yu, the mass ratio of the scattering atom and 
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TABLE II. Approximate mean kinetic energies and mean 
forces per atom at various temperatures. 








[F2(T) Jw 
(cal/mole) XA 


(Ex,/R)* 


r 
°K (Ex,1/R)* °K/atom 


1.25 14.6 
1.50 14.7 
1.75 14.9 
2.10¢ 15.8 
2.25 16.2 
2.50 16.4 
2.75 16.5 
3.01 15.5 
3.25 15.6 
3.50 15.7 
3.75 15.8 
3.97 15.8 


(Ex/R)n> 


24.8 
24.5 
24.4 
23.9 
24.6 
25.8 
26.6 
33.4 
32.1 
33.0 
31.5 
30.0 





20.1 
20.2 
20.5 
21.3 
21.9 
21.9 
22.0 
20.8 
20.8 
20.8 
20.8 
20.7 


34.0 
33.1 
31.3 
29.5 
30.4 
34.8 
39.4 
41.2 
41.4 
48.3 
50.1 
50.1 








* From pair distribution functions and analytical approximations of the 
pair potential energies of two isolated stationary He‘ atoms 

> From the total slow-neutron scattering cross sections. These have been 
reported on at the International Conference on Low Temperature Physics 
in Chemistry (Rice Institute, Houston, 1953). 

¢ The numbers of this row in the first two columns refer to 2.06°K; also, 
the interference integral used in obtaining (Ex/R)n refers to this somewhat 
lower liquid temperature. 


neutron, equal to four, and the notation 
Tn (T)=Ex(T)/k; 
y= (1+u7')?(#?/3M) ((gradV)?)x/128R, (8) 
Ty=E/k; 


k being Boltzmann’s constant, one has but to study the 
solutions of the linear systems resulting from (3), 


Tw(T)— (12/Ty*)y=12T ye(A,T), 
Tw(T)—[12/(Tw’)?y=12T y’c(W’,T), 


associated with the neutron wavelengths (A,\’) or neu- 
tron kinetic energies (Ty,Ty’). 

In the present case of liquid He’, the first of the condi- 
tions mentioned above on the numerical values of 
c(A,T), has led to the use of cross-section data at 
\2 8-9 A. Only those sets (9) have been accepted which 
gave rise to solutions 7,(7) and y(7T) for which 
(12/Ty*)y(T)/TwS0.4. With these conditions, we have 
obtained T,,(7) and y(7) for a number of sets (9) at a 
series of liquid temperatures in the interval 1.25-3.97°K. 
The number of sets (9), at the various temperatures, 
varied between a minimum of ten to twenty-five. At 
least at the four liquid temperatures represented in Table 
I, the various sets can be easily written down and need 
not be given here. One thus finds that the mean kinetic 
energies per atom, (£;(T)/R)w, R being the ideal gas 
constant, or, 7(7), are remarkably constant over the 
various sets constructed at one liquid temperature T. 
Their maximum deviation from their arithmetic mean 
is quite small, reaching, exceptionally, twenty percent 
at most. The y(7) values equally group themselves 
around their arithmetic mean, with, however, more 
frequent and larger deviations than the 7,,(T)’s. It is 
thus expected that if these mean kinetic energies were 
to be judged by their statistical coherence over the 
various sets of solutions through which they are defined, 
they should be considerably more accurate than the 


c(A, T) a (Cap— o0)/cys, 
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Fic. 1. Theoretical slow-neutron total scattering cross section 
ratio curves vs neutron wavelength, computed with liquid param- 
eters derived from the scattering data. The points are the experi- 
mental cross-section ratios gexp(A,7)/ay. 


root mean square forces [F*(T) ]! or the mean square 
forces F*(T), proportional to [y(T)]# and y(T7), 
respectively. 

We give in Table II the energies (E;,(7)/R)y and the 
root mean square forces [F?(T) ]y? derived from the 
neutron scattering data together with the kinetic en- 
ergies (E;,1/R) and (£x,u/R) obtained previously* 
with the liquid He‘ pair distribution functions and the 
two analytical approximations ¢(r) and gr(r) of the 
mutual potential energy of a pair of isolated stationary 
He‘ atoms. It will be seen that the quantities (E,./R)y 
and [F*(T)]yv! compare favorably with (E:,1/R), 
and [Fy°(T)]! tabulated previously. Also their 
deviations from (E;,1/R) and [F;°(T) }} are still with- 
in expected limits. 

As far as the root mean square forces (F;°)! and 
(Fi:*)* are concerned, it should be remembered® that 
these do not contain the contribution of cross terms 
depending on the presently unknown three-atom dis- 
tribution functions n(r,r’,7). With more accurate values 
of the forces [F?(7) ]y! resulting from neutron cross- 
section data, the possibility arises here of obtaining 
information on n(r,r’,T) by comparing these latter 
forces with (F;’)* and (Fy:*)* based on pair forces as 
well as the pair representation approximation provided 
by the empirically derived two-atom distributions? 
n(r,T). In view of the low estimated precision of the 
[ F*(T) |v values, it does not seem justified to draw any 
definite conclusions on the sign of the omitted cross 
terms in [F;°(T) }! and [F1:°(7) }! derived and tabulated 
previously.’ It may be noted here that if one assumed 
roughly that the force fluctuations 


(AF)?=F*(T)—LF(T) F 


vanished or were very small, at constant temperature, 
then (F;*) and (Fy°)* reduce essentially to | F;(T)| 
and |Fy,(T)|, the absolute values of the mean forces. 
The latter have also been evaluated and lead, over the 
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explored temperature range, to the inequalities 
| Fr(T)| <[F*(T)Jw*<|Fu(7)|. 


On the basis of these numerical results, it appears 
justified to state that the cross-section ratio formula (3) 
yields, in the medium and longer neutron wavelength 
range, sets of liquid parameters [£;(7) Jw and [F*(T) ]w 
which seem to be acceptable approximations to their 
correct values judged in terms of the approximate 
values of these quantities derived with a completely 
different method.’ Above all, the (7) values provide 
a direct experimental proof of the hypothesis first 
put forward by Simon® on the existence of a very large 
zero-point kinetic energy in liquid He‘, which could 
assure, in turn, the persistence of the liquid phase, 
down, possibly, to the absolute zero temperature. 
Indeed, the kinetic energies E;,(7T)nw are enormous, in 
comparison with any reasonable mean kinetic energy of 
thermal excitation at the liquid temperatures here 
investigated. 

Having obtained the parameters [E,(7)]y and 
[F*(T) |v, it was of evident interest to compute with 
them the cross-section ratios o(A,7)/o;, according 
to (3). This was done at the four liquid temperatures 
of Table I. The results of comparing these theoretical 
cross section ratios with the experimental data are 
exhibited in Fig. 1, at three liquid temperatures. It will 
be seen that, as expected, the theoretical curves 
represent closely the experimental results at the longer 
wavelengths. The falling off of the experimental values 
at the shorter wavelengths is of course similar to the 
situation encountered with the data included in Table I. 

Using the mean kinetic energies [E;(T) ]w of Table 
II and the empirical liquid energies E(T), we have ob- 
tained with (7) the mean potential energies ¢y(T), 
exchange energy included. These are given in Table III. 
The binding energies per liquid He* atom — E(T)/R, 
obtained but not tabulated previously,’ are also in- 
cluded. It will be seen that @y(7) compares favorably 
with @m(7), given previously,’ as was to be expected 


TasBLe III. Mean potential energies, @y(7)/R, and binding 
energies, E(7)/R, per atom, in liquid He‘, at various tempera- 
tures. 








—E/R 
°K/atom 
7.08 
7.01 
6.77 
6.02 
5.56 
5.31 
5.05 
4.74 
4.41 
4.04 
3.63 
3.24 


—n/R 

°K/atom 
31.9 
31.5 
31.2 
29.9 
30.2 
31.1 
31.6 
38.1 
36.5 
37.0 
35.1 
33.2 


Pate 
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6 F. Simon in K. Bennewitz and F. Simon, Z. Physik 16, 183 
183 (1923). 
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from the comparison of the kinetic energies [Ex (T) ]w 
and Ex,11(T) included in Table II. Clearly, no close 
agreement was to be expected between the various 
liquid parameters of different origin. As emphasized 
previously”* the analytical approximations ¢1(r) and 
gu(r) of the potential energy of a pair of isolated 
stationary He‘ atoms appear to be crude approxima- 
tions to their unknown rigorous form. If this is the case 
with these functions, their space derivatives or func- 
tions formed with them may be expected to be even 
worse approximations and it is reasonable to expect 
that often only order of magnitude or semiqualitative 
results can be achieved on the direct evaluation of such 
quantities in terms of the empirically obtained pair 
distribution functions.? 

As mentioned earlier, in liquids other than liquid He‘, 
and liquid He’, the derivation of the mean kinetic 
energies and mean square forces could not be made 
without the use of the slow-neutron scattering data, 
according to the procedure followed here in the case of 
liquid He‘. In heavier liquids, with generally larger 
a; values of their atoms, the moderate and shorter 
wavelength neutron scattering cross sections could be 
used for the direct determination of the two character- 
istic liquid parameters. The latter, being larger than 
in liquid He‘, may be expected to affect the scattering 
cross sections at wavelengths shorter than in liquid He. 
Since the binding energies of these liquids are also 
known, generally, the mean kinetic energies directly 
yield the mean potential energies through the rather 
general relation (7). Systematic experimental investiga- 
tions of the slow-neutron scattering cross sections at 
sufficiently close liquid temperatures enable one to 
obtain also the approximate partial heat capacities, 
kinetic (dE,/dT), and potential, (d@y/dT), respec- 
tively. 

The analysis of the scattering cross-section data at 
the higher liquid He temperatures of 4.25 and 4.60°K 
is not feasible at the present time because of the lack of 
the interference integrals at these temperatures. 
Although the scattering structure factor is available 
at 4.20°K it use at 4.25°K is of questionable validity. 
At these higher temperatures, the scattering quantities 
are expected to vary rapidly with temperature. At 
any rate, the data' at 4.60°K definitely establish the 
upturn of the total scattering cross sections beyond 
about 11-12 A neutron wavelengths. Judging from the 
point of view of the static interference term,’ this in- 
creasing trend of the cross sections might be due to the 
predicted sharp increase of the interference term in this 
wavelength range. 

We should like, finally, to present a brief discussion 
of semiqualitative character on the limiting very long 
wavelength neutron scattering cross sections. This 
discussion may be said to be based on the asymptotic 
gas approximation limit of the liquid. 

At neutron wavelengths still longer than those used 
in the scattering experiments,’ the measurements of the 
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cross sections should yield the mean atomic velocities 
at a given liquid temperature. Indeed, the purely 
kinematic argument leading to (2), gives, as shown 
easily, with the neglect of all effects not related to the 
neutron-atom relative motion, 


o(A,T)/o= ((v4(T))w/2) 


+(0/3)[((1/v4(T)))w], 02<((v4)w), (10) 


where, as in (2), the averages refer to magnitude aver- 
ages of the atomic velocities over the velocity distribu- 
tion. This time, the cross-section ratio on the left-hand 
side is not as precisely defined as in (2) which refers to 
the high neutron velocity range v>v,4. It is, of course, 
clear that if we had to deal with a gas o should be re- 
placed by ay. The condition »<v,4(T), indicates that 
classically, the bound atom of the scattering liquid may 
have a number of oscillations or quasi-oscillations 
around some position of equilibrium in a time needed 
by the neutron to cross spatial extensions of the order of 
magnitude of the atomic displacement amplitude. 
Under these conditions, the bound character of the 
scattering atom is more fully displayed the slower the 
incident neutrons, and o on the left-hand side of (10) 
should approach the bound-atom scattering cross 
section o, or o;(1+y~')?. The relative motion effect 
(10), or purely kinematic origin, may be reasonably 
expected to be fully present in the rigorous theory of 
very slow neutron scattering processes by a collection 
of bound atoms, such as a liquid, as is of course the 
case at the higher neutron velocities.® 

Beside the kinematic term, one may now attempt to 
estimate the interference term, although at very long 
neutron wavelengths the “1/v” term in (10) should be 
the dominant one, in general. The interference integral 
at very long neutron wavelengths becomes identical to 
the static one in the close vicinity of the critical tem- 
perature of liquids as pointed out by Van Hove.’ 
The wavelength dependence claimed for this term 
cannot, however, be justified as shown previously * 
At any rate, it does not seem unreasonable to conjecture 
that even at temperatures lower than the critical, 
T<T,., and for very long neutron wavelengths, the 
static interference term retains some degree of approxi- 
mation to the correct dynamic interference term which 
takes full account of the energy changes of the neutrons 
in the scattering process. With the very long wave- 
length static interference integral discussed in detail 
previously,’ the interference cross-section ratio is 


lim oint(A,T)/oeken(T)RTxr—1, (11) 


d large 
n(T) being the mean atomic concentration of the liquid 
and xr its isothermal compressibility. We have omitted 
a term in 1/)* or v on the right-hand side of the inter- 
ference cross section (11). One is thus led to the follow- 
ing approximate total very slow neutron scattering 


7 L. Van Hove, Phys. Rev. 95, 249 (1954). 
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cross-section formula: 


lim o(A,T)/on>((v4(T))w/v)+n(T)RTxr—1, 


A large 


(12) 


where the second term on the right-hand side of (10) 
has been neglected, being necessarily small in com- 
parison with the “1/v” term. In the vicinity of the 
critical temperature the preceding formula becomes 
more justified and there it reduces to 


a(\,T)/c. 
= ((v4(T))a/0)+n(T)RT x7, 


lim 
A large, T-Te 


(13) 


since the isothermal mean square fluctuation of the 
number of atoms per atom, ((AN*),,/N) or n(T)kTxr 
becomes very large’in comparison with unity. The con- 
jectured limiting cross-section ratio (12) reduces of 
course to the limiting gas formula if the correlations 
between the atoms are switched off, n(T)kTx7r—1, and 
then, simultaneously, ¢,, is made to tend toward oy. 

The kinematic term on the right-hand side of (12) 
may be expected to be of rather general and permanent 
significance. It will thus be seen that while at the higher 
neutron velocities the mean square velocity per atom, 
(v4?(T))» became accessible, in the long wavelength 
range the quantity (v4(7)), can be reached. The 
knowledge of these first and second moments of the 
velocity distribution of the liquid atoms at various 
temperatures should be of evident interest to the 
molecular theory of liquids. Again, in liquid He‘, the 
very long wavelength total neutron scattering cross 
sections should exhibit at the lambda temperature an 
angular point through the dominant “1/v” term. The 
probable discontinuity in the temperature derivative 
(d{va4(T))m/dT) could thus be automatically dis- 
played by the very long wavelength neutron scattering 
cross sections at the passing through the lambda point. 
This could constitute additional evidence for the 
velocity space origin of the lambda transition, as proved 
previously”* in a somewhat indirect way in terms of the 
mean kinetic energy or the second moment (v4?(T)) 
of the velocity distribution. 

It is of interest to note here that in liquid He‘ and 
below the lambda temperature, the mean kinetic 
energy per atom may be written as 


Ex(T)=(N.(T)/N)Ese(D)+(Na(T)/N)Enk(T), (14) 


(N,/N), and (N,/N), or (1—N,/N), representing the 
fraction of superfluid and normal atoms, at the tem- 
perature T. Since the temperature dependence of these 
fluid fractions is known empirically, the analysis of 
the neutron scattering data, in the region of validity 
of (3), is capable of yielding separately the mean 


H. S. SOMMERS, JR. 

kinetic energies per superfluid atom E,; and per normal 
atom #,,. It is necessary for such an analysis, to solve 
systems of three linear equations, at three neutron 
wavelengths, (A,\’,\’") for the three unknowns £,,, 
Enz, and ((gradV)*)», instead of the systems of two 
linear equations (9) discussed above. Actually, it is 
expected that Z,, be the zero-point kinetic energy per 
atom. Omitting, in a first approximation, the tempera- 
ture variation of the zero-point kinetic energy, we may 
write for the normal fluid atoms, 


Enx(T)=Enr(0)+ex(T), (15) 


E,x(0) being the zero point kinetic energy and «¢,(T) 
the kinetic energy of thermal excitation per atom. Since 
the energies E,, and E,,(0) are probably identical, 
we also have 


Ex(T)= Ex(0)+ (Nn/N)ex(T), (16) 


which, with the known temperature variation of 
N,(T)/N, yields separately E,.(0) and ¢,(T). With 
ex(T)<E;(0), the precision with which E,;, E,x or 
E;(0) and ¢,(T) can be obtained with the present data 
is rather poor. Hence a refined analysis of the cross 
sections for the additional splitting of the kinetic 
energies is not warranted at the present time. However, 
the finer analysis of the kinetic energies in the sense of 
Eqs. (14)--(16) is evidently accessible and should be 
kept in mind in the future when more accurate neutron 
scattering cross sections will be come available in liquid 
He‘. 

Above the lambda temperature, the analysis could 
also be refined with the general relation 


Ex(T)=(Ex(T) Jo+ex(T), (17) 


[E.(T) ]o being the somewhat temperature-dependent 
zero-point kinetic energy of the liquid atoms. Actually, 
the preceding relation used over a wide temperature 
interval should yield the temperature variation of the 
zero point kinetic energy, a situation reminiscent of 
the temperature variation of the characteristic tempera- 
ture of a solid. In a first approximation (17) reduces to 
(15) with the subscript » omitted in the latter equation. 

The preceding refinements of the kinetic energy 
analysis from the higher neutron-velocity cross sections 
may be easily extended to cover the analysis of the 
mean atomic velocities with the longer neutron wave- 
length scattering cross sections. 

In concluding, we cannot but emphasize the im- 
portance of high-precision slow-neutron scattering work 
in liquid He‘ in enabling one to derive from such ex- 
periments various quantities of elementary character 
whose knowledge should be helpful for the develop- 
ment of a molecular theory of liquid He. 
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Prebreakdown Current in the Townsend Discharge 


Peter L. AUER 
Research Laboratory, General Electric Company, Schenectady, New York 
(Received October 18, 1955) 


The rigorous solution for the transient current in a Townsend discharge presented in a previous paper is 
presented in an alternate form. A simplifying approximation is discussed and compared with the rigorous 


solution. 





N a recent communication on this subject! Davidson 
points out that the approximate expression given by 
us previously* to describe the growth of a Townsend 
prebreakdown current is in error for the case of over- 
volted systems. Unfortunately the formula in question 
appears with an obvious misprint. In order to clarify 
matters we present an alternate expression for the pre- 
breakdown current which is rigorously correct for the 
model under consideration. 
In terms of our previous article’s notation the cathode 
electron current density, f(), at a given time ¢ satisfies 
the differential difference equation 


f@™=qO)—efE-N)—e fO); (1) 
t=t/te, 0<E<om. 


We write 
a\[1—(p/q)" 
101“) orm 
g/L 1—(p/q) 
N 
+(-) (p/q)"*e*h(q; &) : 
q 


(n—1)Sé<n. (2) 


Substitution of (2) into (1) yields the differential dif- 
ference equation 
h'(q; &)=—ge*h(q; 1); hg; 0)=1. — (3) 
The solution to the above may be written in the fol- 
lowing form: 
(j—&)! 
j! 


1P. M. Davidson, Phys. Rev. 99, 1072 (1955). 
2P. L. Auer, Phys. Rev. 98, 320 (1955), Eq. (3.17). 


iSt 
h(q; = ge (4) 
i=0 


The complete rigorous solution to the problem is ob- 
tained when the expression given by (4) is inserted into 
(2). This expression then becomes equivalent to our 
previously given rigorous formulation. The correct 
version of our approximate formulation is obtained 
upon setting the function 4(q; ) equal to unity for all 
values of time. 

During the interval of the initial electron transit time 
the function h(q; £) is identically equal to unity for all 


TABLE I. Variation of the function h(q; &) with & for two values 
of the avalanche parameter q. 








h(q; &) 
q=1 





1.0000 
1.0000 
0.8160 
0.6321 
0.4651 
0.3319 
0.0719 
0.0009 





values of g. Subsequently it becomes a monotonic de- 
creasing function of time which approaches zero 
smoothly. The maximum rate of decrease occurs when ¢ 
equals unity. Table I presents values of 4(q; £) for two 
values of g. In actual practice g values of the order ten 
are frequently encountered; for this particular g value 
our approximation is reasonably valid for time intervals 
during which the Townsend mechanism may be ex- 
pected to remain valid. 





PHYSICAL REVIEW VOLUME 


101, 


NUMBER 4 FEBRUARY 15, 1956 


Energy Distribution at Large Angles of High-Energy Electrons in Bremsstrahlung*t 


Davip G. KErrFER AND GEORGE PARZEN 
University of Notre Dame, Notre Dame, Indiana 


(Received October 19, 1955) 


The energy distribution of high-energy electrons, that have been scattered by the nuclear potential and 
have lost energy by bremsstrahlung, has been investigated. It has been found that there is a peak in the 
energy distribution which occurs at energies of the order of mc*. The nature of and reasons for the peak are 
discussed. Formulas for the energy distribution near the peak and for the area under the peak are given. 


Similar results apply also to pair production. 





INTRODUCTION AND QUALITATIVE RESULTS 


HE cross section for an electron of incident 
energy £, to radiate in the presence of a nucleus 
of atomic number Z and to come out with the energy E 
at the angle a has been calculated by Racah,! who inte- 
grated the Bethe-Heitler formula over the direction of 
the radiated photon. The energy distribution of this 
cross section for electrons coming out at large angles a 
has some interesting properties which we would like to 
point out. 

Let o(E,a)dEdQ be the cross section for the electron 
with incident energy EZ» to undergo bremsstrahlung and 
to come out with energy E at the angle a in the solid 
angle dQ. If we restrict ourselves to electrons being 
scattered into large angles (a>>mc*/ Ey for an unscreened 
nucleus) and high energies, Eo>>mc’, and examine the 
energy distribution of o(£,a) at a particular angle, we 
find the surprising result that there is a peak in the 
energy distribution. In Fig. 1, we have plotted o(E,a) 
as a function of E, for a=150° and Ey=10mc? to 
illustrate the peak. This peak occurs at E-~mc*? and 
has a width of the order of mc’. 

Before discussing the reasons for this peak, we would 
like to give some of its other properties. If we compute 
the area underneath the curve o(£,a), we find that at 
large Eo all the area is concentrated underneath the 
peak.? The area underneath the peak has been estimated 
to terms of order mc*/Ep as 


J 


peak 


e” Ep 
dEo(E,a)~— —vei(a), 
cme 


(1) 


where ¢-;(a) is the relativistic Rutherford cross section 
for a Dirac particle. In the estimate of Eq. (1), the 
nuclear size effect has been neglected; that is, the nu- 
cleus has been treated as apoint charge. The effect of 
the nuclear size is to reduce o-:(a) at large a very greatly, 
while the peak is affected very little. We will give the 
reason for this further on. 

* Submitted in partial fulfillment of the requirements for the 
Ph.D. degree. 

t This work was supported in part by the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

1G. Racah, Nuovo cimento 11, 476 (1934). 

? The infrared divergence at E= Ep can be handled by including 


the purely elastic scattering and the radiative correction to it as 
was done by J. Schwinger, Phys. Rev. 76, 790 (1949). 


We would like to point out here that the peak occurs 
when a high-energy electron is scattered into large 
angles. For small angles, aSmc*?/Eo, where most of the 
scattering events occur, the peak is not present. Thus 
an event where the electron loses almost all its energy, 
as is indicated by the peak, remains a rather scarce 
event. 

One might think that the peak may be due to the 
failure of the Born approximation. We do not think that 
this is the case. The peak is also found to be present 
when the scattering nucleus has a low Z and even for 
potentials which are quite smooth and have no pole like 
the Coulomb potential. For the potentials just men- 
tioned one would not expect the Born approximation to 
be very wrong at E~mce’. 

We will now try to indicate why the peak occurs. 
Because bremsstrahlung is calculated as a two-step 
process, one of which is the scattering of the electron 
by the nuclear potential V(r), the Bethe-Heitler® 
bremsstrahlung formula contains the factor | fdrV (r) 
exp(iq-r)|*, where q is the momentum recoil of the 
nucleus q= po— p—k in the notation of Heitler. In the 
case where V(r) is a Coulomb potential, this gives rise 
to the factor 1/g*. Thus events which have a small g¢ 
are much favored. Now if we restrict ourselves to large 
a and large Eo, then one can see that generally* gE. 
However in the special case where the electron comes 
out with little energy, p-»mc, E-~mc*, then qg can be- 
come much smaller. In fact gmc when k is along the 
Po direction and E~mc?. Therefore events with E~mc? 
are favored and we get the peak. 

The fact that gmc for the events where E-~mc* 
explains why the peak is not affected by the nuclear 
size. gmc corresponds to a wavelength which is still 
too large for fdrV (r) exp(iq-r) to depend on the nu- 
clear size. g must correspond to a wavelength of 10-" 
cm or smaller before the nuclear size will enter. This 
argument, of course, depends on the Born approxima- 
tion but we would not expect an exact treatment to 
alter this result very much. 

We also investigated the corresponding situation for 
a particle obeying the Klein-Gordon equation by using 


3W. Heitler, The Quanium Theory of Radiation (University 
Press, Oxford, 1944), second edition. 

‘One might note that the important cases are when k is along 
p and when k is along po. 
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HIGH-ENERGY 


TABLE I. The function A (a) as a function 
of the scattering angle a. 








a(deg) 0 30 60 90 120 150 180 
A(z) ~ 51.9 4410 1.000 0357 0.183 0.142 











the results of Pauli and Weisskopf.® We found that the 
peak is also present for a Klein-Gordon particle, though 
it is not as pronounced as in the Dirac case. We esti- 
mated that for a Klein-Gordon particle scattered by a 
Coulomb potential, 


J 


peak 


dle (Bale (a). (2) 
he 


The difference between (1) and (2) seems to be due to 
spin, since it can be directly traced to a term in the 
Bethe-Heitler formula which is closely connected with 
spin and which is not in the Klein-Gordon results. 


QUANTITATIVE RESULTS 


We will give now the exact formulas describing the 
peak. These formulas were obtained by using Racah’s 
result, and are valid for Eo>>mce* and large a. 

In the region E~mc*, and for large a, o(E,a) is 
given to terms of order mc?/E) by, (a=c=1 in the 
following), 


Ze\?2 1 Eo 
(Ea)=(—) -— 
2Eo/ 2137 m 


m p+Ecosa E+p 


—In 


p m 





| —cosa-+ ; (3) 


x —_-—_ 
(E—p cosa)? 


The area under the peak is given by 


9. 9 . 


Ze? y 
dEa(E,a) = (—) nants all Ce), (4) 
2Eo/ 137 m 


peak 


where A (qa) is obtained by integrating (3). The limits 
of integration may be taken from 0 to © with an error 
of order mc?/Eo. A(a) was computed numerically and 
is given by Table I. A (a) is a simple decreasing function 
of a. 


® W. Pauli and V. F. Weisskopf, Helv. Phys. Acta 7, 709 (1934). 


ELECTRONS 


IN BREMSSTRAHLUNG 














6 
P/p, 
Fic. 1. ¢(E£,a) plotted against y= /po for an electron with 
incident momentum po=10mc and at a=150°. po and p are the 
ingoing and outgoing momentums of the electron. ¢(E,a) is in 


units of microbarns per Mev. This curve is based on the calcula 
tions of Dr. Philip T. McCormick. 


PAIR PRODUCTION 


We would like to point out that this peak which 
occurs in bremsstrahlung will also occur in pair produc- 
tion. Let & be the energy of the photon coming in which 
produces an electron of energy E_, momentum p_ and 
at the angle @_ with the incident photon and a positron 
with the corresponding quantities F,, p,, 04. Let 
o(E_,6_)dE_dQ_ be the cross section for producing an 
electron of energy E_ at the angle @_ regardless of where 
the positron comes out. Then o(E_,6_) has a peak at 
large angles for k>>mc? in the neighborhood of E_~mce’. 
Using the results of Sauter,* one can show that formulas 
(3) and (4) will hold for ¢(£_,6_) with the substitutions 
Evk and E, p, a—E_, p_, 6. As the electron and 
positron appear symmetrically in the Born approxima- 
tion, a similar result holds for the positron. 
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Melting Curves of H., D., and T, up to 3500 kg /cm™* 
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The melting pressure-temperature relationship of the three hydrogen isotopes has been determined 
accurately to 3500 kg/cm? by the blocked-capillary method. The data were fitted with fair success to the 
Simon-type equation, P=a+b7°. The melting curves of Hz, Dz, and T: are displaced downward on the 
pressure axis in that order and, at identical temperatures, exhibit approximately equal slopes. 





PREVIOUS paper! discussed the failures, under 

high-pressure hydrogen, of a coiled Bourdon 
gauge used in melting-point measurements. In order to 
avoid this difficulty, we substituted a manganin resist- 
ance gauge with the essential characteristics of small 
volume, high sensitivity, and high strength, regardless 
of the gas enclosed. The manganin resistance gauge was 
housed in the Type 303 stainless steel vessel shown in 
Fig. 1. A stainless steel electrode was sealed through the 
cap by conventional Bridgman unsupported area pack- 
ing which ultilized mica washers and Neoprene packing. 
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Fic. 1. Manganin 
pressure gauge. (a) 
electrode; (b) silver 
solder; (c) micarta; 
(d) glass sleeve; (e) 
mica washers; (f) 
steel; (g) rubber; (h) 
manganin coil (fills 
entire space) ;(i) steel 
capillary. 


* Work done under the auspices of the U. S. Atomic Energy 


Commission 


1R. L. Mills and E. R. Grilly, Phys. Rev. 99, 480 (1955). 


Initially the packing was tightened by pulling on the 
electrode with a micarta thumb screw. The coil itself 
was wound of No. 36 double nylon-covered manganin 
wire soldered at one end to the insulated electrode and 
at the other to the coned capillary adapter tube. 
Nominal resistance of the manganin gauge was 60 ohms 
and its measured sensitivity was 13.93 10-*° ohm/kg/ 
cm*. With a suitable bridge current, pressure changes 
of 0.3 kg/cm? could be detected by galvanometer 
deflection. Drifting of the zero-pressure resistance was 
of no consequence since the gauge was used only to 
indicate sudden pressure changes. 

The present results were obtained by the same 
blocked-capillary technique as described previously.' 
The present measurements from 1277 kg/cm? (38°K) 
to 3700 kg/cm? (65°K) employed the same H, as was 
used in the previous measurements, which extended 
only to 1920 kg/cm*. The old and new results joined 
together smoothly. 
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Fic. 2. Melting curves of the hydrogen isotopes. 
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MELTING 


TABLE I. Constants in the Simon melting equation, 
Prq.=a+bT*. 


Prange [ 2(P—Pra.)*)# 
kg/cm? [ n | n 
0-3700 
0-3600 
0-3100 








a b € 


—279.63 2.749629 1.744070 
—438.15 2.312026 1.787213 
—540.39 2.581294 1.764179 





5.98 27 
4.19 24 
2.90 16 








The D; used in the new measurements was somewhat 
purer than that used previously: a different tank, from 
the same source but containing more gas per unit 
surface area, was used, and its contents were shown, 
by mass spectrometer, to be 0.85 (+0.00—0.11)% HD, 
<0.06% He, <0.09% Ne, and <0.02% Oz. Although 
this indicates only a slight improvement over the 
previous Ds, we feel that there was a significant change 
in purity of the Dz in the melting-point apparatus as a 
result of the improved method of handling. Previously 
the gas was liquefied in the cryogenic pump, then the 
liquid was vaporized into the melting-point apparatus 
until the proper high pressure was obtained there; the 
fractionation in this process undoubtedly raised the H 
concentration. In the present work, the D. was never 
liquefied outside the melting-point tube; instead the 
proper pressure was obtained by mechanically com- 
pressing the low-pressure gas (from 35 kg/cm?), a 
process causing no fractionation. As a result, the com- 
position of the Dz» in the melting-point apparatus could 
be definitely known. (The only uncertainty remaining 
was the slight composition change arising from the 
fractionation caused by solidification during the melting- 
point measurement itself.) For this reason and because 
the present measurements extend over a wider range 
with the same Ds, the present data are preferred over 
the old data, which showed somewhat higher melting 
pressures. 

The measurements on T, were complicated by both 
the original impurities and those picked up in handling. 
Tritium decays to He’ at the rate of ~0.9% per month; 
in our storage tank, the He* had built up to ~4%. For 
elimination of this, the solidified T, in the cryogenic 
pump was fractionated, by pumping, vaporizing, re- 
freezing, and pumping until the He* content was below 
mass spectrometer detection ; the process also eliminated 
some H (mostly as HT). From the effective removal of 
He’, one can infer the removal of any He‘ which might 
have been present originally. The second difficulty re- 
sulted from the H growth in the melting-point appara- 
tus, the exchange being accelerated by the relatively 
large surface area. This effect was minimized by letting 
T; stand in the apparatus for a few days, removing it, 
and replacing it with fresh T2, then making the melting- 
point measurements rapidly. Gas samples for analysis 
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Fic. 3. Deviations of observed melting pressures from 
Simon equation. 


were taken before and after the measurements to ensure 
knowledge of the gas composition. Fortunately the 
composition proved to be constant for each charge of 
T>2. The three T; charges had the following HT concen- 
trations in the indicated pressure ranges of the measure- 
ments: 0.90% for 58 to 290 kg/cm’; 0.56% for 440 to 
961 kg/cm’; 0.73% for 1195 to 3109 kg/cm*. The 
slightly different HT concentrations apparently caused 
no discontinuities in the melting curve. All of the T, 
charges contained <0.05% Ho, <0.05% DT, <0.05% 
He’, <0.02% Ne, and <0.001% Os. Since failures of 
the capillary tubing still occurred occasionally when 
filled to high pressure with hydrogen, the melting curve 
of T; was measured only up to 3100 kg/cm’. 

The melting points of H, De, and T, were fitted to 
the empirical form of the Simon melting equation,’ 
P=a+bT*, by the method of least squares, minimizing 
> (AP)*. Table I gives the constants, the pressure range 
of application, the root-mean-square deviation, and the 
number of points fitted. Figure 2 shows the general 
character of the curves, and Fig. 3 gives the difference 
between measured and equation pressures as a function 
of pressure.* 

Previously, Chester and Dugdale* showed that there 
is a constant pressure difference between the melting 
curves of H, and D, amounting to 170+6 kg/cm? over 
the temperature range 25-57°K. The present work 
agrees with their results up to 50°, but then it shows 
that the difference drops off to 135 kg/cm? at 65°K. 
In addition, the present results indicate that the T, 
melting curve is lower than the Hz curve by 250+5 
kg/cm? between 20 and 40°K and that then the dif- 
ferential drops to 185 kg/cm? at 60°K. These results 
mean that at identical temperatures the melting curves 
of Hz, D2, and T, have approximately the same slopes, 
which in turn indicates that the ratio of the entropy or 
heat of melting to the volume change on melting is 
independent of the isotope. 


2 F. Simon, Z. physik. Chem. B2, 340 (1929). 

3 The —60 difference for T; at P=2142 kg/cm? was not used in 
computing the equation constants. 

4P. F. Chester and J. S. Dugdale, Phys. Rev. 95, 278 (1954). 
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Maximal Orthogonal Orbitals* 
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A set of orthogonal orbitals has been constructed from a given set of nonorthogonal orbitals so that the 
projection of the configuration in which each nonorthogonal orbital is singly occupied upon the configuration 
in which each corresponding orthonormal orbital is singly occupied has maximum amplitude. These or- 
thogonal functions are referred to as maximal orthogonal orbitals. If, instead of maximizing the probability 
of the corresponding configuration in the v’s, one maximizes the magnitude of the sum of the projections of 
each u on its corresponding orthogonal orbital, then Léwdin’s set of orthogonal functions is the solution. 
Léwdin’s functions differ from the maximal orthogonal orbitals only in third and higher order terms in the 


overlap matrix. 





T is generally recognized that it is a practical neces- 
sity to have the one-electron orbitals used in de- 
scribing many-electron systems mutually orthogonal. 
The problem of setting up a normalized many-electron 
wave function is exceedingly laborious, both formally 
and computationally, unless orthogonality properties 
can be invoked. Even worse is the task of finding the 
matrix components of an operator between two many- 
electron functions if the one-electron functions are not 
orthonormal. The problem at hand is to note the conse- 
quences of orthogonalizing and from this to find the 
best possible method of creating an orthonormal set of 
orbitals from some starting set of nonorthogonal 
orbitals. 

Slater' has shown that the Heitler-London ground 
state for the hydrogen molecule, when written in terms 
of orthogonal orbitals instead of the nonorthogonal 
atomic orbitals, does not show any binding at all for the 
molecule. The reason for this is simply that the act of 
orthogonalizing the atomic functions, from which it is 
most natural to start the description of the hydrogen 
molecule, mixes in polar states where both electrons are 
located on the same hydrogen nucleus to such an 
exaggerated extent that all binding is destroyed. As 
Slater has pointed out, one must correct for the damage 
done in orthogonalizing by carrying out a configuration 
interaction. Since there are an infinite number of trans- 
formations which take a nonorthogonal set into an 
orthonormal set, it seems reasonable to suppose that 
there is some transformation which mixes in the least 
amount of higher lying configurations. This will be 
formulated presently in a more precise fashion as a 
variational problem. 

In contrast to the Hz problem, almost all problems 
in the realm of molecular structure require configura- 
tion interaction from the outset for an adequate de- 
scription. One can be guided by physical intuition to 
some extent in selecting the important configurations if 
these are written in terms of the nonorthogonal atomic 
orbitals of the system, which we will denote by 11, us, 

* The research in this document was supported jointly by the 
Army, Navy, and Air Force under contract with the Massachu- 


setts Institute of Technology. 
1 J. C. Slater, J. Chem. Phys. 19, 220 (1951). 


--uy. The orthonormal set we wish to find will be 
denoted by 2, v2, ---vy and is related to the w’s by 


N 
u,= i (144,0;*) 0. (1) 
f= 
The inner product (u,,0;*) is taken to mean fu,0;*dr. 
By expressing the configurations originally conceived 
of in the w’s in terms of the v’s, one determines what 
configurations of orthogonal functions are necessary. 
This formulation of the orbital problem is as suggested 
previously by one of the authors? and we employ the 
same notation and definitions here. If we have an 
m-electron problem, m < JN, a state corresponding to a 
given configuration will be a linear combination of 
m Xm determinants. Each determinant 


A (uyuj: + -U) 
can be expressed in terms of the v’s as 


AQ dur" Dos (ui,09*) (u;,0,*) 
+ +(tuy0,*)0q0,*+0,), (2) 


where A is the antisymmetrizing operator. 

Clearly, if the expansion (1) is very rapidly con- 
vergent so that the diagonal coefficient (a;,0,*) is 
nearly unity and al! nondiagonal coefficients are small, 
then the dominant term in the expansion (2) will be 
for g=i,r=j,--:,s=t. Subsequent terms will be 
multiplied by successively smaller coefficients as the 
number of deviations from g=i, r=j, etc., increases. 
Let there be a one-to-one correspondence between a 4; 
in the nonorthogonal set and 2, in the orthogonal set. 
We wish to find that set of v’s for which 


N N 
II TI (ux0.*) (ttm* 0m) 
kom 

is a maximum. Since 


Dedr’ : ‘>. (u;,0¢*) (14;,0,*) ++ (u4,0,*) |?= 1, (3) 


if we make the term 


I TI (14s,0:*) (ton, tm) 


2G. W. Pratt, Jr., Phys. Rev. 97, 926 (1955). 
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large, then the others must be small. Hence this ortho- 
normal set we seek has the property that if the VX 
determinant of the w’s is expanded in terms of the »’s, 
then that determinant made up by merely replacing 
each u; by its corresponding 2; will be weighted most 
heavily. These one-electron v’s will be referred to as 
maximal orthogonal orbitals. 

Using the method of Lagrangian multipliers, the 
variation of the expression 


N N N 
IT TI (4e,04*) (t6m*,2m) +X Ape(Pys04*) (4) 
kom P.@ 


with respect to both v,* and », for all m is set equal to 
zero. This gives 


| N 
Un Il T] (¢x,04*) (t6n* 0m) +>. \ pa? p=0 (5) 


kn m pin 
and 
N WN 
Un* II T1 (u4e,04*) (t6m* 0m) +> Angle’ =0. (6) 
k m+n n.@ 


Multiplication of these equations by »,* and 2, re- 
spectively and integration yields® 


N WN 
(t60,0p") II II (1¢%.,0%*) Liha.” tie) TA pr— 0 (7) 


k=n m 


ae ae 
(t4n*,vp) Il Il (0x,04*) (t6n* 0m) +A np=0. (8) 


k mtn 

If these two expressions for \,, are equated, there results 

(t6n,Vp*) (Up*, Up) = (t6p*,0n) (thn, n*). (9) 
Introducing the matrices 


Sij= (ui,u;*)—6,; (10) 


and 
X j= (u;,0;*), 


(11) 


and the transformation matrix B such that 


(12) 


N 
R= 3. Bxptty, 
p=1 


we have, on multiplying (12) by »,* and integrating, 
I= BX. (13) 
Multiplying (1) by u,,* and integrating gives 
(1+S)= XX, 


where Xf is the Hermitian conjugate of X. 


(14) 


3 Tf one introduces the constraints (vp,0,*)=dp¢, <q, in the 


form 
hi re{ nite’) + soa] +agre{ niter) ee ew | 
2 2% ; 


where the ’s as well as the quantities in the brackets are real, 
then the substitutions Ap¢= 4(A1?%—tA2?%) and Agp=$(A1?@+ ide? 2) 
lead to Apg(Vp,¢*) +Agp(Vp*,0q) as used in Eq. (4). The Hermitian 
nature of the \ matrix implies that Eqs. (7) and (8) follow from 
each other. 
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Equations (9) and (14) determine the X matrix 
which in turn by (13) determines the B matrix. Applica- 
tion of (12) then gives the v’s, to within a common 
constant phase factor e**. The general solution of (14) is 


X= (1+S)!U, (15) 


where U is a unitary matrix chosen so that condition 
(9) is satisfied. Instead of using this form, we take 
x 
Xj=>d Cp4S;;", (16) 
n=) 
where S;;" is the ijth element of the mth power of S 
and Co‘ is taken as 6;;. Substituting (16) into (9) and 
(14) and equating coefficients of like orders of S, we 
obtain 
Ci *4#=}4, C,4=-}, 
Cst=PetaySi77Sii1.5;7—-Si27]. (17) 
In general, 


n—1 
C,4= 4S 457” >. [(C.*'C pS” k-C,4C p_p*S 5;"-*) 
k=1 


N 
XSi! —¥E CeiPCu_0*?S iS; *"*], n>3. (18) 

p=1 
We see from (17) that C,‘’ has a constant part equal 
to () for n<3. This can be shown by induction to be 
true for all m. Let C,,‘’ be broken up into the sum of this 
constant part independent of i and j and the remaining 

part denoted by D,*?. D:*/ and D2‘ are zero and 


Ds; Niles o55 ii Sij ? (S; = Si?) : 


o[/2 
X ij ,¥ ( )+D.1|s 
n=O 1 nN. 


X=(1+S)(1+(1+S)-? E D,S"), 
n=0 


(19) 
By (16), 


(20) 


(21) 


where (D,S"),;=D,"%S;;". The general solution (15) 
requires that the unitary matrix U be given by 


U=1+(1+S)¥ D,S*. (22) 


n=0 


The transformation matrix B is, from (13), equal to 
X~—!; hence 


B=[1+ (145) ¥ D,S*}1+5)-4. 


n=0 


(23) 


It is of interest to note that the transformation 
matrix B which leads to the maximal orthogonal orbi- 
tals is very similar to the transformation (1+S)~! 
which takes the nonorthogonal set into Léwdin’s* 
orthonormal set. Since D,‘? and D.‘t=0, (23) first 


‘P. O. Léwdin, J. Chem. Phys. 18, 365 (1950). 
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differs from (1+.S)~! in a term of a third order in S. 
It is readily seen that the Léwdin orthonormal functions 


extremize the magnitude of 
Lox (e,0%*). 
By proceeding as above, we are led to the equation 
(t4,*,0:) > 4 (Ue,%*) +Ase=0, (24) 


Since A,, is real,* we have 
(26) 


and hence conclude that all (u,*,v,) have the same 
phase angle. Therefore the sum 


Die (mn, 0%") 
may be made real by the same change of phase in all 
the v’s, and hence Eq. (25) implies that (u,*,v;) = (1#,0."), 
ie., X= XT, and therefore X = (1+.S)! by Eq. (14). 


(16,*,0,)>_ x (Mx,0e") = real quantity, 
q y. 


and hence to 


(u.*,0.) 2. k (t44,0%*) cal (u1,0,*) 2k (uy,*,0). (25) 
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The photostimulated ultraviolet emission of x-ray excited BeO has been measured as a function of the 
wavelength of the incident light. A maximum of emission occurs for a stimulating wavelength of ~4100 A. 
Experiments are described which are interpreted as showing the presence of doubly occupied traps in BeO 
which are analogous to the F-centers of the alkali halides. Some discussion concerning energy storage 





in NaCl(Ag) is included. 


INTRODUCTION 


N previous notes,!* the writers have described some 
of the characteristics of the luminescent properties 

of beryllium oxide. The earlier measurements as well as 
those of the present paper were carried out at room 
temperature, ~22°C. It has been shown!” that both 
ultraviolet and visible fluorescence and phosphorescence 
are observable when BeO is irradiated by high-energy 
particles. In addition, some of the electrons of the solid 
which are removed from the filled band by action of the 
primary excitant are subsequently trapped for periods 
of great duration so that energy is stored in the 
phosphor. One means of removal of the electrons from 
the deep traps is the method of photostimulation 
whereby incident photons eject trapped electrons which 
enter the conduction band, whence they return to the 
filled band by way of luminescence centers.’ It is in the 
course of proceeding through the luminescence centers 
that luminous emission occurs. In the case of BeO, the 
emission band extends from a wavelength of ~2000 A 
to more than 4000 A. A part of the ultraviolet portion 
of this spectrum is readily detectable in photosensitive 
Geiger counters which can be specially selected to 
respond only in the vicinity of 2600 A and not at all to 
* Assisted by the joint program of the Office of Naval Research 


and the U. S. Atomic Energy Commission. 

1C, E. Mandeville and H. O. Albrecht, Phys. Rev. 94, 494 
(1954). 
2H. O. Albrecht and C. E. Mandeville, Phys. Rev. 94, 776 
(1954). 

* The activating elements in the various samples of BeO used 
are yet unknown, although spectrographic analyses were per- 
formed. 


longer wavelengths, so that the photostimulating radia- 
tion is not detected. Thus, the observation of the 
photostimulated ultraviolet emission was simultaneous 
with application of the stimulating light. 

The method has a particular advantage over absorp- 
tion measurements in this case in that suitable single 
crystals of BeO are not as yet obtainable for the latter 


purpose. 
PROCEDURE 


To observe the photostimulated emission of BeO, a 
slurry of powdered material was painted upon a 
platinum disk and x-rayed in darkness. After having 
been retained in darkness for a sufficient time to allow 
the afterglow to become negligible, the disk was placed 
in an optical system which has been previously de- 
scribed.‘ The ultraviolet emission was measured as a 
function of the wavelength of the photostimulating 
light as shown in Fig. 1 where a maximum is seen to 
occur near 4100 A. This curve is to be compared with a 
similar one for NaCl(Ag) which is also presented in 
Fig. 1. To obtain the curve for silver-activated NaCl, 
a polycrystalline melt of NaCl(Ag) was irradiated by 
the beta rays of RaE in an exposure of 12 millicurie- 
hours. The irradiated material was then allowed to 
remain in darkness for a period of sixteen months at 
22°C after which time the curve of Fig. 1 was observed. 
This plot of the photostimulated emission of NaCl(Ag) 
is identical with absorption curves which are noted 


4C. E. Mandeville and H. O. Albrecht, Phys. Rev. 97, 347 
(1955). 
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when excited crystals of pure NaCl are irradiated in the 
F-band. Thus, the photostimulated emission results 
from the destruction of F-centers by the incident light.® 

On considering the similarity of the two curves of 
Fig. 1, it was concluded that the same mechanism might 
be operative in the case of both solids; that is, just as 
the curve of Fig. 1 relating to NaCl(Ag) arises from 
the release of electrons from F-centers, so might the 
data for BeO result from a similar process. An 
“F-center” would appear in BeO when two electrons 
are trapped at a vacant lattice site normally occupied 
by an oxygen ion. 

To ascertain whether the emission curve for BeO 
in Fig. 1 resulted from the destruction of F-centers, 
samples of BeO were processed in a cycle of heat treat- 
ments in a quartz tube. The heat was supplied by a high- 
frequency induction furnace. Temperatures were de- 
termined by an optical pyrometer. The temperatures 
were relative, because black-body conditions did not 
prevail. After each phase of the cycle, the BeO was 
allowed to cool, removed from the furnace, x-rayed, 
and subsequently photostimulated under a set of 
standard conditions. 

The first heating was in vacuo, the second in oxygen 
at 1 atmos, etc. Heating periods of 5 minutes to three 
hours were employed without marked variation in the 
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Fic. 1. Photostimulated emission of x-rayed BeO and beta- 
irradiated NaCl(Ag) as a function of the wavelength of the 
incident light. All operations were carried out at ~22°C. The 
sample of NaCl(Ag) was held at this temperature for sixteen 
months in darkness prior to photostimulation. 


5It is estimated that when three grams of NaCl(Ag) were 
excited and stored in darkness for 16 months as described above, 
about one billion ultraviolet photons per second could be drawn 
from the material by photostimulation with a conventional 3-volt 
flashlight. 


IN BeO 


TABLE I. Heat treatment of beryllium oxide. 





Photostimulated 
intensity 
(counts per min) 


7200 
6200 
26 400 
12 100 
39 200 
8400 
37 200 
10 000 
35 500 
9200 
45 800 
38 100 
2700 
37 000 
8100 
26 400 
7200 
21 000 
5100 
2800 
180 

13 200 
950 2400 
1150 = 45 600 
20 44 500 
950 f 7100 
1150 ; 42 000 
760 ac. 730 
760 2 2600 
950 7800 
950 7600 
950 9600 
950 9200 
950 8300 
1050 15 200 
1050 11 200 
1150 24 800 


Pressure 
(atmos) 


Time 
T(°C) (min) 
950 60 1 
950 60 
1150 60 
950 60 
1150 60 
950 
1150 
950 
1150 
950 
1150 
1150 
1150 
1150 
1150 
1150 
1150 
1150 
1150 
1150 
950 
1150 
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results. A several-fold dimunition of the peak photo- 
stimulable intensity resulted from the oxygen treatment. 
The intensity of the emission could be restored by a 
further heating im vacuo. The largest effects were, of 
course, encountered at the highest temperature em- 
ployed, ~1150°C. A long series of such measurements 
was performed with many samples of BeO. The extent 
of energy storage in a given quantity of BeO could be 
predicted for a particular x-ray dose, depending upon 
whether the sample had been previously heated in 
oxygen or im vacuo. The data of a typical set of succes- 
sive measurements on a particular specimen of BeO 
at a variety of temperatures are shown in Table I. 
This sample of BeO, from the Fisher Scientific Com- 
pany, was found to be more active than spectro- 
scopically pure materials obtained from Johnson, 
Matthey, and Company, Ltd. 

It will be noted from the table that at a lower tem- 
perature, e.g., 950°C, the difference between heating 
in vacuo or in oxygen is negligible. This result can be 
explained by the fact that the equilibrium pressure for 
the dissociation of BeO at 950°C is less than the partial 
pressure of oxygen in the diffusion pump vacuum used. 
Heating in hydrogen and nitrogen gave results similar 
to treatment im vacuo, because the partial pressure of 
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oxygen was again low. Thus, heating in oxygen could 
be interpreted as resulting in an occlusion of oxygen 
to fill negative ion vacancies whereas heating in vacuo 
caused an evolution of oxygen from the powdered BeO 
to produce vacancies. It was found that the above- 
described sequence of results could be observed 
reproducibly.*® 


DISCUSSION 


At the starting point of any investigation of a 
particular sample of BeO, it is evident that numerous 
Schottky vacancies must be present; that is, positive- 
and negative-ion vacancies are distributed throughout 
the material in equal numbers. The disturbance as- 
sociated with the departure of oxygen atoms from the 
lattice could easily result in the appearance of two 
electrons in the conduction band from which they 
might proceed to oxygen ion vacancies. It is not 
probable that the electrons fill the vacancies in pairs, 
because since Schottky vacancies are present in the 
first instance, there are many more negative-ion 
vacancies than there are electrons to fill them. Conse- 
quently, there can result a distribution such that, for 
the most part, single electrons are trapped in negative- 
ion vacancies. 

Upon exposure to x-rays, an additional electron may 
sometimes be added to a vacancy already occupied 
by one electron. It is one of these two electrons which 
may be removed from the negative-ion vacancy by 
photostimulation at the wavelengths employed in these 
measurements. After return to the conduction band, the 
electron which has been freed by photostimulation may 
proceed to the filled band by way of a luminescence 
center so that light emission occurs. Figure 1 may then 
be interpreted as showing that the most probable wave- 
length for removal of an electron from a doubly occupied 
trapping center in BeO is ~4100 A. 

Some conclusions of a qualitative nature can be 
drawn concerning the energy levels of a doubly occupied 
trapping center in BeO. The widths of the emission 
curves of Fig. 1 are described by the expression’ 


Ad = Am! (RT /he)}, 
where A,, is the wavelength of the photostimulating 


*It might be argued that the luminescence efficiency of BeO 
could be affected by the heat treatment. For example, an evolution 
of the activating elements might occur at temperatures as high as 
1150°C. This possibility seems unlikely, because the intensity of 
the photostimulated emission did not decrease continuously with 
heating but oscillated in a manner dependent upon the atmosphere 
in which heating took place. To investigate further this point, the 
alpha-particle excited fluorescence of the treated sample of BeO 
was measured both after heating in oxygen and after heating 
in vacuo. In either case, the fluorescent emission was the same, 
showing the luminescence efficiency to be undisturbed by the 
application of heat. 

N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 


Crystals (Oxford University Press, Oxford, 1948), second edition, 
p. 116. . 
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light for maximum emission. Thus, for a constant 
temperature, and any one given substance, the band 
width should increase as A»!. If the peak values of 
emission are taken to be, respectively, 


[\m_]Beo = 4100 A and [Am ]Naci(Ag = 4750 A, 


the width of the curve for NaCl(Ag) calculated from 
the width of the curve for BeO is not nearly so broad 
as is observed. This result indicates the probability 
that the potential functions of the ground state and 
first excited state of the doubly occupied trapping 
center of BeO are markedly different in shape from 
those of an F-center of NaCl if plotted against a con- 
figurational coordinate. 

An attempt has been made to compare the energy 
levels of a trapping center formed by occupation of a 
negative-ion vacancy in BeO by one or two electrons 
with the first excited states of He u or He 1 available 
from spectroscopic data.* The first excited states of 
He 1 involve the optically allowed transitions *P;, 
*P,—>°S,. If the transition energy is divided by the 
square of the dielectric constant of BeO, an energy of 
4.7-ev results. For He 1, the energy of the transition 
*P,—'S» is calculated analogously to be 2.4 ev. These 
values are to be compared with the energy difference 
observed in these measurements for the ground state 
and first excited state of the trapping center in BeO. 
The peak of Fig. 1 at ~4100 A corresponds to an 
energy of ~3.0 ev, favoring somewhat the interpreta- 
tion that the oxygen ion vacancy is doubly occupied. 

Since aluminum is frequently found as an impurity 
in beryllium compounds, and since the introduction of 
Al,O; into the lattice of BeO would result in formation 
of positive-ion vacancies, experiments were performed 
to ascertain whether the energy storage might relate 
to trapping of positive holes at these positive-ion 
vacancies. This possibility seemed unlikely, because the 
behavior of the compound during the heat treatments 
could best be explained by escape of the gaseous com- 
ponent, thus producing negative-ion vacancies. How- 
ever, 1 percent by weight of powdered Al,O; was 
added to BeO, and the mixture was heated to 1350°C 
for several hours. Under these circumstances, diffusion 
of alumina into the lattice of BeO could have occurred. 
In any event, no increase in energy storage capacity 
was observed. 
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The average moment for y-Fe:O; was found to be 1.18 Bohr magnetons per iron atom, which supports 
a preferential distribution of iron vacancies on octahedral sites in a spinel structure. A sample motion 
ballistic method was used for direct measurement of magnetic moments. 





HE saturation magnetization of gamma iron (III) 
oxide! has been investigated in the liquid helium 
range to test speculation? regarding the magnetic struc- 
ture as determined by the positions and orientation of 
Fet++ in y-Fe,03. The network of iron atoms is a 
partially depleted magnetite (inverse spinel) structure 
as can be demonstrated by similarity of x-ray patterns 
for magnetite and y-Fe,0;; therefore, one may assess 
the magnetic structure from a determination of the net 
saturation magnetization of a sample at 0°K. In the 
inverse spinel structure,’ each Fet** is either at the 
center of a tetrahedron with oxygen atoms at the 
corners, or at the center of an octahedron with oxygen 
atoms at the corners. The available data‘ indicate that 
the magnetic moment of an Fe*** in a tetrahedral site 
cancels the moment of an Fe*** in an octahedral site. 
The net moment density is dependent on the excess of 
octahedral Fet** over tetrahedral Fet**; that is, 


o°=poW -(xomo— xem), (1) 


where yo is the atomic moment (5 Bohr magnetons for 
Fe+++), N, is the number of cells per cubic centimeter, 
mo and m, are numbers of available octahedral and 
tetrahedral sites, respectively, per unit cell, and xo and 
x, are the degrees of occupation of the respective sites. 
The magnetization (average) for y-Fe.O; in Bohr mag- 
netons per atom is given by 


305° 30 (2%9— xz) 
tial Siig 


(2) 





i= 


Thus, the problem is to determine the combination of 
xo and x, which will yield the experimental value of a 
which we determine. We consider two cases: (1) random 
distribution, in which x and x, are equal and (2) the 
case in which the tetrahedral sites are filled (x,=1) and 
all the vacancies are at octahedral sites. The experi- 
mental moment is used to distinguish the two cases. 
The experimental procedure used here for measuring 


1 Procured through the courtesy of Minnesota Mining and 
Manufacturing Company. 

2 W. P. Osmound, Proc. Phys. Soc. (London) 65, 121 (1952); 
L. Néel, Ann. phys. (12) 3, 137 (1948); E. J. Verwey and E. L. 
Heilman, J. Chem. Phys. 15, 174 (1947); E. J. Verwey, Z. Krist. 
91, 65 (1935). 

3A. F. Wells, Siructural Inorganic Chemistry (Clarendon Press, 
Oxford, 1945), p. 334. 

4 E. W. Gorter, thesis, University of Leiden, 1954 (unpublished), 
p. 46. 


magnetic moments has been previously used for mag- 
netic saturation studies. Briefly, it consists of two 
measuring coils wound in series opposition and also in 
series with a ballistic galvanometer. The sample is 
moved from the center of one coil to the center of the 
other in a short time compared with the period of the 
galvanometer, whereupon the deflection of the galvan- 
ometer is proportional to the magnetic moment of the 
sample. The results obtained for y-Fe,O; are shown in 
Fig. 1. The absolute value of the magnetic moment is 
determined by comparing with results for metallic iron 
at 4.2°K (using the same equipment) and taking the 
iron moment as 2.22 Bohr magnetons per atom. The 
magnetization as a function of field at 4.2°K is shown in 
Fig. 1. Since the magnetization does not change within 
the experimental error from 4.2°K to 1.3°K, it is 
assumed that this value is the value at 0°K. This 
average value is 1.18 Bohr magnetons per atom of 
iron, if one assumes pure Fe,O3. Chemical analysis 
shows the presence of 3% impurities of which only 
0.03% (MnO) contributes to the magnetization. A 
concentration of 1.7% of divalent iron was found. 
If one assumes a random distribution of vacant sites 
in the spinel structure over the two types of sites 
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Fic. 1. Plot of average magnetic moment (f) of y-Fe20; as 
a function of magnetic field (H). The temperature is fixed at 
4.2°K in liquid helium. 


5 W. E. Henry, Phys. Rev. 88, 559 (1952); 94, 1146 (1954). 
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(%o=«,), the average moment would be 1.66 Bohr 
magnetons per atom of iron. On the other hand, if 
it is assumed, as was predicted? by Néel and by 
Verwey (on the basis of x-ray studies) that there is a 
selective iron vacancy formation limited to octahedral 
sites (x,=1) the average moment is 1.25 Bohr mag- 
netons per atom of iron for pure FeO . For a sample of 
the described composition, the average moment would 
be 1.19 Bohr magnetons per atom of iron. Our results 
of 1.18+0.02 Bohr magnetons per atom of iron is in 
good agreement with this theoretical value for a re- 
stricted distribution. That is, in view of the 1.66 Bohr 
magnetons per atom required for a random distribution 
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and 1.19 required for deficiencies restricted to octahedral 
sites, it can be said that the magnetization experiment 
supports the preferential distribution. An alternative 
possibility, based on hydrogen atoms in the lattice on 
octahedral sites, has been suggested by Braun.’ The 
resulting moment (one Bohr magneton per atom of iron) 
would, however, not be in keeping with the moment 
obtained in the present investigation. Further study is 
being made of magnetic properties of oxygenated com- 
pounds of iron. Our appreciation is extended to Mr. 
Dean Walter of the Naval Research Laboratory for 
analysis of the samples. 


‘Pp. B. Braun, Nature 170, 1123 (1952). 
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Significance of Hall Effect Measurements on Alloys* 


B. R. Coresf 
Physics Department, Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


(Received October 31, 1955) 


Hall effect data for a number of alloys are examined in the light of the accepted theory of this effect. It is 
concluded that assumptions made about the relaxation time which seem appropriate when scattering by 
lattice vibrations predominates are not valid when scattering by solute atoms becomes significant. 


N recent years a number of investigations of the 
variation of the Hall constant (R) as a function of 
composition in alloys have been carried out. In particu- 
lar, a series of papers by Pugh and his co-workers'~* has 
shown that important indications of the electronic 
structures of ferromagnetic transition metal alloys can 
be obtained from such measurements. 
It is well known that the Hall constant is related to , 
the number of electrons per atom, by the expression 


R=1/(Nnec), 


wheré ¢ is the electronic charge, ¢ the velocity of light, 
and N the number of atoms per unit volume, only for 
metals in which the Fermi surface takes certain simple 
forms. Even in the noble metals, which have one 
conduction electron per atom and a half-full Brillouin 
zone, the value of n* [defined as 1/(RNec)] is not 
exactly 1-0. Recent measurements of the thermoelectric 
powers of silver alloys‘ in which the number of conduc- 
tion electrons has been reduced to slightly less than 1-0 
per atom suggest strongly that the anomalously positive 
sign of the thermoelectric power of pure silver is due to 
the presence of electrons in states near some Brillouin 
zone boundary where the energy departs from the free- 


* Work supported in part by the Office of Naval Research. 

¢ On leave of absence from Imperial College, London, England. 

1A. I. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1953). 

2S. Foner and E. M. Pugh, Phys. Rev. 91, 20 (1953). 

3 E. M. Pugh, Phys. Rev. 97, 647 (1955). 

4J. C. Taylor and B. R. Coles, Phys. Rev. 99, 614 (1955). 
(Further details of this work will be published shortly.) 


electron value. The occupation of such states by the 
electrons of highest energy is probably also responsible 
for the departure of n* from unity. The present note is 
intended to draw attention to evidence that in alloys R 
departs from the free-electron value to an extent that 
cannot reasonably be explained in terms of distortions 
of the Fermi surface. There are strong grounds for 
believing that when both lattice scattering and impurity 
scattering are present, discussions of Hall effect data 
must take the scattering mechanisms into account. 
Hall effect data are available for the silver-gold alloys 
over a wide range of compositions and temperatures,° 
and n* values derived from them are shown in Fig. 1. 
The room temperature values for the alloys are greater 
than those of the pure metals, but it is conceivable that 
these increases are due to increases in the Fermi surface 
distortions present in the pure metals. At low tempera- 
tures, however, n* becomes still greater for the alloys, 
while approaching unity for the pure metals. This 
peculiar temperature variation and the very large low- 
temperature values show clearly that in the alloys there 
exists some factor, not present in the pure metals, which 
plays an important part in determining the value of R. 
By adding 40 atomic percent of palladium to silver, 
the number of conduction electrons can be reduced to 
0.6 per atom without d-band holes being created. These 
electrons might be expected to be described extremely 


5K. Onnes and B. Beckman, Proc. Acad. Sci. Amsterdam 15, 
307, 319, 664 (1912). 
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Fic. 1. n* values for silver-gold alloys at room and liquid 
hydrogen temperatures. 


well by a free-electron model, since the states of highest 
energy are remote from zone boundaries, and the 
thermoelectric properties seem to bear out this expec- 
tation. The Hall constant of this alloy is therefore of 
great interest, for were distortions of the Fermi surface 
the only factor making n* different from mn, these two 
quantities should be accurately the same in this alloy. 
The value of » is certainly 0.6, but the measurements of 
Wortman® and Schindler’ give n* values of 0.4 or less at 
room temperature. 

If n* were dependent only on the electronic structure 
and not on the nature of the scattering processes, it 
should change smoothly with composition in the alloy 
series cobalt-nickel, nickel-copper; provided, of course, 
that a collective band treatment is appropriate for all 
the electrons involved in transport effects. The experi- 
mentally derived values? show, however, a marked cusp 
at pure nickel. In any such alloy series of a metal with 
its neighboring elements in the periodic table, n* should 
change smoothly with composition, but those results 
which are available do not show such behavior. Figure 2 
shows those derived from measurements on dilute alloys 
of silver with palladium, cadmium, tin, and antimony’; 

6 J. Wortman, Ann. Physik 18, 233 (1933). 

7A. I. Schindler, Phys. Rev. 94, 1422 (1954). (The author’s 
thanks are due to Dr. Schindler for details of his results prior to 
publication.) 


8 Y. G. Dorfman and P. N. Zhukova, Zhur. Eksptl. i Teort. Fiz. 
9, 51 (1939). 
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Fic. 2. Values of conductivity (¢) and n* at room temperature 
for dilute alloys of Pd, Cd, Sn, and Sb in silver. The results are 
plotted against the mean number of conduction electrons per atom. 


these elements have atomic numbers of —1, +1, +3, 
and +4 relative to silver, and the results are plotted 
against the mean number of conduction electrons per 
atom. These results are strong evidence in favor of the 
suggestion that the Hall effect depends on the scattering 
mechanism, for this is purely thermal in pure silver 
while only partly so in the alloys. Electrical conductivity 
data® are shown-for comparison. 

In the light of the above evidence, it is suggested that 
some assumption, other than that of a simple Fermi 
surface, made when deriving R-n relationships is at 
fault in alloys. It is likely that this is the assumption 
that the time of relaxation is a function of energy only, 
since this parameter has a different character in alloys 
from that which it possesses in pure metals. The different 
effects produced in silver by gold (a homovalent im- 
purity) and by the heterovalent impurities suggest that 
theoretical treatments would have to consider the 
scattering mechanisms in some detail. 

The dependence of measured Hall effects on the 
relative proportions of lattice and impurity scattering is 
being further investigated in various alloy systems. 

The writer’s thanks are due to Dr. J. E. Goldman, 
Dr. W. Kohn, and Dr. E. M. Pugh for many helpful 
discussions. 


*J. O. Linde, Ann. Physik 14, 353 (1932). 
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Effects of Pressure on the Electrical Properties of Semiconductors*t 


DonaLp Lonot 
Physics Department, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received October 20, 1955) 


Measurements have been made of the effects of hydrostatic 
pressures between one and 2000 atmospheres on the electrical 
properties of several different semiconductors. The materials 
studied are germanium, indium antimonide, indium arsenide, 
gallium antimonide, tellurium, and magnesium stannide. It has 
been found that the temperature at which the Hall coefficient of 
p-type Ge reverses sign shifts to a higher value under the applica- 
tion of a pressure of 2000 atmospheres, and that the magnitude of 
the shift is in good agreement with the shift predicted by the known 
increase of the energy gap from one to 2000 atmospheres. The 
transverse magnetoresistance of InSb is found to decrease slightly 
with increasing pressure in accordance with the known decrease of 
electron mobility. Conductivity and Hall coefficient vs pressure 


measurements on extrinsic #-type samples of InAs and GaSb show 
that the electron mobility in InAs decreases by about 7 percent 
from one to 2000 atmospheres and that there is no such mobility 
change in GaSb. Conductivity and Hall coefficient vs pressure 
measurements on Te indicate that the energy gap is smaller by 
0.032 ev at 2000 atmospheres than its value of about 0.336 ev at 
atmospheric pressure, and that the hole and electron mobilities 
increase with increasing pressure. A consistent scheme of inter- 
pretation of the results of the various pressure experiments on 
tellurium is proposed. Conductivity vs pressure measurements on 
Mg:Sn show that the energy gap widens with increasing pressure 
by roughly 0.01 ev between one and 2000 atmospheres. 





1. INTRODUCTION 


HIS paper presents the results of measurements of 
the effects of a hydrostatic pressure on the elec- 
trical properties of several well-known semiconductors. 
Such measurements have become of interest lately, since 
they can give information about the lattice-spacing 
dependences of semiconductor energy band schemes. 
Paul and Brooks have made rather extensive studies of 
the effects of pressure on the electrical properties of 
germanium'” and silicon.’ The writer has done similar 
experiments on indium antimonide,‘ and Keyes® has 
studied the pressure dependence of electrical con- 
ductivity in InSb. Bridgman* made some early con- 
ductivity vs pressure measurements on tellurium. 

In the present work experiments have been done 
which for the most part represent extensions of pre- 
vious studies. We shall present in Sec. 2 the results of 
the several different types of experiments which have 
been done on germanium, indium antimonide, indium 
arsenide, gallium antimonide, tellurium and magnesium 
stannide. Then in Sec. 3 we shall discuss these results 
with regard to their relations to pressure dependences of 
carrier concentrations, mobilities, energy gaps, and 
effective masses. 


2. EXPERIMENTAL RESULTS 
A. Experimental Apparatus 


The apparatus consisted of a stainless steel bomb with 
seven electrical leads and capable of producing by 2 


* Work supported in part by the Air Research and Development 
Command and the Office of Naval Research. 

¢ This paper summarizes part of a thesis presented to the 
Graduate School, University of Pennsylvania, in partial fulfillment 
of the requirements for the Ph.D. degree. 

t Now at Honeywell Research Center, Hopkins, Minnesota. 

1W. Paul, Phys. Rev. 90, 336 (1953). 

2 W. Paul and H. Brooks, Phys. Rev. 94, 1128 (1954). 

3 W. Paul and G. Pearson, Phys. Rev. 98, 1755 (1955). 

4D. Long, Phys. Rev. 99, 388 (1955). 

5 R. Keyes, Phys. Rev. 99, 490 (1955). 

6 P. W. Bridgman, Proc. Am. Acad. Sci. 68, 95 (1933); 72, 159 
(1938). 


fluid a pressure up to 2000 atmospheres. Measurements 
of the Hall effect, electrical conductivity, and in a few 
cases magnetoresistance were made. The apparatus 
and experimental methods employed were generally the 
same as described in a previous paper.‘ For further 
details see the author’s thesis.” 


B. Hall Reversal in Germanium 


The germanium experiment consisted of a measure- 
ment of the effect of a pressure of 2000 atmospheres on 
the temperature at which the Hall coefficient of a p-type 
sample reversed sign. The sample used was a single 
crystal of 21 ohm-cm p-type Ge obtained from the 
Philco Corporation whose atmospheric pressure Hall 
reversal temperature was 64.5°C. The experiment was 
done by obtaining portions of the Hall coefficient vs 
temperature curves above and below the reversal 
temperature at one and 2000 atmospheres using a field 
of 1000 gauss. The results are plotted in Fig. 1, where 
we see that the reversal occurred at 68.9°C at the high 
pressure, representing an increase of 4.4 degrees be- 
tween one and 2000 atmospheres. There is a +5 percent 
probable error in the measured value of the reversal 
temperature shift due to inaccuracies in temperature 
and pressure measurements and slight uncertainty as 
to the proper curves to be drawn through the experi- 
mental points in Fig. 1. 


C. Magnetoresistance of Indium Antimonide 


The results of measurements of the pressure depen- 
dences of the conductivity and Hall coefficient of a 
p-type sample of InSb were reported in the previous 
paper.‘ It was found that the energy gap widened with 
increasing pressure at a rate of about 14X10~* ev/at- 
mosphere and that the electron mobility was smaller by 
about 12 percent at 2000 atmospheres than at atmos- 


7D. Long, Ph. D. thesis, University of Pennsylvania, 1955 
(unpublished). 
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pheric pressure. Keyes® found similar results and also 
showed that the hole mobility was not changed by pres- 
sure. In the present work a measurement was made of the 
effect of pressure on the transverse magnetoresistance of 
the same sample used in our previous experiments on 
InSb. The experiment was done at a temperature of 
23°C with a magnetic field of 6900 gauss. It was found 
that the value of (Ap/px) at atmospheric pressure was 
0.364; whereas, at 2000 atmospheres it was 0.344. The 
impurity hole density in the sample was 3.3X 10"* per cc. 


D. Conductivity and Hall Effect in Indium 
Arsenide and Gallium Antimonide 


Measurements of conductivity and Hall coefficient vs 
pressure were made on an n-type sample of InAs ob- 





#2000 atmospheres 
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Fic. 1. Pressure shift of Hall coefficient reversal temperature 
in p-type Ge. 


tained from the Naval Ordnance Laboratory at 24.0°C 
and 44.3°C. This sample was completely extrinsic at 
these temperatures and had an impurity electron den- 
sity of 6X 10'* per cc. The conductivity decreased in an 
apparently linear fashion with increasing pressure and 
was about 7 percent smaller at 2000 atmospheres than at 
atmospheric pressure. The Hall coefficient was un- 
affected by pressure. Exactly the same types of measure- 
ments were made on an m-type sample of GaSb ob- 
tained from Bell Telephone Laboratories at 23.0°C. 
The conductivity and Hall coefficient of the GaSb 
sample were both found to be independent of pressure 
up to 2000 atmospheres. This sample was also com- 
pletely extrinsic at the temperature of the experiment. 
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TABLE I. Pressure dependence of conductivity of tellurium 
(sample TA). 








Conductivities (ohm=! —cm™') 
Temperature 
< 2000/01 


2.12 
2.07 
2.03 
2.00 
1.95 


v1 72000 


8 6.44 13.7 
2 8.24 17.1 
1 10.63 21.6 
8 
4 
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90 
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12.58 25.1 
15.9 31.0 
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E. Tellurium 


An extensive study has been made of the effects of 
pressure on the conductivity and Hall effect of tellurium. 
Tellurium has an anisotropic crystal structure® con- 
sisting of long chains of atoms arranged in hexagonal 
array. The measurements to be described here have all 
been made on single-crystal samples in which the direc- 
tion of current flow was parallel to the one unique 
crystallographic axis, the c-axis. The samples were all 
p-type at low temperatures, and were prepared by the 
author. 

First of all, conductivity vs pressure measurements 
were made on sample TA at 58.8°C, 73.2°C, 90.1°C, 
101.8°C, and 119.4°C. This sample was completely 
intrinsic at these temperatures and had an impurity 
hole density of about 2.5X 10" per cc. The values of the 
conductivity at one and 2000 atmospheres at each of 
the temperatures are listed in Table I, and the con- 
ductivity vs pressure data at 58.8°C (which are typical) 
are plotted semilogarithmically in Fig. 2. An interesting 
feature in Fig. 2 is the slight curvature in the plot of 
log (conductivity) vs pressure. Measurements of Hall 
coefficient vs pressure were also made on sample TA at 
73.2°C, 90.1°C, and 101.8°C at the same times as the 
corresponding conductivity measurements. The ratios 
of the Hall coefficient at 2000 atmospheres to that at 
one atmosphere are listed in Table II, and the Hall 
coefficient vs pressure data at 90.1°C (which are typical) 
are plotted semilogarithmically in Fig. 3. 

Measurements of conductivity and Hall coefficient 
vs pressure were made on sample TC at 0°C and 26.3°C. 
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Fic. 2. Conductivity vs pressure for tellurium, sample TA. 
8A. R. von Hippel, J. Chem. Phys. 16, 372 (1948). 
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TABLE II. Pressure dependence of Hall coefficient of sample TA. 








Temperature, °C 


73.2 
90.1 
101.8 


R2o00/Ri 


0.57 
0.59 
0.60 











This sample was doped with antimony to make it 
extrinsic at these temperatures and had an impurity 
hole density of about 1.3X 10'* per cc. The conductivity 
increased approximately linearly with increasing pres- 
sure at both temperatures and was 1.23 times as large 
at 2000 atmospheres as at atmospheric pressure. The 
Hall coefficient of sample TC was unaffected by pressure 

The Hall coefficient of tellurium exhibits two sign 
reversals, the high-temperature one always occurring 
at about 500°K, and the low-temperature reversal 
occurring at a temperature which varies from sample to 
sample and depends upon the impurity concentration. 
A measurement was made of the pressure-induced shift 
of the lower Hall reversal temperature on sample TD, 
which had an impurity hole density of 2.1 10'® per cc. 
This experiment was done in the same way as the 
germanium experiment described earlier, and the re- 
sults are plotted in Fig. 4. We see that the reversal 
shifted to lower temperatures with increasing pressure, 
and that it occurred at 41.0°C, 29.5°C, and 19.2°C at 
one, 1000, and 2000 atmospheres respectively. A similar 
experiment was attempted on the high-temperature 
(500°K) Hall reversal, but no pressure shift was 
detected. 


F. Magnesium Stannide 


Measurements were made at 0°C and 21.7°C of the 
pressure dependence of the conductivity of an intrinsic 
sample of Mg2Sn from one to 2000 atmospheres. The 
results are plotted in Fig. 5. This sample was n-type at 
low temperatures and had an impurity electron density 
of about 2X10'* per cc. We see that the resistivity 
(inverse of conductivity) increased with increasing 
pressure at both temperatures in an apparently expo- 
nential manner. This sample was provided by Dr. R. G. 
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Fic. 3. Hall coefficient vs pressure for tellurium, sample TA. 
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Breckenridge of the National Bureau of Standards. 
Electrical leads of copper wire were attached to it with 
ordinary soft solder. 


3. DISCUSSION 
A. Germanium 


We shall see that the observed shift of the Hall rever- 
sal temperature of our p-type Ge sample is due almost 
entirely to a widening of the energy gap with increasing 
pressure. Paul’ has found that the gap in Ge widens 
linearly with increasing pressure at a rate of just about 
5.5X10-* ev/atmosphere, which then gives a value at 
2000 atmospheres which is 0.011 ev larger than the 
atmospheric pressure gap. Paul and Brooks* have found 
that the electron and hole mobilities in Ge are practic- 
ally independent of pressure up to 2000 atmospheres. 
In the following analysis of our results we shall allow for 
the existence of two distinct types of holes in the valence 
band. 
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Fic. 4. Pressure shift of low Hall coefficient reversal temperature 
in tellurium, sample TD. 


The condition for the Hall coefficient to pass through 
a zero is that 


Nye — pyr— po’=0, (1) 


where the subscripts , 1, and 2 refer to electrons, “‘fast”’ 
holes, and “‘slow” holes respectively. Let us now define 
a and 6 as the fractions of the total hole density p 
which have the mobilities u; and ys respectively. Also, 


p=n-+ po, (2) 


since the impurities are all ionized at the temperature 
of the Hall reversal. Then the reversal condition can be 
written as 





po(aus?+by2*) 
n= . 
Br — (aus?+by.’) 


The carrier densities at the Hall reversal are related 
to the energy gap (at absolute zero) Z,°, the reversal 


(1a) 


® See, for example, Willardson, Harman, and Beer, Phys. Rev. 
96, 1512 (1954). 
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temperature 7, the temperature rate of change @ of the 
gap width, and the effective masses by the following 
equation: 


2nkT\? B —E,° 
np=4( ) (m,m,)! exp(") exp( ) (3) 
he k kT, 


The mobilities, and therefore also the effective masses, 
are pressure-independent up to 2000 atmospheres. 6 
must certainly also be nearly independent of pressure. 
Furthermore, we can safely assume that the relative 
numbers of “fast” and ‘‘slow” holes remain constant 
with respect to temperature and pressure because of the 
smallness of the spin-orbit splitting in the valence band.? 
Then, the values of # and p for which the Hall coefficient 
is zero must be unchanged by 2000 atmospheres. We 
neglect the slight difference in the temperature de- 
pendences of the electron and hole mobilities,® since the 
effect of this on our results would certainly be insignifi- 
cant. From (3), for small pressure changes of 7, and 
E,°, we obtain finally the following equation: 


6T, 

bE°= E,°—+ 3k5T ,. (4) 
Substituting average values of E,°=0.755 ev and 
T,=340°K into (4) along with 67,=+-4.4 degrees, we 
find that 6E,°=+0.0109 ev. This result compares very 
well with the value of 0.011 ev obtained from Paul’s 
work ; it thus indicates that the shift of the Hall reversal 
to higher temperatures is caused only by the pressure- 
induced increase of the energy gap, and also lends veri- 
fication to our assumptions of constancy of the effective 

masses, etc. 


B. Intermetallic Compounds 


Willardson, Harman, and Beer® give the following 
expression for the transverse magnetoresistance of a 
two-carrier semiconductor: 


, (aK n+K p)*+iryp(acLn—Ly)” 
(a+1)(aK,+K>) , 


K and L are dimensionless integrals over carrier energies 
and the y’s are defined as 


n= (92/16) nH? X 10-"*, 
p= (94 /16)u 2H? X 10-8, 


where the mobilities u, and u, are in cm?/volt-sec, and 
the magnetic field H is in gauss. Also, 





(5) 


a=o,°/a,°, where o,"+0,"=0", 


C= pn?/py’, 
where the superscript zeros mean that the conductivities 
o and the mobilities are for zero magnetic field. The 
subscripts and refer to electrons and holes respec- 
tively. 
In order to apply Eq. (5) to our experimental results 
on InSb, we must substitute the values of the various 
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Fic. 5. Conductivity vs pressure for Mg2Sn 


parameters for the sample studied. From the previous 
Hall and resistivity measurements,‘ we find that at 
atmospheric pressure, a= 28.5 and c= 32.0, and at 2000 
atmospheres, a= 25.4 and c= 28.6. Now, when y is of 
the order of 25 the following asymptotic expansions for 
K and L can be used with accuracy: 


1 3! 


When y is less than about 0.025, the approximations 
are 
K=1—y-—7°(0.577+1ny), 
(6b) 
L=1—2y—2n'y}, 

The electron mobility in our sample at 23°C and 
atmospheric pressure was about 50000 cm*/volt-sec, 
and was 12 percent smaller at 2000 atmospheres.‘ 
Because of the difficulty of measuring the magnitude of 
the mobility accurately, the following procedure was 
followed in order to determine the value of y,. For a 
mobility in the vicinity of 50000 cm?/volt-sec and a 
field of 6900 gauss, y, lies somewhere between 20 and 
25, so that the approximations of (6a) can be used. 
Also, yp is then less than 0.025, so that we can use the 
approximations of (6b) for the holes. A series of values 
of y, between 20 and 25 were substituted into Eq. (5) 
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along with the values of a, c, and y, until one was found 
which gave a (Ap/pz) equal to the experimental result 
of 0.364 at atmospheric pressure. The proper choice 
proved to be y,=23, requiring then that y,=0.0226. 
Then, a decrease of electron mobility of 12 percent leads 
to a value of y,=18.4 at 2000 atmospheres. Repeating 
the calculation with this y,, we find that (Ap/py) 
= 0.346 at 2000 atmospheres which compares well with 
the experimental value of 0.344. We thus see that the 
transverse magnetoresistance is smaller at 2000 atmos- 
pheres than at one atmosphere by approximately the 
amount expected for the known decrease of electron 
mobility. 

The decrease of conductivity with increasing pressure 
in the extrinsic -type sample of InAs must be caused by 
a pressure-induced decrease of the electron mobility of 
7 percent for 2000 atmospheres, since the lack of change 
of the Hall coefficient means that the extrinsic electron 
density was unaffected by pressure. Thus, there is a 
rather large decrease of the electron mobility in InAs 
just as there is in InSb, and this decrease is probably due 
to an increase of the effective mass with increasing 
pressure in the same manner as in InSb. The absence of 
a pressure change of either the conductivity or the Hall 
coefficient of GaSb leads to the conclusion that the 
electron mobility in this material is practically inde- 
pendent of pressure. 


C. Tellurium 


In discussing the results of the tellurium experiments, 
we shall use the double-conduction-band model devel- 
oped by Callen’® and Naussbaum," since it appears to be 
the best so far proposed. In this model the conduction 
band consists of two overlapping bands whose bottom 
edges are separated from the lower conduction band by 
a forbidden gap about 0.33 ev wide. The density of 
states in the lower conduction band is smaller than in the 
upper, and the density of states at the top of the valence 
band has a value somewhere in between the conduction 
band densities. The mobilities are then related in the 
reverse fashion, with the mobility in the upper conduc- 
tion band the smallest. It has not yet been possible to 
determine the quantitative relations among these quan- 
tities, but it is probable that the contributions to the 
conductivity and Hall coefficient of those electrons 
occupying states in the upper (low-mobility) conduction 
band are rather small. 

We then deal with a three-carrier model in tellurium. 
Account must also be taken of the anisotropic crystal 
structure. The conductivities parallel and perpendicular 
to the crystalline c-axis are related to the carrier 
densities and mobilities in these directions by 


ou= |e] (Puputnmintnyen), (8) 
os=|e| (Puprtmutnyen), 


” H. B. Callen, J. Chem. Phys. 22, 518 (1954). 
1 A, Nussbaum, Phys. Rev. 94, 337 (1954). 
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where p, 1, and 2 refer respectively to holes in the 
valence band, electrons in the lower conduction band, 
and electrons in the upper conduction band. For the 
Hall effect it can be shown’ that if the primary current 
flows parallel to the c-axis, the Hall coefficient is given 
by 


3 
R=+ 


Ble! 


PR pulps — Misi — Nopoupes 





. (9) 
(Pu pumpin tmopen) (Pups mipitmoyes) 


Let us consider now a completely intrinsic sample well 
below 500°K, and also assume that the contributions of 
the upper band electrons to the conductivity and Hall 
effect are negligible. We can then write Eqs. (7), (8), 
and (9) as 

ou>= |e| mu pu( feu+1), 


o1= |e|mups (fort), 
—3r 1 fenes—1 


8le|  (feut+1)(fer+1) 


where 1 is the total electron density, f is the fraction of 
the total electrons which occupy the lower conduction 
band, and the c’s are the mobility ratios parallel and 
perpendicular to the crystalline c-axis. 

The first problem is to determine the direction and 
magnitude of the pressure-induced energy gap change 
in tellurium. This can be done from our conductivity 
vs pressure data on sample TA. The procedure is to find 
the energy gap at one and 2000 atmospheres pressure 
from plots of Ino vs 1/T at these two pressures, which 
can of course be made from our data. In this way we find 
that the gap is about 0.032 ev smaller at 2000 atmos- 
pheres than at atmospheric pressure, where the gap 
width is about 0.336 ev. Bardeen" also found such a gap 
decrease from Bridgman’s data,* but he obtained a 
larger value because of an incorrect extrapolation of his 
curve of energy gap vs pressure to 0.38 ev at one at- 
mosphere. It can incidentally be shown’ that the Ing 
vs 1/T procedure gives the correct value of the for- 
bidden zone in the double conduction-band model of Te. 

Our experimental results on the extrinsic sample TC 
indicate that the hole mobility parallel to the c-axis is 
about 1.23 times as large at 2000 atmospheres as at 
atmospheric pressure, since the interpretation is ob- 
viously the same as for the InAs and GaSb experiments. 
It should be pointed out that Bridgman‘ found a con- 
ductivity increase of about 26 percent between one and 
2000 atmospheres on a sample in which the direction of 
current flow was almost perpendicular to the c-axis. It 
seems likely that this was caused by an increase of hole 
mobility, since the experiment was done at —78.3°C at 
which the sample was completely extrinsic. The domin- 


2 J. Bardeen, Phys. Rev. 75, 1777 (1949). 
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ant scattering process in tellurium at —78.3°C and 
above appears to be lattice-scattering,’? so that the 
mobilities involved in these pressure experiments are 
lattice-scattering limited. 

Now, let us multiply Eq. (7a) by (9a) to obtain 


fenar- ] 
oP 

(fex+1) 
and (8a) by (9a) to obtain 


—3r feutr—1 
8 Hf ae 


We can find the effect of pressure on the term in square 
brackets in (10) by substituting our experimental values 
of the changes of o,, and R between one and 2000 
atmospheres on sample TA at 90.1°C and our value of 
the change of u»,, found on sample TC. When this is 
done, it turns out that the value of the bracket at 2000 
atmospheres is 0.98 times its value at one atmosphere. 
The bracketed term must then be practically indepen- 
dent of pressure. Similarly, it is possible to show that 
the bracketed term in (11) is also nearly pressure- 
independent, provided that we use Bridgman’s con- 
ductivity vs pressure result at 95°C on his sample in 
which the current flowed perpendicular to the c-axis® 
along with our result for R and Bridgman’s change of 
Mp, Of 26 percent. In this case the bracketed term is also 
about 0.98 times as large at 2000 atmospheres as at one. 
It is clear that the bracketed terms in Eqs. (10) and (11) 
can both be completely independent of pressure only if f, 
Cy, and c, independently are. More evidence for this will 
appear in the following paragraphs. 

Let us next consider the measurements of conduc- 
tivity vs pressure on sample TA in a different manner. 
Equation (7a) applies. The total electron concentration 
depends on the energy gap, temperature, and densities 
of states as 


(10) 


oynR=— 





o,R= (11) 


MX (ZB n)te~ Bol? (12) 


where g, is an “effective” density of states for electrons. 
Take the logarithm of (7a) and evaluate it at one and 
2000 atmospheres to obtain 


7112000 
in ) 
Tul 


—AE (gn8n) Mpi12000 
since nf = =| +n =). (13) 
2kT (Sp8n)1 Mpitl 





We have assumed that the term (fc,,+1) in (7a) does 
not change with pressure, as indicated by the results of 
the preceding paragraph. We already have experiment- 
ally determined values of all the terms in (13) except 
the one involving the densities of states. Substituting 
these values, we find that the density of states product 
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changes by less than one percent between one and 2000 
atmospheres, and can therefore be considered pressure- 
independent. 

In order to check the validity of our result of the 
preceding paragraph (that the density of states product 
is pressure-independent), let us now consider the 
measurements of Hall coefficient vs pressure on sample 
TA at 90.1°C. Equation (9a) applies. At this stage of 
the analysis we know that the only dependence of R on 
pressure must be through the dependence of m on the 
energy gap. Then, we have the relation that 


In(R2o00/R:) = AE, /2kT. 


To see whether this is so, we substitute our experi- 
mental value of AE,= —0.032 ev and T=363°K into 
(14). We find from this a value of 0.60 for the Hall 
coefficient ratio of Eq. (14). This compares very well 
with the experimental value of 0.59, and thus lends 
verification to the previous results of this section. 

It is of interest now to attempt to explain the slight 
curvature in the plot of Ino vs P in Fig. 2. Suppose that 
E, decreases linearly with increasing pressure. The 
contribution of this gap change to the total change of 
conductivity will then give a straight line on the semi- 
logarithmic plot. Now suppose that yu», increases 
linearly with increasing pressure. The plot of this on the 
semilogarithmic graph will have a slight curvature 
(convex upward). The sum of these two plots then will 
give a slightly curved Ino vs P line in the same fashion as 
given by our experimental results. Actually, part of the 
curvature in the experimental plots may be caused by 
slightly nonlinear pressure-dependence of the gap width, 
but our measurement of the gap change did not show 
this. 

We next consider the experiment to determine the 
lower Hall reversal vs pressure for tellurium. The re- 
versal condition is 


(14) 


(15) 


MywWiipir— Pupupsr=0, 


which can be rewritten as 


Po 
n= 


= ‘16 
fencr—1 
since p=n+ po and m,=/n. Let us first assume that f 
does not change as the reversal temperature shifts, 
postponing a discussion of this until later. Then, the 
analysis is essentially the same as for the germanium 
experiment, since the right-hand side of (16) is inde- 
pendent of pressure by our results of the preceding sec- 
tions. We then obtain again the following relation: 


SE, 8T, 3k8T, 
—=—4+-—.. (4) 
es ae 


Now, in this experiment it is most convenient to sub- 
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stitute the experimental magnitudes of 57, and 7, into 
the equation and compare the resulting value of 5£, 
with —0.032 ev, since 7, depends upon the average 
reversal temperature around which the experiment was 
done. From one to 2000 atmospheres the average re- 
versal temperature was 303°K and the average value 
of E, about 0.32 ev. Also, 57,= 21.8 degrees. Substitu- 
ting these quantities into Eq. (15), we find that 5£, 
= —0.029 ev. 

Our assumption that f remains constant as the 
reversal point shifts to lower temperatures with in- 
creasing pressure is not quite justified. Consideration of 
the meaning of f reveals that it increases as the tempera- 
ture is lowered, leading in turn to an increase of the 
term on the right-hand side of Eq. (16). It is easy to see 
that this would cause the reversal temperature to shift 
by slightly more than if f were constant, and would then 
lead to a value of 5E, slightly greater than the correct 
one if Eq. (16) is used in the analysis. Lacking know- 
ledge of the magnitudes of the various terms on the 
right-hand side of (16), we cannot evaluate the size of 
this effect. However, it does not seem likely that f 
changes by as much as 5 percent as the reversal tem- 
perature shifts.’ In any case, the value of 6Z, found 
from this lower Hall reversal experiment agrees rea- 
sonably well with our value of —0.032 ev. 

The last experiment to be considered is the one in 
which we found that pressure had little or no effect on 
the upper (500°K) Hall reversal temperature, Here we 
shall mot neglect the contribution of the upper-band 
electrons. The reversal condition then is 


(17) 


The sample was of course completely intrinsic at 500°K, 
so that we can rewrite (17) as 


Mypinbis + Nope — Peputpa=9. 


fenta+ (1— f)en’cs’=1, 


(17a) 


where the primed c’s are the ratios of the electron mo- 
bilities in the upper conduction band to the hole 
mobilities. Now, our results of the preceding sections 
require that the terms of fc,,c, and (1—/f) be independent 
of pressure. Any pressure change of c,,'c,’ would then 
have to be compensated for by a change in the reversal 
temperature, which is involved in f, but the term 
(1—f)c,’c,’ is much smailer than fc,,c,, so that we would 
not expect much of a change in the reversal tempera- 
ture even if c,,'c,’ changed considerably. The one effect 
which could cause a marked change in the reversal 
temperature would be a change of AE. Nussbaum’s 
experiments" on selenium-doped Te samples illustrate 
this very clearly. He found that the upper Hall reversal 
temperature shifted markedly to lower values as more 
selenium was added to the tellurium lattice. In a 
sample containing 13.2 percent Se the reversal occurred 
at 450°K, compared to 500°K for pure Te. Selenium 
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atoms substitute for tellurium in the lattice and cause 
a decrease in the lattice spacing because of their smaller 
size. The fact that the upper reversal temperature does 
not shift then leads us to believe that AZ is practically 
unaffected by pressure. 

Neuringer™ has measured the effect of pressure on the 
optical absorption edge which corresponds to the wider 
energy gap and finds that the gap width decreases with 
increasing pressure at a rate of about —1.5xX10-5 
ev/atmosphere. This can be considered as further veri- 
fication of our deduction that AE is nearly pressure- 
independent, since we see that both gaps decrease at 
about the same rates. Neuringer’s result has been found 
from preliminary measurements; a more accurate result 
should be obtained from his more extensive experiments 
which are now in progress. 

We have been able to deduce from the results of the 
pressure experiments done in the present work and two 
of those done by Bridgman that: (a) the forbidden 
energy zone in tellurium narrows by 0.032 ev under the 
application of 2000 atmospheres pressure, (b) the hole 
mobilities parallel and perpendicular to the c-axis in- 
crease by about 23 and 26 percent respectively under 
2000 atmospheres, (c) the electron mobilities in the 
lower conduction band increase at about the same rates 
as the corresponding directional hole mobilities since 
the mobility ratios were constant, (d) the densities of 
states in the valence and conduction bands are quite 
insensitive to pressure, and (e) the separation between 
the bottoms of the two conduction bands does not 
change much under 2000 atmospheres. We do not wish 
to give the impression that our deductions are rigor- 
ourly correct, but merely say that our relatively simple 
model describes all the experimental results. (That is, 
there is in no case an effect which is radically incon- 
sistent with all the other effects if the above deductions 
are assumed correct.) More complicated models may 
also apply. A more extensive discussion of the tellurium 
experiments is given in the author’s thesis.’ 


D. Magnesium Stannide 


The decreases of conductivity with increasing pres- 
sure on our Mg2Sn sample appear to be caused primarily 
by a widening of the energy gap. By applying the same 
method used to find the gap change in tellurium, we 
find that the gap is roughly 0.01 ev wider at 2000 at- 
mospheres than at atmospheric pressure. In this case, 
however, it is necessary to make a slight correction for 
the contribution of the impurities to the conductivity 
at the temperatures of the pressure experiments. The 
details of the calculation are given in the author’s 
thesis.” 

Another method of calculating the gap change is to 
substitute the values of the conductivity at one and 
2000 atmospheres at a single temperature into the usual 


3. Neuringer (private communication). 
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expression relating o to #, and then find the change 
in the gap. This is essentially the method used by the 
author for InSb.‘ In this way, we find again that the 
gap widens by roughly 0.01 ev. The rather small effect 
of pressure on the conductivity of Mg»Sn prevents us 
from measuring the magnitudes of these changes very 
accurately, but we can be quite sure that the gap does 
increase under pressure. 
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Effect of Neutron Bombardment on a Zinc Sulfide Phosphor 


ALAN W. SmITH 
National Carbon Research Laboratories, Cleveland, Ohia 


(Received October 17, 1955) 


It was previously shown that neutron bombardment produced new traps in a zinc sulfide phosphor. These 
were interpreted as electron traps on the model of Klasen and Schoen. The new model proposed by Lambe 
and Klick for cadmium sulfide may be ‘used here. This new model gives a better interpretation of the dielec- 
tric constant changes observed on neutron-irradiated samples, and is consistent with the rest of the data. 


HE effect of neutron bombardment on a zinc sul- 

fide phosphor, reported by Smith and Turkevich,' 

made use of the Klasen-Schoen model of luminescence.* 

In a recent paper, Lambe and Klick* propose a slightly 

different model. It is the purpose of this paper to show 

that the latter model explains the data obtained by 

Smith and Turkevich more simply than does the model 

of Klasen and Schoen. This is, thus, a further confirma- 
tion of the Lambe-Klick model. 

The particular set of data which is difficult to explain 
on the Klasen-Schoen model concerns the dielectric 
constant change on illumination. If we follow Garlick,‘ 
the dielectric constant change is due to trapped elec- 
trons. This is not attractive since the dielectric constant 
change is nearly the same for samples which have a 
large difference in the number of traps.' Verwey® has 
pointed out that powdered or sintered materials can be 
treated as two materials in series. An increase in the 
conductivity of one can lead to an apparent increase 
in the dielectric constant. This would be the case in 
powdered zinc sulfide since illumination increases the 
conductivity greatly. In this case there should be no 
increase in the dielectric constant change when new 
traps are produced by neutron bombardment. However, 
the rise and decay characteristics of the dielectric con- 


1A, W. Smith and John Turkevich, Phys. Rev. 94, 857 (1954). 

2H. A. Klasen, J. Electrochem. Soc. 100, 72 (1953). 

3 John Lambe and Clifford C. Klick, Phys. Rev. 98, 909 (1955). 

4G. F. J. Garlick and A. F. Gibson, Proc. Roy. Soc. (London) 
A188, 485 (1947). 

6H. K. Henish, in Semiconducting Materials (Butterworths 
Scientific Publications, London, 1951), p. 151. 


stant change do not make sense using the Klasen- 
Schoen model. The new model of Lambe and Klick re- 
moves this difficulty. 

With the Klasen-Schoen model, electron traps are 
produced by neutron bombardment. These traps allow 
nonradiative transitions to the ground state but with a 
long decay time. The luminescent act consists of an 
electron going from the conduction band to an empty 
luminescence center. In this model the number of 
electrons in the conduction band should build up on 
illumination and decay with about the same rate as the 
luminescence. The dielectric constant change should do 
likewise, being dependent on the number of conduction 
electrons. In the actual case of neutron-bombarded 
materials, the luminescence rises slowly and decays 
quickly. The dielectric constant change does just the 
opposite. 

On the Lambe-Klick model, the luminescent act 
involves the holes going from the filled band to a 
luminescence center. The traps produced by neutron 
bombardment would then be hole traps. Thus, the 
number of electrons in the conduction band would 
build up quickly upon illumination, but the lumines- 
cence weuld build up slowly since the hole traps must be 
filled up first. On the other hand, the number of holes 
would decay from the filled band quickly and with 
them the luminescence, while the number of electrons 
in the conduction band and the dielectric constant 
change would decay slowly since the recombination 
with holes in the hole traps is assumed to be slow. This 
is what was observed. 
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Infrared Absorption and Oxygen Content in Silicon and Germanium 


W. Karser, P. H. Kecx, anp C. F. LANGE 
Signal Corps Engineering Laboratories, Fort Monmouth, New Jersey 
(Received October 12, 1955) 


An optical absorption band at 9u has been correlated with the oxygen content in silicon. Pulled silicon 
crystals were found to contain up to 10'* oxygen atoms per cm* which seem to originate from the quartz 
crucible. The oxygen concentration in silicon crystals prepared by the floating zone technique in vacuum 
was found to be less than 10'* oxygen atoms per cm*. The 9u absorption due to silicon-oxygen bond stretch- 
ing vibrations provides a possibility for a quantitative oxygen analysis of high sensitivity. A corresponding 
absorption in germanium at 11.6y is believed to be due to a germanium-oxygen vibration. 





INTRODUCTION 


T wavelengths greater than 1.2u, pure silicon is 
highly transparent, as is pure germanium at 
wavelengths above 1.8u.' Bands in silicon due to lattice 
absorption occur within the range of from 8u to 25u 
and in germanium from 11 to 35u.2* There may be 
additional absorption superimposed because of the 
presence of free charge carriers,‘ but it can be disre- 
garded in this study since we are dealing with samples 
having high resistivity. An absorption band at 9y is a 
common occurrence in silicon'’-* and some investigators 
have surmised that it is the result of oxygen, while 
others consider it to be a lattice band. Silicon crystallized 
by the floating zone technique,’ which requires no 
quartz crucible, showed at 9u a greatly reduced absorp- 
tion.® It is this band and a corresponding absorption in 
germanium which we have investigated. 


EXPERIMENTAL 


Using a Perkin-Elmer double-pass spectrometer, 
absorption measurements of a variety of high-purity 
silicon samples were made in a wavelength range 
around 9. The samples were optically polished and by 
measuring different thicknesses it was verified that the 
observed absorption is a bulk effect and not a surface 
phenomenon. Table I is a list of typical samples meas- 
ured, giving their characteristics and absorption coeffi- 
cient at 9p. 

It will be noted that, without exception, samples 
melted in a quartz crucible displayed a higher absorption 
coefficient than the silicon samples crystallized without 
a crucible. 

The results of three crucial experiments are also 
given in Table I. A section of sample 105, which dis- 
played an absorption of 1.05 cm™ originally, increased 


1H. Y. Fan and M. Becker, Proceedings of the Reading Conference 
(Butterworths Scientific Publications, London, 1951). 

2R. J. Collins and H. Y. Fan, Phys. Rev. 93, 674 (1954). 

3M. Lax and E. Burstein, Phys. Rev. 97, 39 (1955). 

*H. B. Briggs, Phys. Rev. 77, 727 (1950); H. Y. Fan and M. 
Becker, Phys. Rev. 78, 178 (1950); H. B. Briggs and R. C. 
Fletcher, Phys. Rev. 91, 1342 (1952); Kaiser, Collins, and Fan, 
Phys. Rev. 91, 1380 (1953). 

5 P. H. Keck, Physica 20, 1059 (1954). 

* According to a private communication by H. F. Priest (to be 
published). 


its absorption to 1.55 when melted for twenty minutes 
in the floating zone equipment under an oxygen 
atmosphere at a pressure of 1 mm Hg. During this 
experiment, the silicon reacted strongly with the 
oxygen, depositing a thick coat of silicon monoxide on 
the cold walls of the melting chamber. In a second 
experiment a section of sample 85, pulled originally 
from a quartz crucible and then melted in high vacuum 
for thirty minutes, by means of the floating zone 
technique, showed a decrease in absorption by a factor 
of three. In the third experiment the same decrease in 
the 9u absorption was observed with sample 84 after 
severa] passes of the floating zone. 

The 9 absorption band was also investigated at 
low temperature. A comparison of the results obtained 
with samples 13 and 109 at room temperature and at 
90°K is shown in Figs. 1 and 2. It will be noted that the 
absorption of sample 13, which was pulled from a quartz 
crucible, shifts to shorter wavelengths, sharpens, and 
develops a fine structure,’ whereas the weak absorption 
of sample 109, prepared by the floating zone technique, 
decreases by a factor of approximately two. 


TABLE I. Absorption coefficient at 9u of different silicon samples. 








Sample Origin and 
No. preparation* 


104 FM,QC,S 
13. DP, OC, S 
08 DP.OC P 


98 FM,FZ,S 
109 DP, FZ,S 
06 *FM, P 


Absorption coeff. 


at 9 microns Remarks 





3.2 cm 
3.6 cm™ 
4.5 cm 


1.05 cm 
1.05 cm= 
~1.0 cm™ 


47 ohm cm 
6 ohm cm 

10 ohm cm “densi- 
fied silicon” 

70 ohm cm 

35 ohm cm 

Microcrystalline, as 
deposited on the 
tantalum wire 

Originally 

FZ in oxygen of 1 
mm Hg 

20 ohm cm 

Melted in vacuum 

20 ohm cm 

After several FZ 
passes, 40 ohm cm 


105 FM, FZ,P 


85 DP,QC,P 


84 DP,OC,P 
DP, FZ, P 








*DP =silicon from DuPont (zinc reduction process), FM =silicon from 
Foote Mineral Company (iodide process), QC =crystallized from quartz 
crucible, FZ =crystallized by floating zone technique, S =single crystal, 
P =polycrystalline. 


7 This is in agreement with a fine structure observed in silicates. 
A. Schaefer and F. Matossi, Das Ulirarate Spektrum (Verlag 
Julius Springer, Berlin, 1930). 
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OXYGEN CONTENT 


All samples marked QC in Table I were pulled in an 
inert atmosphere. A crystal pulled in vacuum indicated 
a smaller absorption at 91, however, at 90°K a striking 
difference between this sample and the floating zone 
samples still remained. 

For comparison purposes, the absorption within the 
Qu range was measured on thin SiO: films which were 
prepared by evaporation of SiO in vacuum onto cleaved 
sodium chloride surfaces and subsequently oxidized. 
The maximum of the absorption band of SiO was found 
to occur at 10u and upon oxidation, shifted to 9.3. 
The results are in agreement with the findings of Hass 
and Salzberg.® 


DISCUSSION 


It is known that quartz reacts with molten silicon’ to 
form gaseous SiO. This in turn may dissolve in silicon 
to a certain extent. Upon crystallization we expect that 
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Fic. 1. Absorption coefficient of silicon at room temperature. 


A (sample 13) pulled from a quartz crucible, B (sample 109) pre- 
pared by floating zone technique. 


oxygen will enter the silicon lattice interstitially and 
will be bound to silicon. The 9 absorption band ob- 
served in silicon may be explained then as a silicon 
oxygen vibration similar to the vibrations in silica and 
in all quartz modifications." 

Furthermore, the experiment with the recrystalliza- 
tion of sample 105 in an oxygen atmosphere indicates 
that the increased absorption is caused by oxygen. On 
the other hand, there is no doubt that oxygen can be 
removed from silicon by melting it in vacuum, without 
the use of a quartz crucible. This fact is noted as a 


8 G. Hass and C. D. Salzberg, J. Opt. Soc. Am. 44, 181 (1954). 

®H. N. Potter, Trans. Am. Electrochem. Soc. 12, 191 (1907); 
K. F. Bonhoeffer, Z. physik Chem. 131, 363 (1928) ; E. Zintl et al., 
Z. anorg. u. allgemeine Chem. 245, 1 (1940); H. Koenig, Optik 3, 
tis ay ; L. Brewer and R. K. Edwards, J. Chem. Phys 58, 351 

1 Schaefer, Matossi, and Wirtz, Z. Physik 89, 210 (1934); 
F. Matossi and H. Krueger, Z. Physik 99, 1 (1936). 

"J, Simon and H. O. McMahon, J. Chem. Phys. 21, 23 (1953). 
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Fic. 2. Absorption coefficient of silicon at 90°K. A (sample 13) 
pulled from a quartz crucible, B (sample 109) prepared by 
floating zone technique. 


result of the experiments with samples 84 and 85 in 
which the 94 absorption band decreased. 

The most conclusive results can be derived from the 
correlation of the 94 absorption band with the quanti- 
tative oxygen analysis.’* Data obtained on four samples 
are listed in Table II, columns 2 and 4. It will be 
noted that the absorption is proportional to the oxygen 
concentration, within the limit of accuracy of the 
vacuum fusion analysis. 

Spectrochemical analysis of the silicon samples in- 
vestigated did not reveal any detectable metallic im- 
purities. This result implies that in the pulled samples 
the concentration of such impurities is much smaller 
than that of oxygen. The major part of oxygen, there- 
fore, cannot be bound to impurities but must be at- 
tached to silicon, as indicated by the absorption at 9. 

From the curves (Figs. 1 and 2) it can be inferred 
that not only the amount, but also the cause of the 
absorption, is different for the two samples 13 and 109. 
The uniform decrease of the absorption, with decrease 
in temperature observed in the floating zone sample 
109 is in good agreement with the previously observed 
decrease of the lattice absorption with temperature.” 
Thus it might be concluded that curve B in Fig. 1 and 
curve B in Fig. 2 correspond essentially to a lattice ab- 
sorption. Oxygen in sample 109 cannot be detected by 
the 94 measurement. Sample 13, which was pulled from 
a silica crucible, gave very different results. The nar- 
rowing and shifting of the absorption peak, as the tem- 
perature decreases, is very similar to the change re- 
ported for fused quartz." This similarity further sup- 
ports the assumption that in this case the absorption is 
due to a silicon-oxygen vibration. It is interesting to 
note, that the areas between the absorption curves A 


12 We are indebted to W. H. Smith of the General Electric 
Research Laboratory for having determined the oxygen concen- 
tration by vacuum fusion. 
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Fic. 3. Transmission of hexagonal GeO, measured on 
a KBr pellet containing GeO. powder. 


and B (corresponding to the oxygen absorption only) 
remain constant, independent of temperature, indicat- 
ing a Lorentz-type dispersion. 

Optical absorption measurements at 9u provide a 
method for a quantitative analysis of oxygen in silicon. 
The sensitivity of this analysis increases with decreasing 
temperature. The limit of detectability at liquid air 
temperature is approximately 10-* weight percent 
oxygen or 10'* oxygen atoms per cm’. 

Most of the samples investigated were p-type. Since 
we are dealing here with a molecular vibration no 
apparent connection between the resistivity, con- 
ductivity type and the 9 absorption can be expected. 


Si-O BOND STRETCHING VIBRATION 


Optical measurements on silicates and different modi- 
fications of SiO» led several investigators" to the 
conclusion that the absorption band, at approximately 
Qu, is related to the Si—O bond stretching vibration. 
It is established that the frequency of the band maxi- 
mum is affected very little even when there are drastic 
changes in environment. This fact would explain that 
we find very nearly the same resonance frequency 
in the silicon lattice. The distance between the silicon 
and oxygen atoms in silicates and quartz modifications 
is known to be 1.6 A. The following model could then 
be considered for silicon contaminated with small 
amounts of oxygen: Two neighboring silicon atoms 
give up their covalent bond and engage with an in- 
terstitial oxygen atom instead, forming an isosceles 
triangle with Si, O, Si at the corners. With Si—O 
distances of 1.6 A and assuming the Si—Si distance to 
be essentially unchanged (2.34 A), the bond angle 
Si—O-—Si will be approximately 100°, which is quite 
feasible. Electronic neutrality is preserved in this model. 

The number of Si—O oscillators can be estimated 
from the optical measurements as follows. For No in- 
dependent oscillators, having vibrational frequencies 
only, the area of the absorption band is given by the 
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following equation" : 


feudr—w 


a, is the absorption coefficient at the frequency », 
uw is the reduced mass of the oscillator, e is the net 
electronic charge, and n is the refractive index of the 
surrounding medium. For our estimate, the integral is 
approximated by the product of amax, the absorption 
coefficient at the band maximum and H, the half-width 
of the band. Thus, we get 


me? (n?+-2)? 
—_———. (1) 


3uc On 


On 3yc 
No=—— —a'maxll. (2) 
me 


(n?+2)? 


First, we apply Eq. (2) to the absorption band at 9m 
in silicon. With n= 10.2; n=3.6; e=4.8X10-" esu and 
the experimental data for sample 85: amax=3.2 cm™ 
and H=4.5X10- ev, we find the number of oscillators 


No=9.8X 10" cm-. 


Since each oxygen atom contributes two oscillators, 
the corresponding oxygen concentration would be 
4.9X10" cm-. 

The agreement with the analytically determined 
number of oxygen atoms, 10.0X 10!’ cm-, is considered 
unexpectedly good, taking into consideration the as- 
sumptions made in Eq. (2), and also the fact that we 
used the full electronic charge, which is certainly too 
large for this type of covalent bond. 

The fact that Eq. (2) gave reasonable results for the 
number of Si—O oscillators in silicon, seems to indicate 
small interactions between these oscillators and their 
environment. In our estimates, the factor 9n/(n?+-2)? 
apparently provides a sufficiently accurate correction 
for the Lorentz “effective field.’ 

Equation (2) can also be applied to ionic crystals." 
Thus we estimated the number of Si—O bonds in the 
amorphous quartz layers which had been prepared 
by the method described above. Our experiments gave 


TABLE II. Comparison between the absorption coefficient at 
9u and the oxygen content of silicon. For history of samples, see 
Table I. 








Number of O-atoms 


Vacuum 
fusion 


Vacuum fusion 
analysis. 
absorption Absorption Weight 
coefficient coefficient percentage analysis 
at 9% duetooxygen of oxygen (cm~) 
(cm=) (cm™'!) x10-« 1017 


2.7 
4.5 
7.2 
10.0 


Total 
Calculated 
from Eq. (2) 
(cm~) 
1017 











#8R. E. Richards and W. R. Burton, Trans. Faraday Soc. 45, 
874 (1949). 

“4D. L. Dexter, Phys. Rev. 98, 1533(A) (1955). 

18 B. Szigeti, Trans. Faraday Soc. 45, 155 (1949); see also H. 
Froehlich, Theory of Dielectrics (Clarendon Press, Oxford, 1949). 











OXYGEN 


Omax= 2.5X 10 cm and H=10~ ev for the 9» band. 
Neglecting the strong dispersion in the 94 range and 
taking m=1.5, we obtain for the number of oscillators 
No=9X10” cm“ or accordingly for the concentration 
of oxygen atoms 4.5 10” cm~*. On the other hand, the 
number of oxygen atoms in SiO, calculated from the 
density (2.3 g/cm*) is 5X10” cm-*. Here again the 
agreement is unexpectedly good. 


OXYGEN ABSORPTION IN GERMANIUM 


Since we could find no information on the infrared 
spectrum of germanium dioxide in the literature, we 
prepared K Br-pellets containing GeO, powder (approxi- 
mately 1 mg per cm® sample area). The hexagonal 
modification of GeO, used has the same structure as 
quartz. It will be noted in Fig. 3 that a very strong 
absorption band occurs at 11.5u. This band is, we 
believe, a result of the Ge—O bond stretching vibration 
corresponding to the 9u absorption in SiO2. The fre- 
quency ratio at the absorption maxima in GeO, and 
SiO» is 1.3, which is somewhat larger than the ratio 1.1 
of the square root of the reduced oscillator masses. 
The larger Ge—O distance compared with the Si-O 
distance may explain the difference. 

Various germanium single crystals were measured 
in the wavelength range from 10y to 14y. Since the 
absorption coefficient in this range is very low, sample 
thicknesses up to several centimeters were employed to 
obtain a satisfactory accuracy. Three weak absorption 
bands at 11.8u, 12.54, and 13.34 were found to occur 
at room temperature in all samples. Measurements at 
90°K revealed, however, a striking difference between 
samples having different genetic histories. While in 
crystals pulled from a graphite crucible the three bands 
decreased uniformly in intensity, some crystals pulled 
from a quartz crucible exhibited a small but sharp band 
at 11.6u. Figure 4 shows a typical example of the ab- 
sorption for a germanium specimen pulled from a quartz 
crucible. It seems that at low temperature a sharp band 
is superimposed on the short-wavelength side of the 
broad 11.8u band. From this temperature behavior? 
we conclude that the three absorption bands found in 
all samples at room temperature are the result of lattice 
vibrations of germanium, while the sharp absorption 
peak at 11.16u, revealed distinctly at 90°K, is ex- 
plained as being the result of Ge—O bond stretching 
vibrations similar to the findings in Si. By assuming the 
oscillator strength of the oxygen-vibration in germanium 
to be the same as in silicon, the concentration of GE—O 
bonds can be estimated. From the absorption at 11.6u 
plotted in Fig. 4 we obtain an oxygen concentration 
which is two orders of magnitudes smaller than the 
oxygen concentration in the silicon sample 85, that is, 
approximately 10'® oxygen atoms per cm’, while the 
germanium samples pulled from a graphite crucible 
are estimated to have less than 10"° oxygen atoms per 
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Fic. 4. Absorption coefficient of germanium pulled from a 
quartz crucible. Solid line 300°K, broken line 90°K. 


cm’ bound to germanium. Because of the smaller 
background absorption, the 11.64 band in germanium 
is a more sensitive measure for the oxygen concentration 
than the 94 absorption in silicon. At liquid air tempera- 
ture, a concentration of the order of 10° oxygen atoms 
per cm* or higher can be analyzed in germanium. 

If it is assumed that the oxygen originates from the 
quartz crucible, it is not surprising to encounter much 
smaller oxygen concentrations in germanium than are 
found in silicon, the melting point of germanium being 
much lower. 

Unlike in silicon, the actual oxygen concentration in 
germanium can be considerably higher than calculated 
from the 11.6u absorption, because oxygen may be 
bound to impurity elements which have a higher oxygen 
affinity than germanium." In this case, the oxygen does 
not contribute to an absorption at 11.6y. 


CONCLUSIONS 


Pulled silicon crystals display an absorption at 9% 
which is caused by oxygen originating from the quartz 
crucible. A model is suggested in which oxygen atoms 
occupy interstitial positions and form bonds with two 
neighboring silicon atoms in the silicon lattice. Stretch- 
ing vibrations of the resulting Si-O bonds are re- 
sponsible for the observed 9 absorption. Vacuum 
fusion analysis revealed oxygen concentrations up to 
10'* atoms per cm’ in pulled crystals. Assuming inde- 
pendent oscillators, good agreement was found between 
the oxygen analysis and an estimate of the concentra- 
tion of Si-O bonds from the absorption data. The 
oxygen concentration in silicon prepared by the floating 
zone technique is at least hundred times lower than in 


16H. F. Priest (private communication). 

























1268 





crystals pulled from a quartz container. Optical absorp- 
tion measurements at 9y are suitable for a quantitative 
oxygen analysis in silicon. Oxygen-free silicon has a 
weak lattice absorption at 9y. 

A corresponding absorption at 11.64 in germanium, 
due to Ge—O stretching oscillations, was found to be 
superimposed above a weak lattice band. 
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The kinetics of annealing of the nuclear reactor radiation-induced change in density of a sample of ir- 


radiated vitreous silica was studied by means of a series of isothermal annealings performed at various tem- 
peratures. The property change was found to anneal gradually over a broad range of temperatures suggesting 


a range of activation energies for annealing. 


INTRODUCTION 


CHANGE in the properties of a vitreous silica 

sample exposed in a nuclear reactor was found by 
Primak, Fuchs, and Day.’ They found that the orig- 
inal properties were restored when the irradiated 
vitreous silica was heated.** In these preliminary ex- 
periments, the heating was performed at randomly 
chosen temperatures for arbitrary periods of time, and 
no attempt was made to study the kinetics. The kinetics 
of the annealing of nuclear reactor radiation-damaged 
substances was first investigated by Neubert,‘ who 
concluded that the data were best explained by as- 
suming that the annealing processes were distributed in 
activation energy.’ The theory of the annealing of 
processes distributed in activation energy was investi- 
gated by Vand® and was extended by Primak.’? Such 
kinetics seems typical of disordered solids, microscopic- 
ally inhomogeneous but macroscopically homogeneous. 
It was thought that an excellent example of this kind 
of kinetics would be found in the annealing of radia- 
tion-damaged vitreous silica for it is a disordered solid 
to begin with. The density was the property chosen for 
study because it could be determined precisely with 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: Canisius College, Buffalo, New York. 

1 Primak, Fuchs, and Day, Phys. Rev. 92, 1064 (1953). 

? Primak, Fuchs, and Day, Bull. Am. Ceram. Soc. 33, program 
p. 25, following p. 130 (1954). 
( 3 a Fuchs, and Day, J. Am. Ceram. Soc. 38, No. 4, 135 

1955). 

4T. J. Neubert (unpublished report, March, 1944); post- 
deadline paper presented at the American Physical Society 
Meeting, Baltimore, March 17, 1955 (to be published). 

5 Work done at the Metallurgical Laboratory of the University 
of Chicago in 1944. (Private communication from M. Burton.) 

®V. Vand, Proc. Phys. Soc. (London) 55, 222 (1943). 
7 W. Primak, Phys. Rev. 100, 1677 (1955). 


the samples available, 40-80 mesh grains of irradiated 
vitreous silica. 
EXPERIMENTAL 


Samples 


The samples had been prepared by Fuchs and 
Primak. Commercial vitreous silica was crushed in a 
steel mortar, graded by sifting, and then washed suc- 
cessively with hydrochloric acid and water. The irra- 
diated sample was exposed in a nuclear reactor for 
59 units. (This unit is described by Primak, Fuchs, 
and Day® and Primak,® and is approximately 10'* 
neutrons/cm® having energies in excess of 10‘ ev.) 
After irradiation, the grains were found to be coated 
with a brown organic tar probably formed by the 
polymerization of traces of organic compounds present 
in the irradiation can. The tar was removed by treating 
the grains successively with liquid bromine, alcoholic 
potash, and chromic acid—sulfuric acid cleaning 
solution. The grains were then washed successively with 
water and acetone and dried. Samples used for the 
annealing studies were individual grains selected for 
transparency and regular shape under a binocular 
microscope. Individual grains were transferred to 
Pyrex glass or vitreous silica capillary flotation tubes 
(like the ones described by Primak and Day® in their 
Fig. 1A) in which they remained throughout the course 
of density determinations and annealings. 


Density Determinations 
The densities were determined by the flotation 
techniques described by Primak and Day.’ The flota- 
tion liquid was a mixture of methylene bromide and 


8 W. Primak, Phys. Rev. 95, 837 (1954). 
®W. Primak and P. Day, Anal. Chem. 26, 1515 (1954). 
















RADIATION DAMAGE 
n-propyl] alcohol. (Barium oxide was used as a desiccant, 
for with other desiccants the density of the solution 
changed rapidly presumably because of selective re- 
moval of propyl alcohol from the vapor.) The flota- 
tion temperature of the annealed grain was compared 
with the flotation temperature of one of several grains 
which were chosen for comparison standards, and the 
density change was computed from the difference in 
flotation temperatures and the temperature coefficient 
of the density of the flotation liquid. The flotation tem- 
peratures used were in the range 12 to 48°C. The 
coefficient of expansion of vitreous silica is so small 
that no correction had to be made for the temperature 
at which the grain was floated. The flotation tempera- 
ture was determined with a 0.1°C mercury thermometer 
located in the thermostat. The flotation temperature 
was taken as the thermostat temperature adjusted so 
that no motion of the fragment relative to the cross 
hairs of the observing telescope could be detected over 
a five-minute period. The temperature coefficient of the 
flotation liquid was determined from the weights of a 
bob suspended in the liquid and in water at several 
temperatures over the range. In order to avoid a sur- 
face tension correction, the weight of the suspending 
wire at the same liquid level was determined in each 
case and subtracted from the weight of the bob and 
wire. All weighings were corrected for atmospheric 
bouyancy. The weights which were used were class S 
weights which had been calibrated against a National 
Bureau of Standards calibrated class M weight. It was 
found that even though the composition of the flotation 
liquid was altered enough to change the flotation tem- 
perature of a grain by 2.5°C, the temperature coefficient 
of density of the liquid did not change noticeably. The 
flotation liquid was discarded when its density changed 
by more than 2.5 times its temperature coefficient (per 
degree). Absolute densities of the grains chosen as 
comparison standards were determined by weighing the 
bob in the liquid at the temperatures of flotation of the 
respective comparison standards. The absolute densi- 
ties were determined to about 1/2000. The densities 
of the sample grains relative to the comparison stand- 
ards were determined to about 1/5000. 


Annealing Procedure 


The annealings were performed in long electrically 
heated horizontal tube furnaces whose windings were 
arranged to minimize inducing currents in the measur- 
ing thermocouples. The lower end of a capillary (where 
the sample rested) was inserted quickly into a }-in. 
diameter blind hole drilled somewhat past center of a 
1}-in. diameterX5 in. long aluminum or nickel cylinder 
resting in the center of the furnace tube so that the 
capillary was in direct contact with the metal. The alu- 
minum cylinder possessed an additional } in. diameter 
blind hole, placed symmetrically with the sample hole, 
for insertion of the measuring thermocouple; and a 
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Fic. 1. Annealing of the radiation-induced changes in the 
density of an irradiated vitreous silica sample. A-300°C, B-450°C, 
C-550°C, D-650°C, E-725°C, F-800°C, G-900°C, H-1000°C. 


platinum resistance thermometer was wrapped about 
the exterior of the block to serve as a controlling ele- 
ment. The nickel cylinder possessed two additional 
blind holes: one for the measuring thermocouple placed 
symmetrically with respect to the sample hole, and one 
for the control thermocouple placed near the periphery 
of the block. The aluminum cylinder was used for an- 
nealings up to 550°C, and the furnace temperature was 
controlled to +2°C by supplying the furnace current 
through a thyratron tube connected across a resistance- 
capacitance ac bridge of which the resistance ther- 
mometer was one leg. The nickel cylinder was used for 
the annealings above 550°C, and the temperature was 
controlled by an arrangement involving Gouy modula- 
tion” of the control thermocouple connected to a Brown 
Electronik recorder-controller operating a mercury 
switch which lowered the furnace current by a desired 
fraction when the temperature rose. This arrangement 
controlled one furnace to +1°C and controlled a second 
furnace, which was used only at the highest tem- 
perature, to +3 to 5°C. The temperatures during the 
shorter annealings were checked at frequent intervals 
with a platinum 10% rhodium-platinum thermocouple 
whose emf was read with a Leeds and Northrup type 
K-2 potentiometer. The thermocouple emf was con- 
verted to temperatures by using a handbook table since 
it was found that the temperatures obtained in this 
manner and with a National Bureau of Standards 
calibrated platinum resistance thermometer over its 
permissible temperature range corresponded (with ir- 
regular deviations) to +1.5°C, not much greater than 
the observed variation of the furnace temperature at 
one of the thermometers. For much of the work, 
thermocouple cold junctions were placed into crushed 
ice; but for the longer annealings, an oil bath regulated 
to about 0.1°C was used. The temperatures during the 
longer annealings were recorded on a second Brown 

“For the principle see Temperature: Its Measurement and 
Control in Science and Industry (Reinhold Publishing Corpora- 


tion, New York, 1941), p. 611. However, a different electrical 
circuit was used here. 
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TABLE I. Isothermal annealing of vitreous silica exposed in a 
nuclear reactor for 59 arbitrary units. 








Total time Density 
(sec) (g cm~) 


2.2606 
2.2584 
2.2579 
2.2576 
2.2564 


Sample Temperature 
(Reference No.) (°C) 


456 300 





0 
2.00X 10 
7.00X 10 
4.30X 108 
7.18X 104 


0 2.2781 
5.00 X 10? 2.2705 
4.50X 108 2.2685 
6.66 X 104 2.2661 
2.35 X 105 2.2599 


2.2631 
2.2570 
2.2550 
2.2547 
2.2503 


0 
2.00X 10 
7.00X 10? 
4.30X 108 
6.58 X 104 


2.2613 
2.2512 
2.2498 
2.2461 
2.2367 


0 
2.00 10? 
7.00X 10 
4.30X 108 
3.28X 108 


2.2603 
2.2382 
2.2352 


0 
6.54X 104 
3.07 X 105 


0 2.2599 
2.00 X 10? 2.2429 
1.00X 10° 2.2398 
4.60X 108 2.2363 
2.37X 10° 2.2287 


2.2606 
2.2358 
2.2306 
2.2267 
2.2218 
2.2183 


0 
2.00 10? 
1.22108 
6.80 X 108 
6.44X 104 
3.18 10° 


0 2.2612 
60 2.2384 


0 2.2606 
2.00X 10? 2.2282 
7.00X 10? 2.2247 
4.30X 108 2.2200 
1.65X 10* 2.2176 
8.17 108 2.2142 


0 2.2596 
2.00 X 10° 2.2186 
1.00X 10° 2.2139 
4.78X 108 2.2105 
6.33 X 104 2.2065 


2.2611 
2.2119 
2.2065 
2.2043 
2.1998 


0 
1.00X 10? 
1.00X 10° 
1.54X 104 
2.50X 10° 








Electronik recorder. The shorter annealings were timed 
with a manually operated stop watch. The watch was 
checked against electric clocks running on laboratory 
ac power lines. The longer annealings were timed with 
these laboratory electric clocks. 
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Data 


The results obtained in a series of isothermal anneal- 
ings are given in Table I. To check the effect of heating 
and cooling the fragments, an unirradiated grain 
(Reference No. 467) was heated at about 900°C and 
at about 1050°C for periods of time. To find the effect 
of a prolonged heating at high temperature, the ir- 
radiated grain Reference No. 463 which had been an- 
nealed at 725°C for 60 sec was annealed at about 
1050°C, These results are given in Table II. 


DISCUSSION 


It is seen in Table I that the densities of the irradiated 
vitreous silica samples before annealing were not the 
same. It was therefore necessary to reduce the data to 
some common unit before analyzing the kinetics. It 
was shown by Neubert" in his investigations of the 
changes in the electrical resistance of artificial graphite 
irradiated in nuclear reactors, that although the resistiv- 
ities of different specimens from the same sample 
differed, the percent change in resistivity caused by 
simultaneous irradiation of the different specimens was 
nearly the same. It was also found by Primak and Day” 
that for irradiated silicon carbide grains of differing 
densities which had been irradiated simultaneously, 
the percent changes in density which occurred on 
annealing were nearly the same. This was not checked 
for the vitreous silica used in the present studies, but 
even if reducing the data in this manner were not justi- 
fied, the error introduced could not be great because 
the densities of the grains did not differ greatly from 
each other. The percent changes in density resulting 
from the annealing of the grains are plotted in Fig. 1 
against the logarithm of the length of time of annealing. 

It is seen that an acceptable straight line could be 
passed through the points in Fig. 1 associated with a 
particular temperature. If it is assumed that the 
kinetics is to be explained by processes distributed in 
activation energy, the approximate initial distribution 
po (the resolution is several times 7) for the percent 
changes in density is given by’ 


1 


(€)=—— ) 
ees eo SE 


€9= 2.3037 log(B2), 


where €o is the activation energy (in ev), p is the percent 
change in density due to annealing, x is log/, ¢ is the time, 
B is a constant having the dimensions of frequency, r 
(in ev) is the product of Boltzman’s constant and tem- 
perature, and Briggsian logarithms are used throughout 
to concide with the customary rulings on semilogarith- 
mic paper. If dp/dx were constant for an isothermal 
" T. J. Neubert (private communication). 


%W. Primak and P. Day (unpublished progress report, July, 
1952). 
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TABLE IT. Effect of heating irradiated and unirradiated vitreous 
silica for a prolonged period at high temperature. 








Approximate 
Sample temperature 
(Reference No.) (°C) 


Approximate 
annealing period 
(sec) 


Density 
(g cm™~) 


2.2027 
2.2033 
2.1991 


2.2384 
2.2000 





467 (unirradiated) 


not heated 
900 


4.3X 108 


1050 1.7X 105 


725 


1050 


463 (irradiated)* 





* See Table I. 





annealing, the portion of the initial distribution revealed 
by that annealing would be constant. If the initial 
distributions calculated for straight lines fitted to the 
points of Fig. 1 are plotted, it is found that a peak 
formed of disconnected segments is revealed as is shown 
by the dotted lines in Fig. 2. It was shown by Primak’ 
that such a result could be interpreted as indicating 
a distribution of both activation energies and frequency 
factors. However, if instead of fitting straight lines 
through the points of Fig. 1, they are connected with 
the curves which are shown, the initial distributions 
shown by the solid lines in Fig. 2 are obtained. Thus, 
it is the very small deviations of the data from lin- 
earity that reveal the true structure of the initial 
distribution. The value of the frequency factor 10° was 
chosen to achieve a reasonably good coincidence of 
the overlapping sections of the distributions obtained 
at different temperatures. The coincidence which has 
been achieved is well within the error of the results. At 
the low temperatures, the slopes dp/dx were small; and 
departure from a straight line was not great. The solid 
lines in Fig. 2 therefore do not necessarily represent a 
more satisfactory “fit” to the data than the dotted 
lines, and the correct distribution could thus be any- 
where between. Even at the higher temperatures, the 
slopes were not easily judged ; and with prior knowledge 
of the result, one could very reasonably have chosen 
slopes which would have made the distributions plotted 
in Fig. 2 coincide completely except for the final point 
in the 450°C and the final point in the 1000°C annealing. 
These are considered to be faulty data; perhaps the 
temperature drifted during these annealings. 

Thus the annealing data can be interpreted as re- 
vealing an initial distribution of percent changes in 
density which is a peak over an activation energy range 
of about 2 ev, about 20 to 40 times 7 at which the an- 
nealings were conducted. The remainder of this dis- 
cussion is based on an analysis by Primak’ of the 
kinetic behavior of such systems. To explain these 
results with a discrete activation energy and a high 
order of reaction, an order ~10 would have to be chosen, 
and the shape of the peak beyond the maximum could 
not be well fitted because the region beyond the maxi- 
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Fic. 2. The initial distribution of density changes over acti 
vation energy from the annealing data of Fig. 1. A, A’-300°C; 
B,B'-450°C ; C,C’-550°C ; D,D’-650°C ; E,E’-725°C; F,F’-800°C; 
G,G’-900°C ; H,H’-1000°C. 


mum of the peak is too broad. If it is assumed that the 
order of reaction can be taken to be near unity, the 
rising portion of the peak is much like the form of the 
characteristic annealing curve, and the falling portion 
is much like an exponential decline. The equations 
which are obtained in fitting the peak depend on the 
relation chosen between the exponential functions. Two 
examples of satisfactory fits are 


po= exp(—40.1e~*— 3.826), 
po=a exp(— 119. 1e?-**— 2.035¢e). 


Since the coefficient of « appearing in the exponential- 
exponential is related to the reciprocal 7 of annealing, 
it is evident that these equations are for annealings 
which have taken place at very high temperatures, 
about 6000°C for the second equation, and 12 000°C 
for the first one. The 40.1 and the 119.1 appearing in 
these equations are the product of the length of an- 
nealing and the frequency factor, and therefore indicate 
annealings whose length is of the order of magnitude 
10°?/B seconds. The approximations of the equations 
used to obtain the initial distribution yield a distribution 
which is slightly broader than the actual one; and 
since further there may be broadening from the con- 
tributions of regions in the solid which have not under- 
gone annealing of the sort described here, the distri- 
bution which was found may have arisen from annealing 
for a somewhat longer time at a lower temperature. 
The extrapolation of the kinetic laws into this 
temperature range may be unjustified. However, it 
may be pointed out that these observations can have 
little significance if B is as small as ~10°. If B is 
~(10" to 10"), the annealing times are ~(10~" to 
10-"), and the annealing processes could correspond to 
the thermal spikes in radiation damage." 


13 W. Primak, Phys. Rev. 98, 1854 (1955). 
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Surface States on Silicon and Germanium Surfaces* 


H. Statz, G. A. pEMArs, L. Davis, Jr., AND A. AAs, JR. 
Research Division, Raytheon Manufacturing Company, Waltham, Massachusetts 
(Received November 9, 1955) 


On silicon and germanium, steady-state and nonsteady-state p-type inversion layer conductance measure- 
ments can be understood in terms of two sets of surface states: one with a great density outside the oxide 
and the other with a smaller density at the semiconductor-semiconductor oxide interface. The interface 
states in silicon and germanium lie 0.455 and 0.138 ev, respectively, below the middle of the gap. There may 
also be interface states in the upper half of the gap; however, for their determination, measurement on 
n-type inversion layers would have to be made. The density of the interface states in silicon is about 
1.4X 10" states/cm*; the density in germanium is one-tenth this value. Various mechanisms of charge 
transfer through the oxide film are considered and compared with experimental data. 





INTRODUCTION 


N the last few years, a great amount of work'~" has 
been done on semiconductor surfaces. Silicon or 
germanium, unless it has not been exposed to oxygen, 
is covered by an oxide film. On the oxide film there are 
adsorbed gas atoms or molecules of the surrounding 
ambient. This structure gives rise to a complex set of 
localized electronic states. At the present time it seems 
exceedingly difficult to calculate this set of states by 
pure quantum mechanical means, especially since there 
are many unknown factors necessary to formulate such 
a problem. One does not know, for example, the thick- 
ness and structure of the oxide film. It also seems certain 
that there are some “defects” or irregularities at the 
interface of the semiconductor and the oxide. The 
difficulties of such a calculation can be visualized by 
studying the literature of the simpler problem of a 
clean semiconductor surface in a vacuum.” The re- 
sults are very sensitive to small variations in the 
potential at the surface. These calculations predict 
that there may be localized electronic states in the 
energy gap at the surface. If these states are present, 
then their number is always equal to the number of 
surface atoms. These electronic levels will be called 
“Tamm states.” In principle, there is the possibility of 


* The work for this paper was supported in part by the Bureau 
of Aas the Signal Corps, and the Air Force. 
. Brown, Phys. Rev. 91, 518 (1953). 
2p ‘H. Kingston, Phys. Rev. 93, 346 (1954). 
( ons) H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 
1953). 
4A. L. McWhorter and R. H. Kingston, Proc. Inst. Radio 
Engrs. 42, 1376 (1954). 
5H. Christensen, Proc. Inst. Radio Engrs. 42, 1371 (1954). 
* deMars, Statz, and Davis, Phys. Rev. 98, 539 (1955). 
7 Statz, Davis, and deMars, Phys. Rev. 98, 540 (1955). 
®*R. H. Kingston, Phys. Rev. 98, 1766 (1955). 
*C. G. B. Garret and W. H. Brattain, Phys. Rev. 99, 376 
(1955). 
0 G. G. E. Low, Proc. Phys. Soc. (London) B68, 10 (1955). 
1 J, Tamm, Physik. Z. wea 1, 733 (1932). 
2S. Rijanow, Z. Physik 89, 806 (1934). 
3A, a a Physik 94, 717 (1935). 
ME. Goodwi in, Proc. Cambridge Phil. Soc. 35, 205, 221, 
232 (1939), 
16 W. Shockley, Phys. Rev. 56, 317 (1939). 
16H. Statz, Z. Naturforsch. 5a, 534 (1950). 
17K. Artmann, Z. Physik 131, 244 (1952). 


the existence of Tamm states at the semiconductor- 
oxide interface'® and at the oxide surface. No experi- 
mental evidence for their existence has been found. 

Adsorbed gas atoms on the surface'* act quantum 
mechanically much like impurity atoms in the interior 
of the crystal. Adsorbed gas atoms will in general give 
localized electronic states. If there is a complete mono- 
molecular layer of adsorbed gas atoms, then interactions 
will exist between neighboring atoms, and surface 
energy bands will be formed much like in a two- 
dimensional metal. These surface energy bands belong 
to electrons moving in the layer of adsorbed material. 
As long as the energy of these states is in forbidden 
zones of the underlying semiconductor, the wave func- 
tions will be damped exponentially into the semi- 
conductor. In addition, if these surface energy bands 
are partly filled one may expect surface conduction. 
This type of conduction has not yet been reported. 

In general, there will not be just one monolayer of 
adsorbed material. If there is less than one monolayer, 
then there will be less interaction between neighboring 
adsorbed atoms and the broadening of the surface 
bands will be less. If there is more than one monolayer, 
the surface bands will be broader. Imperfections in the 
oxide film or irregularities in the semiconductor-oxide 
interface, due to the misfit of the semiconductor and 
oxide lattice or impurity atoms in the interface origi- 
nating from the etching solution, may be additional 
sources of surface states. In the present work, no evi- 
dence for states in the oxide film was found. 

Next consider the effects of surface states. The 
occupancy of the surface states will be determined by 
the position of the Fermi level. In general, these states 
will be either positively or negatively charged. The sum 
of the charges in the various surface states will deter- 
mine the direction and amount that the energy bands 
at the surface will be tilted. If the charge is negative, 
for example, the bands will be bent such as to repel 
electrons and to attract holes. For an n-type semi- 


18H. M. James, Phys. Rev. 76, 1611 (1949). 

9 N. F. Mott, Proc. Inst. Elec. Engrs. 96, 253 (1949). 

” N. Cabrera and N. F. Mott, Repts. Progr. Phys. 12, 163 
(1949). 
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conductor, this may give rise to a thin layer in which 
there are more holes than electrons. Such layers of 
different conductivity type than the bulk of the semi- 
conductor are called inversion layers. Measurements of 
the conductivity of such inversion layers are an im- 
portant method of investigating surfaces. This paper 
will be concerned with the interpretation of measure- 
ments of inversion layer conductance. Some of the 
measurements on germanium surfaces have already been 
reported.*? This paper will be concerned mainly with 
silicon surfaces and only additional results on ger- 
manium will be given. Only p-type inversion layers on 
n-type material have been studied. 

For coherence, use will be made of the charge in the 
inner surface states prior to the description of the 
method of determination. 


SAMPLE PREPARATION AND MEASUREMENTS 


In order to create an inversion layer on n-type silicon 
material, the surface must have a negative charge. The 
surface states have to be predominantly of the acceptor 
type. The only type of states that can be influenced 
readily are those arising from adsorbed atoms on the 
surface of the oxide. One might expect that adsorbed 
oxygen, fluorine, chlorine, bromine, and perhaps other 
gases tend to accept an electron. Only oxygen was 
investigated and found to behave in this manner, 
especially when present in the form of ozone. The 
silicon samples were etched in CP4, carefully washed in 
water, methyl alcohol, and carbon tetrachloride, and 
dried. The samples were then oxidized for approxi- 
mately one hour in a wet O2 and O; mixture. Then the 
samples were kept in a dry atmosphere of dry O2 and O; 
and an inversion layer on n-type material was observed. 
In the course of about six hours, the inversion layer 
conductance increased after which time it was stable. 
This surface treatment is approximately the same as 
for germanium.® 

To measure the conductance of the inversion layer, 
the samples were cut in rectangular bars from a p-n-p 
type crystal. In the silicon samples, the n-region had a 
width of 0.075 cm and a resistivity of 1.1 ohm cm. The 
measurements were made in about the same manner 
as those described by Kingston® as shown in Fig. 1. 


RELATIONSHIP BETWEEN CONDUCTANCE OF 
INVERSION LAYERS, CHARGE IN SURFACE 
STATES AND POSITION OF FERMI 
LEVEL AT SURFACE 


It was first shown by Brown! that it is possible to 
determine from the conductance of the inversion layer 
the total charge in the surface states and the position 
of the quasi-Fermi level at the surface. The calculations 
in the literature are either not accurate enough or those 
which have sufficient accuracy do not apply. The for- 
mulas derived below have proven to be simple and 
accurate enough for this work. 

In Fig. 2, the energy bands at the surface are drawn. 
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Fic. 1. Diagram of circuit used to measure conductance of 
inversion layers as a function of bias voltage. 


Since a voltage is applied between the p-type inversion 
layer and the underlying n-type semiconductor, no 
single Fermi level exists and the semiconductor is 
described by two quasi-Fermi levels —gy, and —q¢,. 
¢n is approximately a constant in the n-type region 
and ¢, is constant in the inversion layer region. No 
attempt was made to calculate the behavior of ¢, in 
the inversion layer region and ¢, in the m-region since 
this would require a knowledge of the lifetimes in the 
material including the surface recombination velocity. 
In Fig. 2, gp, describes the occupancy of the surface 
states in the lower half of the energy gap. Brattain and 
Bardeen’ suggested this as a reasonable assumption and 
it is indeed borne out by the following experiments. 

The conductance g of a square of inversion layer is 
given by 


&= Wy, (1) 


where q is the electronic charge, u, is the average 
mobility of the holes in the inversion layer, and p is 
the number of holes per cm? of p-type skin. The mobility 
depends on the width of the inversion layer because the 
mean free path of holes is of the order of the thickness 
of this layer and a large amount of scattering occurs at 
the surface. Hence, u, is a function of the applied bias 
voltage Va, the position of the quasi-Fermi level with 
respect to the middle of the band” ¢,, and the charge 
density pa arising from ionized donor atoms. yu, has 
been calculated by Schrieffer.” Thus, p in Eq. (1) and 
the total space charge in the interior of the semi- 
conductor must be calculated. The space charge is equal 
but of opposite sign to the charge in the surface states. 
The position of the Fermi level in the interior of the 
sample is taken as a reference for the potential V. The 
line in the middle of the forbidden gap” is used to 
define the potential of the sample. (In Fig. 2, the 
potential energy —qg¥ of an electron and not the 
potential W is shown.) In the three regions of Fig. 2, 
the space charge p as a function of potential is given by 
the following expressions: 


Region I, V,2V20: 
p=pa— qn; exp(q¥/kT), (2) 


where n, is the intrinsic concentration of electrons, pq is 


21 More accurately, by the middle of the band we mean that 
position at which the Fermi level would lie if the semiconductor 
were intrinsic. 

2 J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 
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Fic. 2. Energy band and surface state structure 
at semiconductor surface. 


the charge resulting from ionized donors, k is Boltz- 
mann’s constant, and T is the absolute temperature. 
In (2), the charge resulting from holes has been omitted, 
since for a reverse biased junction the holes are ex- 
tracted from the n-type material within one diffusion 
length from the junction. V, is the potential far within 
the n-region of the semiconductor. V,, and pg are related 
by the equation 


pa= Qn; exp(q¥,,/kT). (3) 
Region II, O>¥>—V, 
p= pa. (4) 


The contribution of electrons and holes is very small 
compared to pa and has therefore been omitted. 


Region III, —-V.>W>—V.—¢,: 
p= patqn; exp —q(W+V.)/kT]. (5) 


The space charge consists of ionized donors and free 
holes. The contribution from free electrons can again 
be omitted. 

Poisson’s equation is used to calculate the field at 
the surface. Poisson’s equation, 


PY /dx? = — (4n/e)p(x) (6) 
(where e=dielectric constant), can be written 
EdE=-— (41/e)p(¥)d¥, (7) 


where E= —dW/dx. Substituting Eqs. (2), (4), and (5) 
into Eq. (7) and integrating the left-hand side from 
E=0 to E=E, (field at the surface) and the right-hand 
side from V=V,, to V= — V,—¢,, we obtain 
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=~ |nf [Val+ al I4l——) 


kT q|¢e| 
+qn— exp( ) . (8) 
q kT 


In (8), the absolute magnitude signs have been intro- 
duced so that the equation may be used without 
checking whether the quantities V,, ,, V. are positive 
or negative in their definitions. The total space charge Q 
in a cylinder with unit cross section is given by Gauss’ 
theorem which relates Q and E,,. 


O= (€/4r)E,. (9) 


As mentioned, the charge in the surface states per unit 
area is —Q. Next the number of holes in the inversion 
layer is calculated. The density of holes # in region III 
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Fic. 3. Steady-state inversion layer conductance as 
a function of bias voltage (silicon). 


as a function of potential is 
p=n,; expl—q(¥+V,.)/kT]. 
The total number # per unit area is 


—Va-—os 1 
p——d¥. (il) 


pdx = 
, dv /dx 


Region III ~Va 


The quantity d¥/dx can be obtained from (8). The 
field at an arbitrary position in region III is obtained 
by replacing ¢, by ¢ (=—W—V,). When the variable 
of integration is changed from W to ¢, Eq. (11) can be 
written 


n; exp(q|o|/kT)do 





os 
f 
0 


(12) 
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Equation (12) can be easily integrated if the quantity 
in the bracket under the square root is omitted. In 
practice, this simplification is a very good approxima- 
tion. Limits for the true value of p can be obtained. 
If one integrates (12) by setting the considered term 
in @ equal to zero, the denominator will always be too 
small and the integral will be too large. Similarly, if ¢ in 
the considered term is always set equal to ¢, (the 
largest value that ¢ takes in the interval of integration), 
the denominator will be too large and the integral will 
be too small. Thus, 


(=) “{o( Vol +1 val +[4e| -) 


kT ; 
+ exp( 16.1) 


| 
-(= ) -|oi( IV 1+ Wal + ial——) 
2x 
1 kT 

+ amd <e<(— ) ou( IV! +\¥|-—) 

q 2x! q q 

kT q ' e\! 
+e t)|-(2) 

q kT 2x 


1 kT kT i 
x-{ uf Val +], | -—)-+—am . (13) 
q q q 


In order to check the reliability of (13), conductance 
values were converted to values of ¢,, using either of 
the two limits. The error is the larger, the smaller the 
bias voltage and the smaller the conductance. For 
V,=2 volts, and a conductance measurement of 10 
micromhos, the two determinations of ¢, differed by 
0.002 volt. 

All experiments were carried out with samples cut 
from the same crystal (1.1 ohm cm n-type silicon, and 
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Fic. 4. Quasi-Fermi level at surface as a function of bias voltage 
(for the conductance curves of Fig. 3). 
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Fic. 5. Total charge in surface states as a function of bias voltage 
(for conductance curves of Fig. 3). 


8 ohm cm n-type germanium as in references 6 and 7). 
Thus, pz is always the same. The most extensive calcu- 
lations have been made for room temperature (296°K). 
A series of bias voltages V, was chosen. Then at each 
bias voltage a curve of channel conductance as a func- 
tion of ¢, was plotted, using Schrieffer’s® mobility 
values. For convenience, Schrieffer’s two parameters 8 
and B are given in the present notation by 


1 / me q\os|\ | 
B=— ™ exp( - +) i 
kT 


qr 8n; 
Pa q\¢s| 
B=— (| Vo] +|¥al+|4| )en(—* ), 
kT 


qn; kT 


where rt and m are the relaxation time and effective 
mass as in Schrieffer’s paper. Thus, for a conductance 
value measured at a given voltage, ¢, can be deter- 
mined immediately. Similar graphs are made for the 
same set of voltages V, showing the charge Q as a 
function of ¢,. 


STEADY-STATE INVERSION LAYER CONDUCTANCE 


In Fig. 3, the steady-state conductance of an in- 
version layer on silicon as a function of bias voltage is 
shown for three sets of measurements. One of the silicon 
samples (Fig. 3, curve C) was first etched in CP4 and 
then treated with nitric and tartaric acids. The mixture 
of nitric and tartaric acids is presumably not an etch 
for silicon; the only effect is a further oxidation of the 
surface. The measurements were difficult because of 
the slow drift of conduction as well as the time required 
to reach the steady-state conduction. At each voltage, 
up to one hour or more was required for the inversion 
layer to approach a steady-state conductance value. 
Thus, one day was required for one run. The runs were 
made by first increasing and then decreasing the 
voltage. Only if the two readings at each point coincide 
can one be certain that the inversion layer did not 
change during the measurements. In Fig. 4 the position 
of the quasi-Fermi level with respect to the middle of 
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Fic. 6. Diagram of change in potential drop across oxide film 
resulting from change in charge in outer surface states. 


the gap, i.e., ¢,, is shown as a function of the bias 
voltage. In Fig. 5 the total charge in the surface states 
is shown as a function of the bias voltage. The results 
are very similar to those obtained for germanium.*.’ 
¢, is again approximately constant for each run. How- 
ever the deviations from a constant are greater than 
for germanium. The charge in the surface states again 
increases monotonically with V,. The results must be 
interpreted—neglecting deviations of ¢, from a con- 
stant—as a high density of surface states. It seems 
certain that the calculated increase in ¢, for voltages 
below approximately 10 volts is not a real effect. In non- 
steady-state measurements to be described below ¢, 
values are also found to be too small when they are 
determined from conductance values at bias voltages 
below approximately 10 volts. The authors have found 
the same but smaller effect for inversion layers on 
germanium. At the present time, the cause of this 
effect is not clear. The decrease of ¢, for voltages larger 
than approximately 10 volts seems to be a real effect. 
Two explanations can be given. First, the total density 
of surface states is finite. With this interpretation, the 
density can be calculated as the change in the number 
of electrons divided by the change in the quasi-Fermi 
level, and is found for curve A of Fig. 3 to lie in the 
vicinity of 3X10" states/cm? volt. Secondly, a finite 
thickness of the silicon oxide film can give the same 
result. As in germanium, the states at the silicon-silicon 
oxide interface are by far not numerous enough to give 
a constant ¢,. In these experiments, no evidence for 
states in the oxide film is found. The large density of 
states therefore is outside the silicon oxide. Assume that 
their density is infinite so that the quasi-Fermi level is 
quenched with respect to the position of these dense 
states. When the voltage is increased, the negative 
charge in the outer surface states increases as can be 
seen from Fig. 5. Thus, the field in the oxide film as well 
as the potential difference between the inner side of the 
oxide and the outer surface change as indicated in 
Fig. 6. Since, for this interpretation, the quasi-Fermi 
level is assumed to be quenched with respect to the 
surface states at the outer surface, the position of 
the Fermi level at the interface must change. 
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The effects due to a finite density of states and the 
finite thickness of the oxide film will add; however, an 
upper limit for the thickness of the oxide film can be 
obtained by assuming an infinite density of states out- 
side. In order to get accurate results, the fact that the 
charge in the interface states changes somewhat with 
the position of the quasi-Fermi level must be considered. 
By assuming a dielectric constant of 3.78 (fused 
quartz’) for the silicon oxide film, the electric field in 
the film can be calculated except for an additive con- 
stant. In Fig. 7, ¢, as calculated for run A of Fig. 3 is 
corrected for the potential drop by the addition of AV 
to the value obtained for ¢, from the conductance 
measurement. Because of the undetermined additive 
constant in the electric field Z, AV is arbitrarily set 
equal to zero at Vz=70 volts. The thickness of the film 
is assumed to be 10 A. The curve for ¢, is nearly con- 
stant from 15 to 70 volts. This graph indicates that the 
silicon oxide film on this sample is not thicker than 10 A. 
For the other curves of Fig. 3, different values of thick- 
ness are obtained. For curve C, where the surface was 
oxidized with nitric and tartaric acids, the upper limit 
for the thickness is considerably greater. For ger- 
manium® there is almost no decrease in ¢,; however, 
the charge in the surface states is also much smaller. 
The same thickness of oxide film, therefore, gives a 
much smaller potential drop and the magnitude of this 
drop is probably not within the accuracy of the determi- 
nation of ¢, and no reliable upper limit for the thickness 
of the oxide film can be given. A thickness of 10 A or 
less is certainly compatible with the measurements. 


NONSTEADY-STATE CONDUCTANCE OF 
INVERSION LAYERS 


In silicon, a similar transient effect is observed as in 
germanium when the bias voltage is switched from one 
value to another. If the voltage is switched from a value 
V; toa value V2 with V2>V;, the conductance immedi- 
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Fic. 7. Quasi-Fermi level corrected for potential drop 
in oxide film (silicon). 


*% Technical Report No. 57, Laboratory for Insulation Re- 
search, Massachusetts Institute of Technology, January, 1953 
(unpublished). 
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Fic. 8. Schematic representation of change in charge as a function 
of time after switching bias voltage. 


ately drops to a low value and then slowly rises to a 
new equilibrium value. The drop is so fast that it 
cannot be resolved by the equipment, i.e., faster than 
10~ sec. The slowly rising conductance approaches the 
new equilibrium value with a time constant which lies 
between a few minutes and about one hour depending 
on the preparation of the surface. In general, the time 
constant is greater the longer the sample surface has 
been exposed to a mixture of wet or dry Oy» and Os. 
The wet mixture seems more effective in increasing the 
time constant. Similarly, if the voltage is switched from 
a value V; to a value V2 with V2< Vj, then the con- 
ductance first rises in a very short time and then slowly 
decreases again to approach a new equilibrium value. 
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The total charge in the surface states can be calculated 
along these curves and is shown schematically in Fig. 8. 
The interpretation is again’ that there are two sets of 
surface states, one with a short time constant and the 
other with a long time constant. The surface states with 
the long time constant are assumed to be located at 
the surface of the silicon oxide film, those with the short 
time constant at the interface. 

Before proceeding with the determination of the 
interface states, it is worth stating that in experiments 
with p-type inversion layers on germanium or silicon 
there is no evidence for more than one set of slow states, 
in contrast to the case of water-induced inversion layers 
on p-type germanium.™> In Fig. 9(a), a typical con- 
ductance curve for a p-type inversion layer on ger- 
manium is shown. The voltage is switched at ‘=0 from 
10 to 31 volts. The conductance goes to zero for a period 
of time after switching and then recovers and ap- 
proaches a new equilibrium value. In Fig. 9(b), a plot 
of go—g (g2=equilibrium conductance at 31 volts) is 
made. In Fig. 9(c), the total equilibrium charge at 31 
volts minus the total charge in the surface states at 
arbitrary time is shown. In Fig. 9(d), the curve becomes 
exponential when the charge in the inner surface is 
subtracted from the total charge. In other cases where 
the conductance does not go to zero after switching, 
curves analogous to Fig. 9 are equally good exponentials. 
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*R. H. Kingston and A. L. McWhorter, Phys. Rev. 98, 1191(A) (1955). 
25 A. L. McWhorter, Phys. Rev. 98, 1191(A) (1955). 
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Fic. 10. Nonsteady-state conductance curves for 
an inversion layer on silicon. 


There may be some nonexponential behavior if the time 
constants are very short. These cases have not been 
investigated. The fact that for the investigated surfaces, 
the slow decay is approximated by one single expo- 
nential term indicates that there is only one set of slow 
states. Consequently, no states in the oxide will be 
assumed for the interpretation of the present experi- 
ments. 

Since the charge in the surface states outside the 
oxide changes so slowly in silicon, it was possible to 
record an entire conductance curve as a function of 
voltage without changing the charge in the outer states 
to a measurable extent. An x—y recorder was used in 
the present experiments. The voltage was first increased 
to a value at which the conductance was zero, i.e., 
pinch-off, and then the curve was traced back. If the 
elapsed time during such a measurement did not 
exceed 10 sec, then the two are not distinguishable. It 
was desirable to cover experimentally a large range in 
@, values. In the example of Fig. 10, the voltage was 
increased from 10 to approximately 75 volts where the 
conductance vanished. ¢, decreased from the equi- 
librium value ¢,0 to a very small value. (The formulas 
are not accurate for the vicinity of pinch-off. A more 
detailed treatment would follow closely the work of 
Prim and Shockley” on field-effect transistors, but for 
this paper an exact description of pinch-off is not 
essential.) Next the bias voltage was changed to 40 
volts, and after a long time (almost sufficient to estab- 
lish the equilibrium conductance) the voltage was 


26 R. C. Prim and W. Shockley, Trans. Inst. Radio Engrs. Prof. 
Group on Electron Devices, PGED-4, 1 (Dec. 1953). 


DAVIS, 





AND ADAMS 


decreased in a short time to 2 volts and the con- 
ductance was recorded. In order to be certain that the 
charge in the outer surface states does not change, the 
voltage was immediately increased from 2 volts to 40 
volts and the conductance recorded. These conductance 
readings for the runs from 40 volts to 2 volts and from 
2 volts to 40 volts must coincide. While the bias was 
held at 40 volts, the charge outside the oxide film built 
up until ¢, approached the equilibrium value for 40 
volts which is somewhat less than the corresponding 
value for 10 volts. In decreasing the voltage from 40 
volts to 2 volts, ¢, increased and became considerably 
larger than the equilibrium value for 10 volts. Thus a 
large range in @, was covered. The charge in the outer 
surface states is, of course, different for the runs from 
10 volts to. 75 volts and from 40 volts to 2 volts. 

In order to convert the measured curves into plots 
of charge in inner surface states versus position of quasi- 
Fermi level, the charge in the outer surface states must 
be subtracted. In principle, this can be done only by 
the trial-and-error method. However, from the work of 
Brattain and Bardeen* one already knows that the 
states lie far away from the middle of the energy gap. 
Therefore it can be assumed that at pinch-off the inter- 
face states in the lower half of the gap are full. When 
the (negative) charge in the surface states at pinch-off 
is subtracted from the smaller (negative) charge at an 
arbitrary value for ¢,, a charge with positive sign inter- 
preted as resulting from holes in the inner surface states 
is obtained. For example, the circles shown in Fig. 11 
correspond to the run starting at 10 volts (Fig. 10). 
The corresponding charge for the run from 40 volts to 
2 volts was obtained in the following way. At the value 
for ¢, at 40 volts, the number of holes in the inner 
surface states is known from the run between 10 volts 
and 75 volts. Thus for this particular ¢, value the 
charge in the outer surface states can be determined, 
since the total charge in the surface states is known. 
The charge in the outer surface states does not change; 
thus the number of holes in the inner surface states as 
a function of ¢, is known for the run between 40 volts 
and 2 volts (points shown as triangles in Fig. 11). The 
points in Fig. 11 immediately suggest that there is just 
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Fic. 11. Number of holes in inner surface states as a function of 
the position of the quasi-Fermi level for silicon. 
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one state below the middle of the gap. To determine 
the energy of this state the distribution function must 
be known. 

From the curve of Fig. 11, there are much fewer 
interface states than surface atoms. Therefore it seems 
reasonable to assume that the surface states can be 
empty or occupied by either one electron with plus spin 
or one electron with minus spin, but not with two elec- 
trons of opposite spin. If the states are localized, as 
must be assumed from their density, the second electron 
would have a different “one-electron” energy from the 
first electron because of electrostatic interaction. The 
Fermi distribution function therefore has the form 


1 





(15) 


In (15), £ is the energy of the surface state and Er the 
Fermi energy. In the present notation, the number of 
holes in the surface states is 


a 
p= (16) 
1+2 exp[q(¢:—¢.)/kT ] 

In (16), 1 is the position of the surface level with 
respect to the middle of the gap. In Fig. 11, the solid line 
represents (16) with V,=1.4X10" cm™ and ¢,=0.455 
volt. The theoretical curve fits the experimental points 
quite well. If one assumes the usual Fermi distribution 
in which two electrons, one with plus and one with 
minus spin, can be accommodated, then a different 
position ¢, is obtained. Obviously, (16) becomes the 
usual Fermi distribution 1/{1+exp[(¢/kT)(¢:—¢.) }}, 
when ¢,=¢1,—(k7/q) In2. Thus, if the usual Fermi 
distribution is used, the energy level of the states lies 
0.472 volt below the middle of the gap. From measure- 
ments at one temperature it is, in principle, impossible 
to determine which distribution function applies. 

In the paper on germanium,’ the energy level has 
been determined with the usual Fermi distribution. 
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Fic. 12. Number of holes in inner surface states as a function of 
the position of the quasi-Fermi level for germanium. 
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Fic. 13. Number of holes in inner surface states as a function of 
the position of the quasi-Fermi level for three silicon runs. 


However, with the distribution (16) the level for the 
interface states for germanium becomes 0.138 volt 
below the middle of the gap. A curve showing charge 
versus , for a germanium surface is given in Fig. 12. 
This plot covers a larger ¢, range than the curves 
previously reported.’ The solid line in Fig. 12 is the 
theoretical distribution function (16) with ¢,=0.138 
volt and V,=4.8X 10" states/cm? volt. 

In Fig. 13, the results of other measurements made 
with the same silicon surface as that of Fig. 11 are 
shown. In these measurements, different voltage ranges 
are used. The solid curves in Fig. 13 are all identical 
with the one shown in Fig. 11. The curves do not fit as 
well as in Fig. 11 but are still satisfactory. The points 
which deviate from the theoretical curve at high ¢, 
values correspond to voltages below 10 volts. The same 
phenomenon is found in the steady-state curves; 
¢; is too low at low voltages. No significance will 
be attributed to this behavior which has also been 
found in germanium for values obtained at low bias 
voltages. The accuracy of the energy level is probably 
+0.015 volt. Since the number of states is much smaller 
than the number of surface atoms, the interface states 
cannot be of the Tamm type. In order to determine the 
origin of the interface levels, extensive measurements 
have to be made by adding impurity atoms to the etch 
and varying the type of etch. So far, for all samples 
from the investigated silicon crystal, approximately the 
same density and the same energy level for the inter- 
face states has been obtained. For germanium the 
density varied by approximately a factor of two. 

It is believed that the interface states are related to 
the surface recombination of electrons and holes. It is 
interesting to note that the number of interface states 
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Fic, 14. Time constant as a function of 
temperature for germanium. 


on silicon is of the order of ten times that of ger- 
manium. Also, the surface velocity for silicon is of the 
order of ten times that for germanium. This would 
appear to confirm the interpretation of these states as 
surface recombination levels. However, no measure- 
ments have yet been made to determine whether there 
are any states in the upper half of the energy gap. 


CHARGE TRANSFER THROUGH OXIDE FILM 


In order to determine how electrons or holes cross 
the oxide film, plots analogous to Fig. 9(d) have been 
made for a given germanium surface at various tem- 
peratures and the time constant + determined. In 
Fig. 14, r has been plotted as a function of 1/7. The 
data are not accurate enough to determine if r as a 
function of 1/T is of the form exp(+/kT). The 
straight line in Fig. 14 corresponds to u=0.3 ev. There 
are two possible mechanisms to explain the transfer of 
electrons or holes through the film. First, the electrons 
or holes surmount a potential barrier in the oxide film. 
This barrier must be interpreted as the forbidden gap 
of the oxide film. Either holes can move through the 
valence band of the oxide, or electrons through the 
conduction band. For thin films, a conduction and 
valence band can no longer be defined rigorously. With 
the present model, do the experimental data allow a 
distinction between conduction through the valence 
band and conduction band of the oxide? For this 
problem, it is important that the steady-state con- 
ductance of the inversion layers can be explained by 
assuming that —q¢g, determines the occupancy of the 
outer surface states. This fact indicates that these 
states communicate in some way with the holes in the 
semiconductor. This communication can be described 
as follows: The holes in the inversion layer at the inter- 
face attain equilibrium with the holes next to the 
interface in the valence band of the oxide. At the outer 
surface, the holes are in equilibrium with the outer 
surface states. If the quasi-Fermi level —gy, at the 
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interface is different from that at the outer surface, 
a current will flow through the oxide until —q¢, is 
the same throughout. 

The argument against conduction through the con- 
duction band is the following: Assume conduction by 
electrons through the conduction band. The electrons 
in the conduction band of the oxide next to the inter- 
face are in equilibrium with electrons in the conduction 
band of the semiconductor, and, as above, —¢¢, should 
determine the occupancy of the outer states. However, 
the experiments indicate that —gy, describes the 
population of the outer states; thus, one may conclude 
that at the surface —q¢¢,=—q¢n. But this conclusion 
is contradicted by the following experimental obser- 
vation. It was found that after admitting traces of 
water vapor, the conductivity of the inversion layers 
dropped immediately to low values. Measurements 
before and after admission of water vapor indicate that 
the time constant for charge transfer hardly changes. 
However, the model predicts a great change in the 
time constant. A more detailed consideration of the 
model shows that even Q,,—Q [Fig. 9(d)] would be 
expected to deviate greatly from an exponential time 
dependence for all values of conductance. Thus, con- 
duction through the conduction band is not consistent 
with experimental data. If conduction through the 
valence band is considered, then the time constant for 
charge transfer can be estimated numerically. From 
Fig. 14, it can be concluded that the valence band of 
the oxide lies 0.3 ev below that of germanium. With 
reasonable estimates for the other physical constants, 
the calculated time constants are much too small. 
Thus, this conduction model does not account for all 
the observed data. 

The other possible mechanism is a modified tunneling 
process as first suggested by Kingston.™ In the case of 
very thin oxide films, the wave functions of the outer 
surface states are expected to overlap to some extent 
the band functions of the valence band of the semi- 
conductor and phonon-induced transitions may take 
place. It can be shown that the transition probability 
(suitably averaged over all states) of an electron from 
a full state in the valence band to 4n empty state in 
the outer surface states must have the same temperature 
dependence as 1/r. Calculations of this transition 
probability have not yet been made. Such calculations 
are necessary in order to see if this mechanism of charge 
transfer through the oxide film is feasible. 


CONCLUSIONS 


The steady-state conductance of p-type inversion 
layers on germanium and silicon can be understood in 
terms of a high density of surface states outside the 
oxide film. From a careful analysis of the electrical 
data, it is possible, especially on silicon, to obtain an 
upper limit for the thickness of the oxide film. The non- 
steady-state conductance measurement on p-type in- 
version layers can be interpreted by assuming states 
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located at the semiconductor-semiconductor oxide inter- 
face. The energy level of these states is 0.455 ev and 
0.138 ev below the middle of the gap for silicon and 
germanium, respectively. The density on the investi- 
gated samples is 1.410” states/cm? for silicon and 
ranges from 5X10" to 1.210" states/cm? for ger- 
manium. 

The mechanism of charge transfer through the oxide 
film is not yet clear. Simple conduction through a 
conduction band or valence band in the oxide is un- 
likely. More work must be done to establish whether 
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the wave functions of the semiconductor valence band 
overlap sufficiently those of the outer surface states so 
that direct transitions between these functions account 


for the charge transfer. 
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Experiments on conductivity modulation by surface charges in metals are reported. Because of the high 
density of carriers, it is necessary to work on thin films in order to get measurable effects. The experimental 
technique used and the results obtained are reported. Metals belonging to widely different groups 
(Au, Bi, Sb) have been tested, and peculiar features have been found. A tentative interpretation of these 
results is offered, and the nature of the information that could eventually be gained is pointed out. 


1, INTRODUCTION 


HE modulation of conductivity by electrical 
charges added at the surface of a flat specimen 
by a transverse electric field was demonstrated for semi- 
conductors in the early stages of the transistor program.’ 
Figure 1, taken from reference 1, illustrates the prin- 
ciple of the experiment in a self-explanatory form. The 
low density of current carriers in a semiconductor makes 
the experiment relatively easy to perform. The informa- 
tion to be gained from the experimental results in such 
a case is concerned with the density of “surface states.’”” 
Apart from the much greater difficulty of the experi- 
ment (due to the small effect to be expected in a sub- 
stance with extremely high carrier density) there is no 
reason why such an effect could not be detected in 
metals. 

The present paper reports some measurements per- 
formed on metals belonging to widely different groups: 
Au, Bi, Sb. 

The main results may be summarized as follows: 

(1) In Au, a noble (nonoxidizable) monovalent metal 
with purely electronic conduction (negative Hall effect) 
due to nearly free electrons, an increment in the electron 
density causes the conductivity (c) to increase. 


1W. Shockley, Electrons and Holes in “Me (D. Van 
Nostrand Company, Inc., New York, 1950), p 
* W. Shockley and G. L. Pearson, Phys. ie. i, 232 (1948). 


(2) Bi is in contrast a multivalent semimetal with 
electron and hole conduction and high, normally nega- 
tive, Hall effect, extremely sensitive to impurity con- 
centration: as a matter of fact, our specimen has a 
positive Hall effect coefficient, surely not due to 
mechanical strains in the evaporated layer, as shown 
by measurements on a bulk specimen. An increment in 
the electron density causes o to decrease. In addition, 
in this case we must remark: 

(a) The effect is not linear. 

(b) In addition to a reversible effect, there seems to 
be an irreversible one. As a matter of fact, we get the 
experimental points of Fig. 4, if the voltage is con- 
tinuously and very slowly increased; but if, starting 
from a certain value, we invert the sense of the variation 
of the voltage, we obtain different points, displaced by a 
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Fic. 1. Principle of the experiments on modulation by 
coma e charges (from reference 1). 
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Fic. 2. Circuit used in the experiments described in the text. 


small amount from the preceding ones, giving rise to a 
sort of hysteresis loop. 

(3) In Sb, a multivalent semimetal with electron and 
hole conduction and a very high, normally positive 
Hall effect (as in our specimen), an increment in the 
electron density causes o to increase with a linear 
behavior. 


2. EXPERIMENTAL TECHNIQUE 


Figure 2 shows the circuit used in the measurement 
of the conductivity modulation. 

The specimen, of resistance R, is mounted on an arm 
of a high-sensitivity (~10-*) Wheatstone bridge. The 
regulable high-voltage power supply provides a trans- 
verse electric field which induces a large surface charge 
on the specimen. In order that this induced charge 
represent a measurable change in the average carrier 
density, the specimens used were thin metallic films. 
These were formed by evaporation of the metal in 
vacuum (10-' mm Hg) on best quality white mica 
substrates, not predegassed and held at room tem- 
perature.* 

The thickness of the evaporated layers was evaluated 
by using a spectrophotometric titration against a speci- 
ment of known metal content.‘ Figure 3 illustrates the 
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Fic. 3. Shape and size of the specimens. The diagram on the left 
is a front view; that on the right is a back view. 


 Bonfiglioli, Coen, and Malvano, J. Appl. Phys. (to be pub- 
lished). 

*A Beckman spectrophotometer was used to observe: for Au, 
the reddish color developed by reducing AuCl; with SnCl.; for 
Bi, the orange yellow color due to a complex with KI; for Sb, the 
blue violet color due to the action of phosphomolibdotungstic acid. 
The results of such methods were satisfactory and good confidence 
may be given to the thicknesses indicated in the curves of 
Figs. 5, 6, 7, and 8. 
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shape of the specimen used. As insulating supports we 
used the best quality white mica because in this way 
we could easily obtain a transverse electric field of 
10° volts/cm, the right order of magnitude for meas- 
urable effects with evaporated films of good metals. 

The R’ potentiometer allowed for static compensation 
of leakage currents which might flow through the di- 
electric. As a matter of fact such currents, if uncom- 
pensated, would give rise to a potential difference across 
the specimen, simulating a real variation of resistance. 
At the beginning and at the end of each measurement, 
with the bridge battery disconnected, the absence of 
any galvanometer deflection when applying the trans- 
verse electric field was checked. As a matter of fact, no 
detectable leakage current took place in the mica under 
the strongest field used in our experiments. 

It is important to remark that the “geometrical’’ 
difficulties encountered when working on thin films 
(see reference 3) were entirely absent for Sb films; their 
thicknesses were relatively high (400-4000 A) ; Sb does 
not easily agglomerate and furthermore the “active” 
surface was the one directly facing the freshly cleaved 
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Fic. 4. AR effect in Au and Bi. (1 pf=10~" farad.) 


plane of mica. In any case, most of our deductions make 
no use of the precise thickness knowledge.*® 


3. EXPERIMENTAL RESULTS 


The experimental results are given in Figs. 4-8. 
Figure 4 shows for Au and Bi the absolute variation in 
the specimen resistance AR as a function of the voltage 
V applied across the mica condenser. The sign of re- 
sistance change and of the voltage on the specimen is 
indicated. For example, in Au we have AR <0 (¢ in- 
creasing) for a negative voltage on the specimen 
(electron “injection’”’). The dashed part of the curve 
for Bi concerns points (corresponding to great positive 
charges on the surface) that are affected by a much 
wider scattering of values than all the other ones, for 
unexplained reasons. Figure 5 shows the same effect 
for Sb specimens of various thicknesses. Figure 6 shows 
the relationship between (1/R)(dR/dN) and R for all 
the Sb specimens and indicates the constancy of dG/dN. 
AN is then the total number of electrons “injected” 

5 The paper referred to* explains the reasons why Hall coefficient 
and thickness are not quoted for Au and Bi specimens of Fig. 4; 


as a matter of fact these quantities are not very significant for 
very thin films. 








MODULATION OF 
into the specimen as given by the trivial relationship 
e4N=CV, where ¢ is the electronic charge and C is 
the measured capacity of the metallized mica sheet. 
Figures 7 and 8 show the Hall effect*.and conductivity 
of Sb specimens as a function of thickness (“chemical,” 
i.e., “mean’’ thickness). 


4. DISCUSSION OF THE EXPERIMENTAL RESULTS 


In the following discussion we shall consider sepa- 
rately the three cases of gold, antimony, and bismuth. 
Unfortunately we are not able at present to give a 
theoretical justification of the results; nevertheless, in 
some cases we can show the inconsistency of some simple 
hypotheses, limiting therefore the domain of a possible 
future theory. 

Case of Gold.—In this case we can easily show that 
the experimental behavior of the conductivity modula- 
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Fic. 5. AR effect in Sb. (1 pf= 10 farad.) 


tion cannot be justified simply considering the ex- 
pression for the bulk conductivity, 

o=eny, (4.1) 
where » is the density of carriers, 1 the mobility’ that 
in a metal depends on x itself. As a matter of fact, let 
us now take into account that in our experiment » is 
function of x, a coordinate normal to the flat faces of 
the film. The conductance G of the film may be ex- 


* Bulk values are taken from W. F. Leverton and A. J. Dekker, 
Phys. Rev. 80, 732 (1950). 

It is not an easy matter to decide which kind of mobility 
(Hall, microscopic, etc.) is the right one in formula (4.1); because 
we do not know the role possibly played by trapping in our 
specimens. In any case, the conclusions are not sensibly altered 
by this uncertainty. 


CONDUCTIVITY 





Tad 








a 
Ps 


/ 


























Rin) 
240 





0 
¥, 


() 40 80 120 160 200 


Fic. 6. dR/RAN (i.e., relative variation of resistance 
per injected electron) i in Sb specimens. 


pressed, therefore, as 


(4.2) 


G=- f “ula DnLe ls, 


where 3, /, and ¢ are the width, length, and thickness of 
the specimen. The variation of conductance is then 


AR e 


aG=-—=—( 


x oF 


where AN is the total number of electrons added to 
the film. 

Inserting into (4.3) the experimental data taken from 
Fig. 4 and from measurements of the capacity of the 
specimen and the mobility (4 cm?/volt sec) (see refer- 
ence 3), we get 


du cm? 
( n—~) =+5.5 , 
dn/ gp volt sec 
However, the conductivity ¢ of a monovalent metal 
can also be expressed as 


(4.4) 


o= ne*r/Mett, (4.5) 


where 
t~1/P~1/p(Ep), 


and where P is the scattering probability per unit time 
and p(£) is the density of states in the conduction band, 
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to be calculated at Ep, the top of the Fermi distri- 
bution.® 

Combining (4.1) and (4.3) we find with a simple 
calculation® 


du const / dp dEr 
(»*) --—=(=) . (const >0). 
dn/ er p> \dE/ep dn 


But dEp/dn>0, and for a monovalent metal, such as 
Au, the density of states at the top of the Fermi 
distribution is an increasing function of the energy. 
Therefore, the left-hand side of (4.6) becomes negative, 
a result in striking contrast with (4.4). 

In order to explain this discrepancy, we are com- 
pelled to refuse the above simple theory and to accept 
one of the following assumptions: 

(a) Because of the different geometrical and physical 
conditions of the two surfaces of the film and (or) a 
contamination of the more external part of the film by 
foreign atoms (Mo, O, N, etc.) the electron mobility 
of electrons in Au is greater near the mica than near 
the external face. 

(b) We are studying the purely surface phenomenon, 
ie., the added electrons moving near the surface have 
a greater mobility (~10 cm*/volt sec) than the bulk 
ones (~4 cm?/volt sec) as though the former were 
guided by “surface waves” (see Peierls). 

Case of Antimony.—In this case the negative con- 
clusions of the above calculations cannot be repeated 


(4.6) 


8N. F. Mott and H. Jones, Theory of the Properties of Metals 
and Alloys (Clarendon Press, Oxford, 1936), p. 257. 
®It has been assumed that meg, the effective mass, does not 
depend appreciably on n. 
R. E. Peierls, Quantum Theory of Solids (Oxford University 
Press, New York, 1953), Vol. 2, p. 117. 
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here, because the expression analogous to (4.3) is 
formed now by six terms, whose magnitude and sign 
cannot be easily predicted. In fact, Sb conducts both 
by holes and electrons (in equal number) and together 
with the electron mobility we have to consider a hole 
mobility ; furthermore, the analytical expression for AG 
contains also some sort of cross terms that further 
complicate the calculations. 

However, as all our specimens are affected by the 
same “surface mobility” dG/dN (see Fig. 6), even when 
the conductivity varies greatly from specimen to speci- 
men (see Fig. 8), we are likely to accept an explanation 
in terms of a surface rather than a volume effect. 

Case of Bismuth.—In the Bi case, we are faced with 
the same difficulties as in Sb: conduction by holes and 
by electrons. But there is another feature of the 
“transverse field effect” that further complicates the 
problem: the nonlinear behavior of AR versus V. The 
explanation of this fact may possibly reside in some 
distortion of the crystal lattice, which may explain 
also the nonreversible variation of R upon application 
of the electric field. These lattice distortions that take 
place possibly only at the true metal surface, may be 
caused by the changed electronic density, which affects 
the cohesion energy of the metal. Actually this change 
of density is very conspicuous in the surface zone. For 
instance, if the added electrons are confined in a thick- 
ness of a few angstroms we can have a variation of the 
conduction electron density which may reach 100%. If 
this point of view is correct many other parameters, 
that depend on the cohesion energy (melting point, 
vapor pressure, lattice constant, etc.), may suffer 
appreciable modifications. 

We hope in the near future to report further on these 
questions that still remain open, performing new experi- 
ments with the help of more suitable techniques in 
order to throw some light on these difficult problems. 

The points that should be cleared up are the fol- 
lowing: (1) the possible role played by surface states 
in the metals considered; (2) the independence (or de- 
pendence) of the AR effect on the current flowing in the 
specimen; (3) a more careful investigation of the 
irreversible effect in Bi, using also Bi with a normal 
Hall effect coefficient. 
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The density of random dislocations in germanium and silicon crystals has been measured by means of x-ray 
rocking curves and by etch pit counting. Data obtained by the two methods are in good agreement, and 
dislocation densities in the range 10‘—10’/cm?* were found. The minority carrier lifetime was shown to vary 
with the dislocation density, and the results could be expressed in terms of a recombination efficiency per 
unit length of dislocation line, sg=1/Npr (where Np=dislocation density, r=lifetime). op was found to 
decrease with increasing resistivity of germanium and was higher for silicon than for germanium of com- 


parable purity. 





I. INTRODUCTION 


HE present work was undertaken to investigate 
the relationship between the structural perfection 
of germanium and silicon crystals and the rate of re- 
combination of holes and electrons.'! Since transistor 
action depends on the modulating effect of a small 
number of holes in material where the majority of the 
conduction takes place by the movement of electrons, 
or conversely the modulating effect of a small number of 
electrons on the movement of positive holes, the rate of 
recombination of holes and electrons is an important 
factor in the performance of semiconductor devices. 
Theoretical values of the average recombination time 
for germanium are about one second; however, experi- 
mental values are of the order of 10-* to 10-* second. 
It was felt that the recombination process was catalyzed 
by the presence of imperfections such as dislocations, 
vacancies, low-angle boundaries, and impurity atoms, 
and that the minority carrier lifetime was greatly re- 
duced by the presence of these defects. 

While there was some evidence that crystal perfection 
influences the lifetime, previous investigations? have 
been qualitative in nature. In the present work, the 
effect of randomly dispersed dislocations on the minor- 
ity carrier lifetime has been evaluated quantitatively 
for high- and low-resistivity germanium and for high- 
resistivity silicon. The dislocation density was deter- 
mined by etch pit counting and by means of x-ray 
rocking curves; the two methods gave consistent re- 
sults, although the x-ray method was preferred. V 
correlation between the recombination time and the 
number of imperfections was found and some possible 
explanations are discussed. 


* This research was supported by the Army, Navy, and Air 
Force under contract with the Massachusetts Institute of Tech- 
nology ; and this paper is based on a thesis submitted by Anthony 
D. Kurtz in partial fulfillment of the requirements for the degree 
of Doctor of Science in the Department of Metallurgy. 

t Staff Member, Lincoln Laboratory, Massachusetts Institute 
of Technology, Lexington, Massachusetts. 

t Associate Professor, Department of Metallurgy, Massachu- 
setts Institute of Technology, Cambridge, Massachusetts. 

1W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950). 

2 Pearson, Read, and Morin, Phys. Rev. 93, 666 (1954). 


II. EXPERIMENTAL METHODS 
A. Metallography 


Samples of single crystal germanium were prepared 
in order to determine the edge-type dislocation density 
and distribution. Specimens for this investigation were 
selected at random from crystals either supplied by 
various transistor manufacturers or grown in the labo- 
ratory and were cut to within 0.5 degree of either a 
(111) or (100) plane using Laue back-reflection tech- 
niques. The oriented surfaces were either mechanically 
polished or electropolished and then etched with CP4 or 
superoxol etch.‘ 

Under suitable etching conditions, Vogel e¢ al.° have 
shown that individual etch pits are nucleated by single 
dislocations, with the pit being formed where the dis- 
location singular line intersects the surface. The ob- 
served etch pits may be randomly distributed through- 
out the crystal or may be segregated to form low-angle 
boundaries. Figure 1 shows a photomicrograph of such 
a boundary, and Fig. 2 shows a rocking curve taken with 
the beam straddling the boundary. The angular mis- 


Fic. 1. Low-angle boundary in germanium, electropolished and 
etched, dark field, 100X. Area reduced approximately 66% in 
reproduction. 


5 50 parts nitric acid, 30 parts acetic acid, 30 parts hydrofluoric 
acid, 1 part liquid bromine. 

‘1 part 48% hydrofluoric acid, 1 part 30% hydrogen peroxide, 
4 parts water. 

5 Vogel, Pfann, Corey, and Thomas, Phys. Rev. 90, 489 (1953). 
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Fic. 2. Rocking curve with x-ray beam straddling boundary 
(111) reflection. Misorientation across boundary approximately 
80 seconds. 


orientation at the boundary calculated from the spacing 
of the etch pits along the boundary yields excellent 
agreement with the angular separation of the diffraction 
peaks, thus indicating that each pit is a single edge-type 
dislocation. The x-ray measurement is described in the 
following section. Unusual structures have been re- 
vealed in crystals where several low-angle boundaries 
intersect. The dislocation geometry at and near such a 
typical intersection is shown in Fig. 3. Here the single 
boundaries appear to degenerate into many sub- 
boundaries, in order to accommodate the change in 
crystallographic orientation. A typical crystal with 
randomly distributed dislocations is shown in Fig. 4. 

If one assumes that the randomly-distributed etch 
pits are also nucleated by single dislocations, then the 
dislocation density may be determined by simply 
counting the number of pits. The values obtained 
ranged from about 10* dislocations/cm? in the most 
perfect material to values as high as 10* dislocations/ 
cm? in rather imperfect crystals. Under high magnifica- 
tion (2000X) the large pits were sometimes found to 
encompass more than one dislocation, and this effect 
presumably becomes more pronounced as the disloca- 
tion density increases. Thomas* has pointed out that the 
size of the pit may also be a function of the length of 
dislocation singular line just below the surface. Since an 
edge-type dislocation may terminate in a screw com- 
ponent, the length of the last segment of edge-type 
singular line may vary. If this length is less than the 


*D. A. Thomas, Bell Telephone Laboratories Technical 
Memorandum, 1953 (unpublished). 
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depth of a fully developed pit (several thousand 
interatomic spacings), the pit may appear smaller than 
its neighbors. It is therefore important to include all 
such pits when counting etch pits. It was also observed 
in this investigation that the shape of the pit varied as 
the angle between the singular line and the surface was 
changed. As the angle was gradually increased, the pit 
became shallower and the dot was displaced from the 
center. At an angle greater than approximately 30°, 
the pit essentially disappeared. All of these effects can 
combine to give etch pit densities lower than the true 
dislocation density. 


B. X-Ray Measurements 


Darwin has shown that the width of an x-ray diffrac- 
tion line is exceedingly narrow for an ideally perfect 
crystal.’ For germanium the ideal width of a (111) re- 
flection with Cu Ka; is calculated to be 15.6 seconds, 
and a few crystals exhibited x-ray rocking curves which 
approached this figure. However, the presence of 
random edge dislocations introduces locally disoriented 
regions which diffract at slightly different angles,® 
thus broadening the rocking curve. Conversely, a 
measurement of the rocking curve provides some in- 
formation about the imperfections in the crystal. 

A double-crystal spectrometer, with the best available 
germanium crystal in the first position, was used to 
determine the x-ray rocking curves. The two crystals 
were in parallel positions, and Cu Ka radiation was 
used to observe the (111) reflections. The angular 
measurement was accurate to 1 second of arc and a 
typical curve is shown in Fig. 5. The surfaces of each 
crystal were carefully polished and then etched suffi- 
ciently to remove the worked layer from the surface. A 


Fic. 3. Dislocation geometry near intersection of low-angle 
boundaries. Electropolished and etched, 100X. Area reduced 
approximately 66% in reproduction. 


7R. W. James, Optical Principles of the Diffraction of X-Rays 
(G. Bell and Sons, London, 1950). 

®R. D. Heidenreich and W. Shockley, Report on the Conference 
on Strength of Solids (Physical Society, London, 1948). 
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narrow x-ray beam was used and various regions of the 
crystal faces were analyzed. 

A tilt adjustment was introduced in order to allow 
adjustments of the diffracting planes in the vertical 
direction. It was shown experimentally that additional 
broadening occurred unless the relative vertical tilt was 
less than about 5 minutes for the average germanium 
crystal (half-width ~ 30 sec). This adjustment was made 
on the spectrometer before each curve was run. The 
measured rocking curve must also be corrected for the 
broadening of the first crystal. It is easily shown? that 
the correction takes the form 


where K is the true half-breadth of the second crystal, 
6 the measured half-breadth of the second crystal, and 
¢ the true half-breadth of the first crystal. This correc- 
tion applies to either the half-breadth or the mean 
breadth, i.e., at e~! of the maximum. The same type of 
calculation was used to correct the values of K for the 
natural broadening of the crystals. 

With dislocations arranged randomly with an average 
spacing, h, the dislocation density, Np, is given by 
Np=1/h*. The angular deviation, ¥, in the region of 
one dislocation relative to some fixed orientation is, 
y=b/h, where b is the interatomic spacing in the slip 
plane. For the entire region about a dislocation, the 
average misorientation is zero, but there is an orienta- 
tion distribution about this average value which is in 
effect measured by the rocking curve. The most prob- 
able deviation from the mean value can be determined 
from the corrected rocking curve, and this was used by 
Gay, Hirsch, and Kelly” to calculate the dislocation 
density. The total dislocation density, Np, is then 
given by 

Np= K*/98". 


Fic. 4. Random dislocations in germanium crystal. CP etch, 
500X. Approximate density, 10° dislocations per cm*. Area re- 


duced approximately 66% in reproduction. 


9A. Taylor, Phil. Mag. 31, 339 (1941). 
” Gay, Hirsch, Kelly, Acta Metallurgica 1, 315 (1953). 
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Fic. 5. Typical rocking curve for germanium. Cu Ka radiation. 


C. Electrical Measurements 


Minority carrier lifetimes were measured by observ- 
ing the rate of decay of photoconductivity in samples 
of known geometry. This method was developed by 
Haynes and Hornbeck" and refined by Stevenson and 
Keyes.” The specimens were rectangular bars with 
dimensions approximately 20X4X4 mm. Ohmic con- 
tacts were soldered on the two ends and the other four 
surfaces were either sandblasted or etched with CP4." A 
chopped light source which completely irradiated one 
surface was used to create excess hole-electron pairs in 
the sample. Since the excess conductance of the sample 
is proportional to the total number of hole-electron 
pairs in excess of the equilibrium value, an observation 
of the time dependence of the conductivity yielded the 
rate at which holes and electrons recombine. A constant 
current was passed through the sample, and the change 
in conductance was used to indicate the change in 
voltage across the sample. After suitable amplification, 
this voltage was observed on an oscilloscope, and the 
time required for the amplitude of the signal to decay 
to half of its original value was recorded. The minority 
carrier lifetime was then calculated.” 

Electrical resistivities were determined by a voltage 
probe method. Ohmic contacts were soldered onto the 
ends of the specimen and a constant current was passed 
through it. The potential drop was then measured at 
intervals of one millimeter along the length of the 
sample using a microprobe. 


Ill. EXPERIMENTAL RESULTS AND DISCUSSION 


A. Comparison of Rocking Curve Measurements 
with Etch Pit Counting 


Dislocation densities calculated from rocking curve 
widths (of {111} diffraction peaks) may be compared 
with the values determined by etch pit counting. If 
the two determinations were equivalent over the entire 

J, R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953). 

2 D. T. Stevenson and R. J. Keyes, Appl. Phys. 26, 190 (1955). 

13 Boundary conditions for the solution of the diffusion equation 


for the motion of holes and electrons are determined by the state 
of the surface. 
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Fic. 6. Comparison of etch pit and x-ray dislocation density. 


range, then a plot of etch pit density versus x-ray 
density should give a straight line with a 45° slope. 
Dislocation densities were determined by both methods 
on the same series of germanium crystals and the 
resulting correlation is shown in Fig. 6. For low dis- 
location densities the agreement with the 45° slope is 
quite good, but in the case of higher dislocation densities, 
the etch pit counting yields somewhat lower values than 
that obtained from x-ray broadening. This deviation 
may be expected since closely spaced dislocations which 
may not be resolved under the microscope can still con- 
tribute to the x-ray broadening. Also screw dislocations 
which connect straight segments of edge-type disloca- 
tions do not appear to contribute to the etch pit den- 
sity but may give rise to some broadening. This would 
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Fic. 7. Dislocation density vs lifetime for 
low-resistivity germanium. 
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also tend to give lower etch pit values as compared with 
the x-ray results. 

Furthermore, only those dislocation singular lines 
which intersect the surface at a relatively small angle 
(less than 30°) with respect to the surface normal will 
nucleate visible etch pits. One may calculate an ap- 
proximate relationship between the etch pit and x-ray 
densities, taking this orientation effect into account. 
For a given (111) plane there are twelve possible 
orientations of the (211) singular lines with respect to 
the (111) pole. The singular lines (112), (211), and 
(121) are oriented at 90° to the (111) pole. The (211), 
(211), (121), (121), (112) and the (112) singular lines 
make angles of 62° with the (111) pole, while the (211), 
(112) and the (121) singular lines make an angle of 
about 19°. Thus for the {211} type singular lines, only 
three of the twelve singular lines should yield etch pits. 

On the other hand, one may assume that all of the 
dislocations tend to broaden the rocking curve, the 
broadening contribution depending on the sine of the 
angle between the singular line and the (111) pole. Thus 
one must add the effective components of the variously 
oriented dislocations to determine the total broadening. 
The three singular lines at 90° to the (111) pole con- 
tribute full components, the six at 62° each contribute 
0.85 while the three at 19° each contribute 0.33. Thus 
the ratio of etch pit density to x-ray density should be 
of the order of 3/[3+6(0.85)+3(0.33) ] which is ap- 
proximately one-third. This line is also shown in Fig. 6. 
From the figure it is seen that the experimentally deter- 
mined correlation lies between the 45° line and this 
lower value. Only one set of dislocations {211} has been 
considered in this calculation, but the apparent correla- 
tion indicates that the contribution of other dislocation 
types is small. 

One might conclude from this analysis that the 
x-ray measurements tend to give more reproducible 
values of dislocation densities, and this method was 
used generally for the quantitative determination of 
dislocation densities in this study. However, in order to 
obtain more complete information about the distribu- 
tion of dislocations in the sample, both x-ray and 
metallographic measurements were used to supplement 
each other. 


B. Correlation between Dislocation Density and 
Minority Carrier Lifetime 

The experimental data indicated that edge-type dis- 
locations markedly affect the recombination rate of 
holes and electrons in germanium and silicon. Disloca- 
tion densities measured by x-ray rocking curves were 
correlated with the minority carrier lifetime in germa- 
nium samples of two electrical resistivity ranges. Life- 
time as a function of dislocation density for these two 
ranges is shown in Figs. 7 and 8; for the low-resistivity 
n-type germanium (3-5 ohm cm), the minority carrier 
lifetime varied from 700 microseconds, corresponding 
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to about 5X 10 dislocations per cm?, to about 10 micro- 
seconds for material with 10’ dislocations per cm’. 
Values of the lifetime for high-resistivity germanium 
(30-40 ohm cm) of the same dislocation density are, of 
course, much higher. Similar results were obtained for 
silicon crystals in the 40 ohm cm resistivity range and 
these are shown in Fig. 9. These data indicate 
a hyperbolic relationship between lifetime and crystal 
perfection. 

This functional dependence may be interpreted by 
assuming that each dislocation acts as a recombination 
center. The rate of recombination, A, should then be 
proportional to the product of the excess number of 
minority carriers above the equilibrium value and the 
number of dislocations. This may be expressed as 
follows: 

A= AP/r=crNpAP, (3) 


where AP is the excess number of minority carriers, Vp 
is the number of dislocations, 7 is the mean lifetime of 
the minority carrier, and cz is a proportionality con- 
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Fic. 8. Dislocation density ts lifetime for 
high-lifetime germanium. 


stant corresponding to the recombination efficiency per 
unit length of dislocation. The unit recombination 
efficiency, or, is thus 1/rNVp. A plot of 1/r versus Np 
should, therefore, yield a straight line with the slope 
or. Figure 10 is such a plot for germanium and silicon, 
and the resulting straight lines appear to substantiate 
the simple theory. All of these samples have comparable 
ranges of dislocation densities (10'—10’ dislocations 
per cm?) but exhibit variations in lifetime as a function 
of both resistivity and dislocation density. The following 
values of op were obtained: 


Material or(cm~ sec~') 
high-resistivity Ge 5.5X10 
low-resistivity Ge 3.5X10~% 
high-resistivity Si 1.65X10-* 


It is apparent that cg for silicon is much larger than for 
germanium of comparable purity. This table also shows 
the large variation of og with resistivity for germanium. 
Since og is the effective recombination efficiency of a 
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unit length of dislocation singular line, it would seem 
that an individual dislocation in high-resistivity ger- 
manium has a much smaller effect on the lifetime than 
in low-resistivity germanium. This is in agreement with 
the Shockley-Read theory of recombination’ which 
predicts a large variation of lifetime with resistivity. In 
turn, it is found that an individual dislocation in low- 
resistivity germanium is less harmful to the lifetime 
than the same dislocation in silicon. One might thus 
conclude that it is fundamentally more difficult to 
produce high-lifetime silicon as compared to germanium. 


C. Recombination at Edge-Type Dislocations 


In order for a hole and an electron to recombine, they 
must radiate energy in the form of light or thermal 
vibrations. The recombination time for either of these 
processes in a perfect crystal has been estimated to give 
a lifetime on the order of one second.' Since the meas- 
ured values of the lifetime range from 10-° to 107° 
seconds, it is apparent that some perturbation in the 
structure is required to catalyze the recombination 
process. Shifts in the energy gap, introduction of addi- 
tional energy levels, or changes in the modes of vibration 
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Fic. 10. Dislocation density vs inverse lifetime. 


4 W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 
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TABLE I. Energies of formation of Cottrell atmospheres. 








TA 

Atomic 

Solute radius 7=a 
atom (A) r 


Ni 1.24 0.019 
Fe 1.26 0.033 
Cu 1.28 0.05 


Germanium Silicon 
"TA 


V 
(ev) r 


0.04 0.05 
0.07 0.07 
0.12 0.08 


V 
(ev) 
0.12 


0.15 
0.18 











of the lattice could all facilitate recombination. Several 
ways in which dislocations in germanium and silicon 
could aid recombination are: shifts in the position of the 
valence and conduction band edges about a dislocation, 
formation of impurity atmospheres near the dislocation, 
and introduction of unsaturated covalent bonds along 
the singular line. 

The introduction of an edge-type dislocation in the 
lattice gives rise to an elastic strain that extends 
throughout an appreciable region in the crystal. In a 
material such as germanium or silicon, where the bond- 
ing is highly directional, the electronic energy is a 
sensitive function of the interatomic spacing. Kulin and 
Kurtz'® have shown that the strains resulting from the 
dislocation can have a large effect on the electronic 
energies. They show that an electron will prefer to be 
localized in the compression region above a slip plane, 
and that a hole will also tend to reside in the higher- 
energy valence states of the same region. Thus all along 
the tension side of the slip plane, holes and electrons 
can come together in low-lying energy states, and then 
recombine across a decreased gap. The effect of the 
dilation about the dislocation is twofold: in the region 
near the singular line electrons and holes can reside in 
close proximity, and secondly, the frequency of annihila- 
tion is greater because of the lower energy which now 
must be given off in the recombination process. Hence, 
one would expect the rate of recombination to be greater 
here than in the undistorted bulk of the crystal. 

A second important effect associated with dislocations 
in germanium and silicon is the formation of an atmos- 
phere of impurity atoms along the singular line. Because 
of its stress field, a dislocation will interact with other 
sources of internal stress in a crystal. Since the energy 
of interaction changes as a function of distance from the 
center of the dislocation stress field, it can be seen that 
the solute atom will experience a net force drawing it to 
its region where it can relieve the most stress. Cottrell'® 
has shown that the interaction energy for a solute atom 
of radius r4=r(1+.) in a solvent of atomic radius r 
can be expressed as 

4 1+» sind 
V=-—Ge's— —, 
3 1—v R 


where G is the shear modulus, »y is Poisson’s ratio, 5 is 
the Burgers vector, and R and @ are the polar coordi- 
16S. A. Kulin and A. D. Kurtz, Acta Metallurgica 2, 354 (1954). 


16 A. H. Cottrell, in Report on the Conference on Strength of Solids 
(Physical Society, London, 1948). 
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nates in plane of the dislocation. Approximate values of 
V may be determined by assuming that the impurity 
atom sits next to the dislocation singular line. For this 
case, R/b is taken as unity. These calculations have 
been performed for the impurities, copper, nickel, and 
iron, dissolved in both silicon and germanium, and the 
results are shown in Table I. 

While these calculations indicate there is a driving 
force toward segregation, it should be pointed out that 
only the elastic interaction was considered. In a more 
complete treatment, one must include the effects of the 
changing electronic distribution and rearrangement of 
bonding in the neighborhood of the dislocation. How- 
ever, it appears that some segregation should take place 
along the singular line. This should further enhance 
recombination by providing localized impurity trapping 
levels in a region where the hole-electron density is 
already greater than in the bulk. 

Furthermore, atmosphere formation at dislocations 
is temperature-dependent. As the temperature in- 
creases, solute atoms will begin leaving the dislocations 
and will migrate through the crystal. When the thermal 
energy is greater than V, one can assume that the 
solute atoms are dispersed uniformly throughout the 
crystal. On fairly rapid cooling from such a high tem- 
perature, the random impurity density is frozen in 
because of the decreased mobility of the solute atoms at 
low temperatures. However, reheating to some 
temperature below, but in the vicinity of the escape 
temperature (where Tz=V/k), should restore the 
atmospheres. 

The third important perturbation, the introduction of 
acceptor levels along the dislocation singular line, 
has recently been treated in detail by Read.'’ The lack 
of atomic continuity produced by the dislocation re- 
sults in unsaturated bonding because of the presence of 
unpaired dangling electrons. These electrons may ac- 
cept other electrons to form a dangling pair, thus 
lowering the total energy and leaving the dislocation 
negatively charged. Impurity atoms clustered along 
the singular line may also interact with the unpaired 
electrons. The defect structure in the nature of the 
region of the dislocation may affect this behavior be- 
cause the tetrahedral bonding required in the bulk need 
not be satisfied near the dislocation. Thus atoms such 
as copper which ionize in the bulk (usually acting as an 
acceptor in m-type germanium) may form a Cottrell 
atmosphere of essentially neutral atoms. Upon heating, 
the copper would be dispersed throughout the volume 
of the crystal and would again ionize. 

The effect of dislocations on the recombination 
process appears to be quite complex. However, all of the 
mechanisms discussed here appear to act in the same 
direction, i.e., to increase the rate of recombination of 
holes and electrons. 


17 W., T. Read, Jr., Phil. Mag. 45, 715 (1954). 
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IV. SUMMARY AND CONCLUSIONS 


The results of this investigation may be summarized 
as follows: (1) The density of randomly distributed 
dislocations in germanium and silicon has been meas- 
ured by x-ray rocking curves and by etch pit counting. 
The results obtained from the two methods were in good 
agreement and dislocation densities in the range 
10‘— 10"/cm? were found. (2) Variations in dislocation 
density were shown to produce large changes in minor- 
ity carrier lifetime. The lifetime, +, was found to be 
related to the dislocation density, Vp, in terms of a 
specific recombination efficienty, cg=1/Npr. or was 


PHYSICAL REVIEW VOLUME 


LIFETIME 


101, 


IN SEMICONDUCTORS 1291 
found to decrease with increasing resistivity of ger- 
manium and was higher for silicon than for germanium 
of comparable purity. 


Vv. ACKNOWLEDGMENTS 


The authors wish to acknowledge the stimulating 
suggestions and interest of Professor J. E. Thomas, Jr. 
They also wish to acknowledge the assistance of E. J. 
Palmer, J. W. Sanchez, and M. W. Dumais in some of 
the experimental phases of this work. They are also 
grateful to the sponsoring agencies for their support of 
this program. 


NUMBER 4 FEBRUARY 15, 1956 


Simultaneous Transport of Heavy and Light Holes in Semiconductors 
with a Degenerate Valence Band 
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A theoretical study is presented of the motion in an n-type semiconducting filament of an injected narrow 
pulse of slow and fast holes subject to drift, diffusion, recombination, and reversible interband transitions. 
For low injection level and for interband transition times which are small compared to the recombination 
lifetime and to the observation time but large compared to the time between collisions, it is shown that both 
sets of holes propagate and broaden as a single pulse with a group mobility and diffusivity heavily weighted 
by that of the slower holes. This explains why only a single pulse is observed at the collector in drift mobility 


experiments. 


I. INTRODUCTION 


HE discovery by means of cyclotron resonance 
experiments of two hole masses in germanium! 
has stimulated recent efforts** to find additional evi- 
dence for the two types of holes with the use of other 
experimental techniques. Willardson, Harman, and 
Beer® have found evidence from measurements of 
transverse Hall effect and magnetoresistance vs temper- 
ature and magnetic field for the presence in p-type 
germanium of a small percentage of holes (ca 2 percent) 
with a mobility eight times as large as that of the 
majority holes. On the other hand, Harrick* has con- 
ducted a careful search for the holes of higher mobility 
in n-type germanium, using the drift mobility technique 
with greatly improved sensitivity, and has been unable 
to observe a signal attributable to the faster set of 
holes. It is the purpose of the present note to suggest a 
possible explanation for the drift mobility observations 
and to provide a new interpretation of the mobility 
computed from such experimental data. 
In semiconductors with a doubly degenerate valence 
band top, at temperatures high enough to permit com- 
plete occupation of acceptor levels, and in the absence 


1 Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953). 
? Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954). 
3N. J. Harrick, Phys. Rev. 98, 1131 (1955). 


of an applied electric field, it is to be expected that rapid 
electronic transitions will occur reversibly between the 
two degenerate states. This will result in the conversion 
of light holes into heavy holes and vice versa, the 
population ratio of the two states in thermal equilibrium 
being of the order of the effective mass ratio raised to the 
three-halves power for spherical energy surfaces. Now if 
an electric field is applied of such magnitude that the 
energy gained by the holes is small compared to their 
thermal energy, a condition which obtains in the usual 
drift mobility experiment, then it should be an excellent 
approximation to assume that reversible transitions 
between the levels will still occur under this non- 
equilibrium condition. The motion of added holes in a 
filament of the semiconductor will therefore be compli- 
cated by the existence of the two types of holes and 
their reversible conversion one into the other. 

In Sec. I, we generalize the differential equations 
governing the transport of holes so as to include the 
reversible interband transitions in addition to the 
usually considered‘* processes of drift, diffusion, and 
electron-hole recombination. The generalized equations, 
together with initial and boundary conditions appro- 
priate to the drift mobility experiment, are then solved 


*W. van Roosbroeck, Bell System Tech. J. 29, 560 (1950). 
°H. Brooks, Phys. Rev. 90, 336(A) (1953). 
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for the complete hole distributions, and the latter are 
discussed in terms of the peak positions and breadths of 
the distributions by extracting the first and second 
moments. The paper concludes with a brief discussion 
(Sec. III) of the implications of the mathematical 
results. 
Il. MATHEMATICAL ANALYSIS 


With the inclusion of reversible interband transitions 
(and the neglect of trapping), the combined continuity 
and current equations governing the motion in an 
n-type semiconductor of added holes of two types, and 
of the excess electrons drawn in to neutralize space 
charge, are the following: 


0A A A A 
pi in eter arena divE 


ot %. ta TH 


—pyiE-gradApitD,, div gradApi, (1) 


Api 
+——Up2p2 divE 


at Tr Ti TH 


—py2E-gradAp2t+Dy: div gradAps, (2) 


Ape Ape Ape 


An An : 
—= ——+,n divE 


ot Ty 
+u,E-gradAn+D, div gradAn. (3) 


Here the symbol # refers to the density of holes, ” to the 
density of electrons, 7, to the electron-hole recombina- 
tion lifetime, 7; to the lifetime of one type of hole before 
conversion into the other type, D to diffusion constant, u 
to mobility, and E to electric field ; while the subscript 1 
refers to the heavier holes, 2 to the lighter holes, p to 
holes, and » to electrons. The second and third terms 
on the right-hand side of Eqs. (1) and (2) represent 
additional terms over the usual formulation,‘:* which 
represent the disappearance of one type of hole via 
interband transitions and the corresponding appearance 
of the other type of hole. It is necessary to introduce two 
interband lifetimes 7; and 742 because of the difference 
in state density for the two degenerate levels. The 
interband lifetimes must be much longer than the 
scattering relaxation times in order for the concept of 
individual mobilities to be significant but much shorter 
than the electron-hole recombination time in order for a 
single recombination time to suffice. 

For low-level injection and for extrinsic semicon- 
ductors, it is a good approximation*® to neglect the divE 
terms and to discard Eq. (3) as unnecessary, obtaining 
the electron distribution, if desired, from the hole 
distributions via the electro-neutrality condition: 


An= Apit Apo. 


6 This has been demonstrated in reference 4 for electrons and a 
single type of hole. 


Ss. 


RITTNER 


With the further simplifications of one-dimensional 
geometry, deletion of the subscript » and definition of 
new coefficients, Eqs. (1) and (2) become 


OAp; OApi Ap, 
———= —a;ApitB2Apo—wiE——-+D, , (4) 
al Ox Ox? 


OAPs Ap: _ dAps 
———= —arApet+BiApi—mE +Dz; » (5) 
at Ox 0x? 


a=1/7,4+-1/ra, Bi=1/rTa, 


(6) 
ae= 1/7,+1/7 42, Bo= 1/T 2. 


The problem is to solve Eqs. (4) and (5) simultane- 
ously subject to initial and boundary conditions appro- 
priate to the drift mobility experiment. To this end, 
it is convenient to consider a filament of infinite extent 
in the x-direction and to suppose that an infinitesimally 
narrow pulse of holes of both types is injected initially 
at the origin, i.e., 


Api,2=0, (7) 
Api, 2=A1,25(x), (8) 


where 6(x) represents the Dirac delta function. 
In proceeding further it is convenient to define a new 
variable q(x,t) so as to eliminate the dAp/dx terms. Let 


x=to, 


t=0, 


Aq;= Ape’, (9) 
where 7 is an index representing either type of hole and 
y=ujE/2D;=eE/2kT, (10) 


the second equality in Eq. (10) following from the 
Einstein relation. Then Eqs. (4), (5), (7), and (8) 
transform to 


0Aqi Aqui 
= —mAqitfb2Aqet+D: & 
t Ox? 


(11) 


dAqg2 Age 
—= —nAgot+6idqit Dz ’ 
at Ox? 


(12) 


(13) 
(14) 


x=t0, Aqi,2=0, 


t=0, Agi, 2=A1, 2€7776(x), 


m=ait (uiE)*/4D,, 
n= a2t (u2E)?/4D>. 
On carrying out a Laplace transform (variable s) and a 


Fourier transform (variable v) and on solving the 
resulting simultaneous algebraic equations for the 


(15) 
(16) 
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double transform Aq; of the function Aq;, we get 
ra Ai(st+not+v?D2)+Bor2 
(2m)4C(s-+-na+-v*D;) (s-+m+¥°D;)—B:B2) 

Ae(s+m+/Di) +81 

~ (2m) (s+ met v*Ds) (s-+-m-+v?D1)—Bi82) 


Laplace inversion of Aq;? yields a sum of two terms 
decaying exponentially with time, the faster component 
of which has a decay constant given to a good approxi- 
mation by 


aytar+ (cE*/4kT) (uit+u2)+ v(D,+D2), 


and hence, in view of Eq. (6), this component will die 
out in a time of the order of the shorter interband 
transition time. On neglecting this extremely rapidly 
decaying term and on carrying out a Fourier inversion, 
we finally get 


expl—43(m+72)t] ¢* 
Aqn= : er f {3AiLn—m+r(D2—D) } 
T = 


+2alLm—m+r(Di— D2) P+6:82}!+62d2} 

x (4Lm—m+r*(Di— Dz) P+8:82} 
Xexp{—4r2(Di+D2)t 

+ {3Lm—n2+r(Di— Dz) P+Bi82} t}e-"*dv, (19) 


and an identical expression for Ag, except that all 
subscripts 1 are changed into 2 and vice versa. Equation 
(19) and its counterpart for Age, when converted back 
into Ap; via Eq. (9), represent the desired distributions 
but in terms of an unevaluated integral. Since the 
exponential term of the integrand approaches zero for 
large values of its argument, it is clear that the only 
values of v which contribute significantly to the integral 
range between zero and an upper limit of the order of 
1/(Dt)* where D lies between D, and D2. Moreover, 
since n; is of the order of 1/7,; and since we are interested 
only in values of the time which are large compared to 
the interband transition times, the quantity v°D; in the 
integrand may be treated as a small quantity’ relative 
to n;. Hence, to a first approximation we shall neglect 
the v°(D,—Dz) term relative to :—1n2 everywhere ex- 
cept in the argument of the exponential, where we shall 
develop the former term as a small quantity, discarding 
powers of v higher than the second. Noting in addition 
that the integrand is an even function of », we get 
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Age” (18) 





Ay 
Api,2= es : expl —3(m+12)t+3 (m—n2)ht+yx] 
Tv 


xf exp(— atv’) cos(xv)dv, (20) 


7 This approximation has already been employed in deriving the 
decay constant of the component which dies out very rapidly with 
time. 
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where 
4B 1B. 
lot 
(m1— 12)? 


(m—n2)f 


Biri 
+= = 
My (m—n2)f 


On evaluating the integral, we finally arrive at the 
desired distributions, which prove to be Gaussian in x: 


(x— a) 


Api,2=A1,2f(t) exp| - 
4a*t 


(22) 


where 
1 


{= a(n 


Xexpl—3(m+2)t+3(m—n)st+ya%]. (23) 


In the present approximation, the first and second 
moments of the two distributions are identical for both 
types of holes and are given by 


m= 2ya"t, (24) 


m= 2a*t. 5) 


Hence both hole distributions move and widen as a 
single packet with a group mobility u* given by 


(26) 


and a group diffusivity D* given by 


D* = m2/2t= a’. (27) 
From Eqs. (26) and (27), it follows that the ratio of 
group diffusivity to group mobility obeys the Einstein 
relation: 


D*/u*=Dj/uj=kT/e. (28) 


With the use of Eqs. (21) and (26), it may be seen that 
the group mobility is the sum of the individual mobilities 
each weighted by a different factor, i.e., 


+ fo(-Joo(oe)] 


If the interband transition times are sufficiently short so 
that 


(29) 


Ts, and (u;E)*/4D;<a;, (30) 
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then Eq. (29) reduces to the following form: 


Mit atMer ie 
* 
= ’ 
Tattiz 


(31) 


wherein the weighting factors become simply the frac- 
tion of the time spent by each type of hole in a given 
state. Indeed, if conditions (30) are valid and if the two 
hole masses are widely different, then the sum of the two 
hole distributions reduces to 


(x—p* El)? 


AitA2 
ore, 4D*t 


2(xD*i)! } (82) 


"ii exp| - 


which is identical in form to the solution’ for the motion 
of a single set of holes. 

To a higher order approximation, the first moments of 
the two distributions are not quite identical, as may be 
shown by developing all of the »*°(D,—Dz) terms in 
Eq. (19) up to quadratic terms in »v and then proceeding 
as before. The difference in the first moments proves to 


be 
(u2— pi) Er at iz 
Tattia 


For holes of widely different masses, i.e., tax<tia, Eq. 
(33) reduces to 
(34) 


Am:=poEr is, 


which is simply the extremely small distance that the 
faster holes drift in the field direction during a single 
lifetime. 

Ill. DISCUSSION 


As long as the interband transition times are long 
compared with the relaxation times for scattering and 
extremely short compared with the electron-hole recom- 
bination time and with the observation time of the drift 
mobility experiment, then the results of Sec. II permit 
a satisfying explanation of the main features of the 
experimental observations on extrinsic samples,* namely 
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the occurrence of a single (unresolved) hole packet and 
the excellent correlation via the Einstein relation be- 
tween the broadening and translation of the packet with 
time. Indeed, if the interband transition times are 
widely different and sufficiently small so that condition 
(30) is fulfilled as well,* then the theoretical results 
become identical in form with those® for the simpler 
case of the injection of a single hole type. 

However, the interpretation of the observed mobility 
and diffusion constant are now somewhat different than 
formerly, being given by Eqs. (29) and (28) in general 
and by the simpler expressions (31) and (28) if condition 
(30) is valid. For holes of widely differing masses, the 
lifetime of the lower mass holes becomes much shorter 
than that of the heavier holes owing to the dependence 
of the state density on the effective mass. In this case 
the group mobility and diffusivity become heavily 
weighted in favor of the more abundant heavier holes. 

In the case of germanium, the individual hole 
mobilities may be computed from Eq. (31) by using the 
measured group mobility at 300°K,* u*= 1900 cm?2/volt 
sec, and the mobility ratio, u2/u;=8.0, and lifetime 
ratio (assumed equal to the equilibrium concentration 
ratio), 74/7i2=50, which have been obtained from 
interpretation of the Hall effect data.? The resulting 
values are u:= 1670 and w= 13 400 cm?/volt sec, which 
are reasonably consistent with the values obtained? 
from the Hall effect data, namely ui:=1900 and ys 
= 15 000 cm?/volt sec. 
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Thermoluminescence curves of KI, KI: Tl, NaBr:Tl, KBr, KBr:T1, NaI, NaF, and LiCl have been recorded 
after exciting the samples with low-energy cathode rays at liquid oxygen temperature. By using suitable 
filters and photomultiplier tubes, the thermoluminescence was recorded for different spectral regions and it 
was found that the high-temperature peaks are rich in ultraviolet emissions. The dependence of thermo- 
luminescence on thermal treatment of the sample has been studied for KI. The changes in the absorption 
bands of some of the color centers, during thermoluminescence, have been investigated by simultaneously 
measuring diffuse reflectance. It has been found that glow peaks are accompanied by changes in color 


centers. 





INTRODUCTION 


HERMOLUMINESCENCE experiments have 
been employed by a number of workers to 
determine the trap depths in different phosphors. The 
exact nature of the trapping mechanism responsible for 
the glow peaks is still obscure, and the relationship 
between trapping centers and color centers has not yet 
been established in most cases. In the present work, 
thermoluminescence of some alkali halides has been 
studied, employing a comparatively high rate of heating 
(7-10°C/sec) because it was found that if the rate of 
heating is kept low, the details of the thermolumines- 
cence, especially on the high-temperature side, are lost. 
The diffuse reflectance of some of the samples for 
radiations corresponding to the color centers has been 
recorded along with the thermoluminescence. 


EXPERIMENTAL 


The alkali halide sample was taken in powder form 
(pure reagents of E. Merck and Company) and mounted 
as a thin film on the silver bulb! of the sample holder. 
Thallium-activated samples were prepared by mixing a 
weighed amount of thallium compound with the alkali 
halide and melting the mixture in an electric furnace. 
The demountable cathode-ray tube is the same as that 





_ e — o 


MIVTENSITY IN ARBITRARY UTE —e 








fi ri 
00 FT 300 400 ~~ 480 © 
TEMPERATURE IN ABSOLUTE SCALE ——e- 





Fic. 1. Thermoluminescence curves of potassium bromide @ 
and sodium iodide 0}, after irradiating the samples at liquid 
oxygen. 


* Formerly at Khaira Laboratory of Physics, University College 
of Science, Calcutta, where this work was done. ’ 
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1H. N. Bose, Proc. Phys. Soc. (London) B68, 249 (1955). 


used for the study of afterglow.2 The sample was 
excited to saturation at liquid oxygen temperature, 
with cathode rays (10 kv) operated from a rectifier 
power unit, and the electrons were made to strike the 
sample by deflecting them with the help of a small 
magnet suitably placed outside the tube; this bending 
was done to minimize the damage to the sample by the 
negative ions. Heating was started immediately after 
stopping the excitation, and thermoluminescence was 
recorded with a photomultiplier tube (R.C.A. 931 A, 
1P28, 1P22) feeding a Moll-type galvanometer. A rotat- 
ing photographic drum records the movements of this 
galvanometer and also those of another connected to a 
copper-constantan thermocouple, fixed to the sample 
holder. When studying the spectral nature of the glow 
peaks, the two galvanometers were connected to sepa- 
rate photomultipliers, responding in different spectral 
regions (filters were used when necessary), so that 
during the same run, emissions in different regions could 
be recorded. 

Bose! has already reported similar work on NaCl, 
NaCl:TI, KCl: TI. In the present paper studies of KI, 
KI:Tl 2.5%, NaBr, NaBr:Tl 2.5%, KBr, KBr:TI 
2.5%, Nal, NaF, and LiCl are reported. The trap 
depth (£), in electron volts, has been estimated with 
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Fic. 2. Thermoluminescence curves of potassium bromide a, thal- 
lium-activated potassium iodide 6, and lithium chloride c. 


*H. N. Bose and J. Sharma, Proc. Phys. Soc. (London) B66, 
371 (1953). 


1295 





1296 J. 


SHARMA 


TABLE I. The temperatures Tg in °K of the glow peaks and the estimated trap depths £ in electron volts are given, as estimated by 
the approximate formula of Randall and Wilkins, assuming s= 10°*! sec. 








KI KI(TI) NaBr KBr(Tl) KBr(T]) 
E Teé E Te Te E Te E 


KBr(Tl) Nal NaF LiCl 





106 0. 133 0. 104 0.19 176 0.32 

0.21 140 0. 194 0. 117 0.21 235 0.43 

0.22 190 0. 255 0. 131 0.24 281 0.51 

0.29 300 0. 137 0.25 330 0.60 

0.32 480 0. 173 0.31 415 0.75 

0.43 253 046 525 0.95 
320 0.58 


Te E Te E Te E Ta 


165 0. 140 0.25 3 116 
200 0. 170 0.31 es) 0.26 8121 
286 0. 3 6 0.36 131 
363 0. 84 0.46 270 
520 0. 0 0.53 300 
22 0.78 


30 
36 
53 
66 
94 








the help of the approximate formula of Randall 
Wilkins’: 
E= 21kT G, 


where & is the Boltzmann constant, T¢ the temperature 
of maximum glow, and the frequency factor s is assumed 
to be 10°*' sec. 


RESULTS AND DISCUSSIONS 


The records of the glow curves for sodium bromide, 
sodium iodide, potassium bromide, potassium iodide 
with thallium, and lithium chloride, are reproduced in 
Figs. 1 and 2. Similar records were obtained for all 
the compounds referred to earlier. Table I gives a 
summary of the data pertaining to the temperatures 
of the glow peaks and the trap depths as estimated 
from all these records. 

An examination of the records shows that, in general, 
the glow peaks emitted at low temperatures are sharper 
than those emitted at higher temperatures. 

Figure 3 is one the simultaneous records of thermo- 
luminescence for the visible and ultraviolet emissions. 
It is observed from this and other similar records that, 
in most cases, the traps released at higher temperatures 
are comparatively rich in ultraviolet emissions; similar 
results have also been reported by Bose! in the case of 
potassium chloride and sodium chloride phosphors. 
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Fic. 3. Thermoluminescence curves of thallium-activated potas- 
sium bromide simultaneouslygrecorded with the 1P28 photo- 
multiplier across Wood’s glass a and with the 931A photo- 
multiplier without any filter } showing that the high-temperature 
peaks emit more ultraviolet rays. 


8 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
A184, 365 (1945). 


It has been reported earlier‘ that the fluorescence 
spectra of potassium iodide extends from 660 mu to 
330 my, consisting of two distinct regions 660-470 my 
and 470-330 mu, respectively. However, for tempera- 
tures above 120°K the shorter wavelength band is 
absent. Measurement of the decay curves at different 
temperatures shows that at the temperature 120°K, the 
decay constant of afterglow suffers a sudden*change. 
It is also found that the glow peak at this temperature 
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Fic. 4. Thermoluminescence curves of potassium iodide with 
the came sensitivity level of the photomultiplier. The curve (a) is 
the first record with a fresh sample; the curve (b) is the second 
record showing a marked increase in thermoluminescence output, 
due to irradiation followed by heating. 


is very rich in blue emissions; this should indicate a 
close association between the emitting centers re- 
sponsible for blue emissions and the trapping mecha- 
nism corresponding to the glow peak at 120°K. 
Coincidences between emission of some glow peaks 
and changes in color centers have already been re- 
ported*’ for potassium iodide, potassium chloride, 


*H. N. Bose and J. Sharma, Proc. Natl. Inst. Sci. India 16, 
No. 1, 47 (1950). 

5 P. Pringshiem and P. Yuster, Phys. Rev. 81, 293 (1950). 

*D. Dutton and R. Maurer, Phys. Rev. 90, 126 (1953). 

7 J. Sharma, Phys. Rev. 85, 692 (1952) ; 87, 335 (1952). 
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sodium chloride, and lithium fluoride. Similar coinci- 
dences are observed for potassium bromide, sodium 
bromide, sodium fluoride and lithium chloride. Potas- 
sium bromide becomes blue on bombardment at liquid 
oxygen temperature, which obviously is due to develop- 
ment of F-centers (6300 A).” During the thermolumines- 
cence experiment, this color disappears with the glow 
peak at 175°K. Sodium bromide does not show any 
visible coloration on excitation at liquid oxygen tem- 
perature, but becomes yellow after the emission of the 
peak at 250°K; this color disappears with the lumi- 
nescence at 480°K. If the yellow color is produced by 
irradiation of the sample at 300°K, the color dies with 
the glow peak at 480°K. 

In the case of sodium fluoride, excited at liquid 
oxygen temperature or at 300°K, no visible coloration 
is detected, obviously because the F-band is at 3400 A.° 
However, from an examination of Fig. 4, it is seen that 
the glow peak at 540°K is accompanied by the appear- 
ance of a red coloration (R2 or M-band, 4150 A)® which 
in turn disappears with another glow peak at about 
673°K. Thus the peaks at 540°K and at 673°K are 
associated respectively with the development and dis- 
appearance of the red color. Similarly, lithium chloride 
develops a reddish blue color with the emission of a 
feeble peak at 573°K. However, annihilation of this 
color takes place at a much higher temperature. The 
survey of the aforementioned coincidences leads to the 
conclusion that thermoluminescence peaks are associ- 
ated with destruction of color centers. This conclusion 
is further supported by the fact that a corresponding 
shift in glow temperature is observed if the coloration 
is made more stable by exciting the phosphors at higher 
temperatures. For example, in potassium bromide, the 
blue color disappears with a glow peak at 175°K when 
excited at 89°K, whereas when excited at 300°K, not 
only is the color center produced more stable but also 
the thermoluminescence peak is shifted to 435°K. 

The dependence of the thermoluminescence and 
fluorescence yields on the previous history of the 


8H. F. Ivey, Phys. Rev. 72, 341 (1947). 
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Fic. 5. Thermoluminescence and simultaneously recorded dif- 
fuse reflectance with blue light for sodium fluoride. The depression 
in the reflectance curve at 540°K marks a red coloration of the 
sample, while the rise in this curve at 700°K marks the dis- 
appearance of the red color, both the transitions being accom- 
panied by thermoluminescence peaks. 


sample was studied for potassium iodide and it was 
found (Fig. 5) that these are very much increased by 
strongly irradiating the sample at low temperature and 
heating it to 300°K. The samples were subjected to one 
or the other of the following treatments: (1) irradiating 
the samples at low temperature, (2) heat treatment at 
300°K, and (3) combination of (1) and (2). No in- 
crease in thermoluminescence or fluorescence yield 
could be detected for either of the treatments (1) or (2), 
whereas, on the contrary, there was an appreciable in- 
crease for treatment (3). The following model is sug- 
gested to explain this result. The irradiation at low 
temperature produces various irregularities in the lat- 
tice, which gradually diffuse toward special sites and 
become stabilized. For a certain range of temperature 
these diffusion processes are favored without disturbing 
the stability of the irregularities. Consequently, irradia- 
tion, followed by heating, yields a large number of 
emitting and trapping centers in the case of potassium 
iodide. 
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The Zeeman effect in the microwave rotational spectra of some linear molecules and symmetric-top 
molecules has been investigated. The rotational g factors obtained are in nuclear magnetons: | g| =0.0295 
+0.005 for OCS; | g| =0.268+0.005 for CO. In the symmetric-top molecules the components of the rota- 
tional g factor along the symmetry axis, gx, and perpendicular to this axis, g1, were measured as follows: 
|ga| =0.0624+0.005 and (g1:—gx)=0.549 for CHsF; |gi|=0.03 for CF3H; gi~0 and gx=0.298-+0.006 
for CHsCCH; gi~0 and gx=0.3140.01 for CHsCCD; | g.| =0.065+0.01 for PFs; |gi| =0.03 for POF. 
The rotational g factor for OCS was measured with several different transitions up to J= 13-414 and was 
found to be a constant, independent of J within the accuracy of the measurements. 





OLECULAR and nuclear g factors can be meas- 

ured with the Zeeman splitting of microwave 
rotational lines of molecules.!*? Furthermore, Zeeman 
patterns can often be employed for identification of 
spectral transitions. Measurements of molecular rota- 
tional g factors of some linear and symmetric-top 
molecules are described in the present work. The mole- 
cules chosen for study have only very small nuclear 
couplings, and hence the strong-field case (nuclear 
coupling completely broken down) could be easily 
achieved. The molecules included are nonmagnetic in 
the usual sense, i.e., they have singlet electronic ground 
states and no unbalanced electronic momentum. The 
molecular magnetism which causes the Zeeman splitting 
is therefore generated by the molecular rotation and is 
in all cases very small. 


EXPERIMENTAL METHODS 


The method of observation in principle was like that 
employed by Gordy, Gilliam, and Livingston’ in their 
measurements on CH;I*. A coiled wave-guide cell was 
inserted between the poles of an electromagnet. Cells 
of different lengths and cross sections were employed 
for different regions of the spectrum. Some were coiled 
in the E and some in the H plane so that both the 
4M=0 and the AM==+1 components could be ob- 
served. The magnetic fields were measured with a 
proton reasonance probe. 


LINEAR MOLECULES 


In a linear molecule without nuclear coupling, the 
rotational magnetic moment is directed along the total 
rotational momentum vector J but does not necessarily 
point in the same direction as J, i.e., gy may be positive 
or negative with respect to J. From the present experi- 


* This research was supported by the United States Air Force 
through the Office of Scientific Research of the Air Research and 
Development Command. Preliminary results were described in 
Duke Microwave Laboratory Report No. 6 (May 1, 1954~August 
1, 1954). 

1C. K. Jen, Phys. Rev. 74, 1396 (1948); Physica 17, 379 
(1951). 

2Gordy, Smith, and Trambarulo, Microwave S waried 
(John Wiley and Sons, Inc., New York, 1953), Chap. 

3 Gordy, Gilliam, and Livingston, Phys. Rev. 76, o3 ‘(1949). 


ments we cannot learn the sign of gy but only its 
magnitude. 

It is reasonable to assume the magnitude of the rota- 
tional magnetic moment, us, to be proportional to the 
magnitude of the total angular momentum of the mole- 
cule. With this assumption, the magnetic moment is 


ws= pol J (J+1))}, (1) 


where yo is the proportionality constant. The rotational 
g-factor in nuclear magneton units is then 


ys ps/Br 
e+} 


which is a constant, independent of the rotational state. 
In this equation 8; represents the nuclear magneton. 

By making measurements for relatively high, as well 
as for low, J values we have sought to test for the mole- 
cule OCS the assumption that the rotational magnetic 
mement is proportional to [J(J+1)]! or that g is a 
constant independent of J. Although Zeeman measure- 
ments on a few linear molecules have been previously 
made,' the earlier measurements have been made for 
low J values only and thus provide no critical test of 
the dependence of u on J. 

The first-order Zeeman splitting of a rotational line is 
readily shown to be 

Exu=gs81:MH, (3) 


where H is the magnetic field and M, is the magnetic 
quantum number, 


M=J, J-1, ----—J+1, -J (4) 
When M changes by AM, the splitting of any given 
rotational line (J->J+1) is 
=BrAMH (gs—gs41)/h. 
If g is independent of J, then gy=gy4i1=g and 
Av=g8;HAM/h. (6) 


The x component (AM=0) will not then be split, and 
the ¢ component (AM=-+1) will be a doublet with 
separation 2g8;H/h. With our wavelength arrangement 
we could observe the o doublet without the x component. 


= 0/81, (2) 


(5) 
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LINEAR AND SYMMETRIC-TOP MOLECULES 


Figure 1 shows the doublet splitting (¢ components) 
for four rotational transitions of OCS displayed with the 
same cathode-ray trace. This simultaneous display of 
rotational lines is made possible by the harmonic 
generator and broad-banded detector earlier developed 
in this laboratory.‘ With this harmonic method the 
frequency scale on the scope is condensed in proportion 
to the harmonic number. The harmonic number and 
hence the rotational quantum number increase from 
right to left in the figure. The doublet splitting, which is 
actually equal for each line, appears to decrease from 
left to right because of the more condensed frequency 
scale for the higher harmonics. To compare the split- 
tings, one must multiply the separations on the picture 
by the klystron harmonic, four for the transition on the 


Fic. 1. Zeeman splitting (AM=+1 components) of the J =13 
—14, 11-+12, 9-10, and 7—8 rotational lines of OCS at wave- 
lengths of 1.76, 2.06, 2.47, and 3.09 mm from left to right respec- 
tively, as displayed by a common cathode-ray trace with the 7th, 
6th, 5th, and 4th harmonics of a K-band klystron. The upper curve 
is for H=0, the lower for H =9800 gauss. The splitting of each 
component is the same, 0.44 Mc/sec, within the accuracy of the 
measurement. The apparent difference is caused by the fact that 
the scale is condensed with increase of harmonic number. 


right, five for the next, and so on. When this is done, the 
splitting is found to be equal, within experimental 
error, for all lines. Table I compares the g factor for the 
J=1-2, 7-8, 9-10, 11-412, and 13-14 transitions 
of OCS. They are seen to be equal within the experi- 
mental error. 

Figure 2 shows the AM=-=+1 Zeeman components of 
the J=0—1 rotational line of CO. The resulting g 
factor is 0.268 in nuclear magneton units. Interestingly, 
it is larger than the g factor of OCS by a factor equal 
approximately to the ratio of the B value of CO to that 
of OCS. This suggests that the larger g value of CO 
over that of OCS results primarily from its greater rate 
of rotation for a given J value. 


‘W. C. King and W. Gordy, Phys. Rev. 90, 319 (1953); 93, 
407 (1954). 


Fic. 2. Zeeman split- 
ting (AM=+1 com- 
ponents) of the J=0 
— 1 transition of CO at 
2.69 mm _ wavelength. 
Upper curve is for H =0, 
lower for H=10000 
gauss. Separation of 
lower components is 


4.08 Mc/sec. 


SYMMETRIC-TOP MOLECULES 


The symmetric-top molecule has a quantized com- 
ponent of its total angular momentum along its sym- 
metry axis. It likewise has a component of its rotational 
magnetic moment along the axis. This component is 
generated by the rotation about the symmetry axis and 
should therefore be proportional to the component of 
internal angular momentum Kh/2r. In nuclear mag- 
netons we express this component as 


ux=gxbrK, (7) 


where gx is the component of the rotational g factor 
with reference to the symmetry axis. We similarly 
designate the component of uw perpendicular to the 
symmetry axis by 


un=g.8rLJ (J+1)—K*}}, 


where g, is the component of the rotational g factor 
with reference to an axis normal to the symmetry axes. 
The total rotational moment can then be expressed as 


gaJ (J+1)+ (gx—gi)K* 
s+) 


(8) 





(9) 


ws=Br 


TABLE I. Zeeman constants of some linear molecules. 








Doublet 
splitting 
24»(Mc/ 


Magnitude of 
Molecule J—-J’ 4M H(gauss) sec) g in mm units 





3.31 0.268+0.005 
0.029+0.006* 

0.442 0.02950.005 

0.442 0.0295 

0.442 0.0295 

0.43 0.030 


co 
Oocs 


0-1 
1-2 
7-8 
9-10 
11-412 
13-914 


8111 


9812 
9812 
9812 
9812 


+1 


+1 
+1 
+1 
+1 








* From C. K. Jen, Physica 17, 379 (1951). 
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Fic. 3. Zeeman effect 
(AM =0 components) of 
the J=1-—2 transition 
of CH;F at 2.94 mm 
wavelength. The upper 
curve is for H=0, the 
lower for H=10000 
gauss. The K=0 line is 
unsplit. 


The first-order Zeeman energy is 
usMH 


eet acs (10) 
Cr+} 


Ex=vs'H= 


‘o) 


= & (gx—g1) Orres, Jouaen. (11) 


This expression applies to molecules without nuclear 
coupling. For a rotational transition J->J+1, K-K, 
the displacement of the M—M’ Zeeman component 
from the unsplit zero field line is 


Av= esta M)+(gx—g1) 





M'R? 
| . (12) 
h 


MK? i 


x - _— 
(J+1)(J+2) J(J+1) 


Fic. 4. Zeeman effect 
(4M = +1 components) 
of the J=3-—4 transi- 
tions of CH;CCH at 
5.03 mm _ wavelength. 
The upper curve is for 
H=0, the lower for 
H=10000 gauss. The 
K=0, 1, 2, 3 com- 
ponents are from right 
to left respectively. The 
splitting increases with 
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When K=0, Eq. (12) reduces to that for linear 
molecules (Eq. (6)). As for linear molecules, one observes 
a doublet for the ¢ components (M—M+1) and a 
single undisplaced line for M—>M, + component. By 
measurements on the K=0 line of a given transition, 
g, can be obtained without a knowledge of gx. One can 
obtain (gx—g,) from measurements on lines for which 
K+0 and hence with the g, obtained from the K=0 
lines can obtain gx. In our experiments, however, we 
could not learn the sign of g,, only its magnitude. Hence, 
our values for gx are not unabiguous except when g, is 
negligibly small. 

Figure 3 shows the pattern obtained for the AM=0 
components of the J=1-— 2 transition of methyl 
fluoride. Note that the K=O line is unsplit and un- 
displaced, whereas the K=1 line is split into a triplet 
as would be expected from Eq. (12). Figure 4 shows the 
AM = +1 components of the 34 transition of methy] 
acetylene. In general, the AM=-++1 patterns for lines 
with K#0 are complex. For methyl acetylene g, is 
negligibly small, and the pattern is the one obtained by 


TABLE ITI. Zeeman constants of some symmetric-top molecules. 








Transition employed Magnitude of g factor 


Molecule J—J’ K AM lgal gx 





CH;F 0-1 +1 
1-2 +1 
0 


1-2 


0.487 
0.0624+0.005 or 
0.612 
(gi-gK = 0.549) 


CF;H 45 +1 


CH;CCH 2-3 0,+1 


34 +1 
23 


0.298+0.006 


CH,CCD 0,41 ~0 0.31 +0.01 
0.065 +0.01 


0.03 


PF; 23 +1 


POF; 10-11 +1 








putting g,=0 in Eq. (12). The splitting decreases 
rapidly with K, and only the pattern for the highest K 
line is resolved. Relative intensity formulas are given 
elsewhere.” 

The g, and gx values obtained for various symmetric- 
top molecules with the rotational lines used in their 
measurement are listed in Table II. For brevity, the 
magnetic field values and frequencies are omitted. The 
fields employed were always near 10 000 gauss, and the 
most widely spaced components of a given pattern 
were employed for the calculationof the g values. 

No attempts will be made here to relate the molecular 
rotational magnetic moment to the electronic structure 
of the molecule. Treatments of this interesting subject 
are given by Esbach and Strandberg’ and by Jen.° 


5 J. R. Eshbach and M. W. P. Strandberg, Phys, Rev. 85, 24 
(1952). 
® C.K. Jen, Am. J. Phys. 22, 553 (1954), 
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The energy of interaction between a group of two spherical atoms (AB), which are close together, and 
an identical atom C, which is farther away, is evaluated by applying second-order perturbation theory. The 
calculations are carried out for three hydrogen atoms with parallel spins and for three helium atoms. Permu- 
tations of electrons between atoms A and B are taken into account by using an antisymmetric zero-order 
wave function for the group (AB). It is found that, in general, second-order interactions between (AB) and 
C are not equal to a sum over isolated pairs (AC) and (BC); in practically all cases the second-order inter- 
actions are weaker than when calculated on an additive basis. Numerical results are given for three special 
cases: a linear array, a right triangle, and an integrated effect, as functions of the distances between the 
three atoms. A comparison is made with the triple-dipole energy as calculated by Axilrod. It is shown that 
the nonadditive effect calculated in this paper is usually considerably larger than the triple-dipole energy 
for the same triangular configuration and that it may contribute significantly to the stability of the face- 


centered cubic lattice of the heavy rare gases. 





INTRODUCTION 


S is well known, the physical properties of any 

system of atoms or molecules may be derived 
from the partition function. The evaluation of this 
function is in principle possible only under two condi- 
tions: (a) the interaction between the atoms or mole- 
cules must be known with sufficient accuracy, and 
(b) it must be possible to solve the statistical part of the 
problem. To simplify the evaluation of the integrals, 
certain additional assumptions are usually made. One 
of these is known as the “additivity of intermolecular 
forces.” Specifically, this means that the interaction 
between any number of atoms or molecules may be 
written as a sum referring to isolated pairs. The validity 
of this concept has been investigated by several authors. 
It appears that small deviations from additivity occur, 
which are repulsive or attractive energies depending 
upon the nature of the forces and the symmetry of the 
molecular configuration. A discussion of these many- 
body interactions is convenient in terms of the different 
orders of perturbation theory. Margenau!' has pointed 
out that first-order forces do not have the property of 
additivity; the deviation for three helium atoms was 
calculated by Rosen.? Second-order interactions be- 
tween spherical atoms are additive if a simple-product 
type of zero-order wave function is used.'* In third- 
order perturbation theory small contributions occur 
because of the interactions between triplets of mole- 
cules. This effect was calculated by Axilrod and Teller‘ 
and by Axilrod,® using simple-product type wave func- 


* Supported by the Office of Naval Research. 

¢ This paper is based on part of a thesis to be presented to the 
Graduate School of the University of Maryland in partial fulfill- 
ment of the requirements for the degree of Doctor of Philosophy. 

1H. Margenau, Revs. Modern Phys. 11, 1 (1939). 

2P. Rosen, J. Chem. Phys. 21, 1007 (1953). 

3 F, London, Z. physik. Chem. B11, 222 (1930). 

4B. M. Axilrod and E. Teller, J. Chem. Phys. 11, 299 (1943). 

5B. M. Axilrod, J. Chem. Phys. 17, 1349 (1949); 19, 719 
(1951); 19, 724 (1951). 
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tions and restricting the perturbation Hamiltonian to 
the dipole-dipole term. 

Nonadditive effects are in principle important only at 
high densities. In this region, however, the use of a 
simple-product type zero-order wave function to find 
the second- and higher order interactions is not justified. 
The result of using an antisymmetric wave function 
may be to introduce additional deviations from addi- 
tivity. A rough estimate of this effect for second-order 
forces can be made based on the model of the caged 
atom.® 

A major difficuity in measuring nonadditive effects 
is that the interaction between two atoms must be 
known with high accuracy, and this condition is in 
general not fulfilled. Consequently, physical properties 
at high and low densities can mostly be fitted with the 
same set of intermolecular parameters. An exception is 
the stability of the crystal structure of the rare gases. 
All rare gases except helium crystallize in the face- 
centered cubic lattice; whereas helium forms crystals 
of hexagonal close-packing under pressure. The result 
of calculations using conventional two-body inter- 
actions is that all rare gases should crystallize at 
absolute zero in the hexagonal close-packed lattice; 
this result is remarkably insensitive to the precise 
form of the interaction. 

It has been suggested that the stability of the cubic 
structure is due to nonadditive effects.5.7~® Axilrod’s 
“triple-dipole effect” favors the cubic lattice,> but the 
difference between the results for the two crystal 
structures is too small to account for the absolute 
stability of the cubic structure. In addition, it can be 
shown that Rosen’s effect, when applied to nearest 
neighbors in the two crystal structures, slightly favors 
the hexagonal lattice. 


§L. Jansen and Z. I. Slawsky, J. Chem. Phys. 22, 1701 (1954). 

7 Prins, Dumoré, and Tjoan, Physica 18, 307 (1952). 

§L. Jansen and J. M. Dawson, J. Chem. Phys. 23, 482 (1955). 

*T. H. K. Barron and C. Domb, Proc. Roy. Soc. (London) 
A227, 447 (1955). 
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Fic. 1. Coordinate systems for the triangular configuration of 
three atoms. The z, 2’ axes are perpendicular to the plane of the 
paper and directed outward. 


We have undertaken a detailed calculation of second- 
order interactions between three atoms as modified by 
the use of an antisymmetric wave function. Specifically, 
two of the atoms are assumed to be close together 
(representing nearest neighbors in the crystal), while 
the third atom is considerably farther away (at least in 
the third shell of neighbors around the central atom). 
This particular configuration of three atoms is chosen 
because, starting from a central atom and apart from 
difference in symmetry, the first difference in packing 
between the two lattices appears in the third shell of 
neighbors. Since the direct calculation for the heavy 
rare gases is very complicated, we will first consider a 
hypothetical “‘molecular crystal” consisting of hydrogen 
atoms with parallel spins and then extend the results 
to helium. 


CALCULATION OF SECOND-ORDER ENERGY 
FOR THREE HYDROGEN ATOMS 


The system under consideration consists of two over- 
lapping hydrogen atoms and a third atom farther away. 
The diagram in Fig. 1 shows nuclei at points A, B, and 
C with electrons 1, 2, and 3, respectively. The nor- 
malized ground-state wave function for the three atoms 
is the product of the antisymmetric ground-state wave 
function for two hydrogen atoms with parallel spins 
and the ground-state wave function for the third atom. 


¥o=— (Sa. 2— Sa 1 
a 


xSen(Da(2)|"|(), (1) 
where 


A= fSuSadr= J SusSxtre= ff SuSedr 


is the overlap integral, and for example, S41 represents 
the normalized ground-state H-atom wave function 
for electron 1 with respect to a nucleus at A. The spin 
functions are denoted by a(1) and B(1). The perturba- 
tion Hamiltonian is given by 


apc’ =Hac'+Hac'+H az’. 
First-order perturbation theory gives the repulsive 


interaction between atoms A and B. The second-order 
energy can be written as 


W ase” =WaB"+W cazyc", (2) 


JANSEN 


where W(4)c” denotes the interaction between atom 
C and a group of two atoms, AB. The quantity W zc” 
will be compared with the equivalent expression for the 
second-order energy in the case of three isolated pairs; 
the corresponding quantities will be denoted by a 
subscript zero; e.g., Wocas)”. The additive second- 
order energy is then written as 


W asc)” = Wap)’ + W acy’ + Woe)”, (3) 


where 
W oan)’ =Wap”. 


The deviation from additivity is given by the difference 
between (2) and (3): 


AW asc” =W casye"—Woacy’—Waacy”. (4) 


This result implies that for the evaluation of the non- 
additive contribution we can restrict ourselves to the 
perturbation Hamiltonian 


Hasye’ = Hac'+H ac’. 


In the following, the quantities H.42)c’, W¢aa)c’’, and 
(Woacy”+Woae)”) will be written simply as H’, W”, 
and W 9”, respectively. 

Next, a multipole expansion is used for Hc’ and 
Hac’; it is assumed that the series may be broken off 
after the dipole-dipole term. This gives 


Hac’= 5 (sitet yaya 2s) 


AC 


Hsc'= (29'23’+-yo'¥s' — 2x9'x3'). 
BC 


Second-order perturbation theory gives the following 


expression for W”’: 
mm Ho.’ Ho 


= ’ 


«x Eo—-E, 


1 
WH ee i » > Hu! Ha’, 
2Ew «XO 


where E,, is an average excitation energy defined by (5). 
(H) 00 


i 
W" = ———()) HoH 0'— Hoo) = — ) 
ox £1 xo 00 2E 


a «CS 


(6) 


since Ho’=0. Thus, it is necessary to calculate only 
the expectation value of H” with respect to wave func- 
tion (1). This is 


1 
(A”*) o9=———[_(S.a1Sp2S3,H"*S 41S 2S cs) 
2(1—A?) 


+ (Sa2SpiSc3,H"S 42S aS cs) 
—2(SarSp2Sc3,H"Sa2SprScs)], (7) 








2-BODY INTERACTION 
taking into account that H’ does not operate on the 
spins. The integration with respect to electron 3 may 
be carried out immediately. Since Sg; has spherical 
symmetry, all integrals over odd functions are zero, 
and each integral over a coordinate squared con- 
tributes ao? (do is the radius of the first Bohr orbit) to 
the final result. 

All the direct integrals are similar to those evaluated 
with respect to electron 3. By appropriate permutation 
of indices in H”, it may be verified that the first and 
second terms in Eq. (7) are identical, each having the 


value 
1 1 
o(ea)( + ) , (8) 
Rac® Rac® 


The third term in Eq. (7) involves exchange integrals 
which are readily evaluated by first transforming to 
coordinate system (r,s,/) shown in Fig. 2. After inte- 
grating with respect to electron 3 and noting that, 
due to cylindrical symmetry, integrals over odd func- 
tions of r, s, and ¢ are zero, we are left with the following 
nonzero terms: 


(SarvSp2Sce3|H’?| S 42S .Scs) 
eae? 
= (Sa Spo! se+r?? sin’a+ (t;?+ tRap’) cosa 
Rac® 
+4r;? cos’a+4(t?+ Ran’) sin’a| S425p1) 


eae? 7 
+——(S 41S po| 52?-+177? sin? (a— 4) 
Rac® 


+ (t?+4Rap*) cos?(a—6)+4r2? cos?(a— 6) 
+4(t?+4R45’) sin*(a—6) | S42Sp1) 


Zeta,” Rap’ 
+——- S415 p2| —2 sin@ cosa sin(a— 6) 
Rac’Rac® 


—cos6 cosa cos(a—6)+2 sin@ sina cos(a—8) 
—4cos0 sina sin(a—8)|S42Se1). (9) 


The three independent nonzero exchange integrals, 
which are evaluated using elleptic coordinates,” have 
the following dependence upon pig (p4e=Rap/do): 


A= (S4,Sp)=€-"43(1+pant 4paz’), 
Tf a9 = (Sa,Spr*/ae?) = (S4,Sps?/ac?) 
= ¢e~°48[ 1+ pant dpan’+ (1/15)p4n*], 
I3/ae?= (Sa,PSp)=}fe-*49[4+-4p ant (9/5)paz? 
+ (7/15)pas°+ (1/15)p45']. 
Substituting (8) and (9) into (7), using (6) and the 


abbreviations for the exchange integrals, and express- 
ing all distances in units a, one obtains the following 


(10) 


0 See, e.g., Kenneth S. Pitzer, Quantum Chemisiry (Prentice- 
Hall, Inc., New York, 1953), p. 135. 
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x 
c—,2 
3 
Fic. 2. Coordinate system used to evaluate exchange integrals; 


the s-axis is directed into the plane of the paper. 


result: 
2EyW”" = (H’*) 00 


é 1 
Phat: —|- oastd*(1+3 sinta) 
ao*(1 — A?) pac® 


T3A I,A 
- a +3 sin’a)— — 2+3 cost) 


ao ao 


1 
+—|o- tpapA*(1 +3 sin?(a— 6)) 
pac® 


I;A I.A 
——(1+3 sin?(a—6)) -——(2+3 cos(a))| 
ao? ay? 
pap? 
——————_[2 sin*@— cos” 
2pac’pac® 


—3 cosé sina sin(a-6)]. (11) 


If the second-order forces between atoms A, B, and 
atom C were additive, then the expression for W” 
would be 





—6e 1 1 
Wy!'= ( + ). (12) 
2Ewae?\pac* pac® 


It should be noted that in Eq. (12) the same symbol 
is used for the mean excitation energy as in Eq. (5), 
where an antisymmetric wave function was employed. 
The two expressions defining the average energies are 
not identical ; therefore their relation must be examined. 
In Eq. (5), the wave functions for the ground state and 
all excited states are of the antisymmetric type. There- 
fore the summation over excited levels can be split 
into direct and exchange terms. In the direct terms, 
each electron in an excited state is associated with the 
same nucleus as in the ground state, while in the ex- 
change terms it is on a different nucleus. Except for a 
factor 1/(1—A*), the direct terms give exactly the 
same contribution to W” as in Wo”, with the same value 
for the average excitation energy. Therefore, W”’ will 
be of the form 


w” = Wo’+ Wexeh’’; 
1—A? 


(13) 
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where Wexcn’’ contains the exchange terms. Then the 
relative deviation from additivity is 


W"-W.” & Weak” 
- + : 
W" 1—A*_ W," 





(14) 


The term Wexen” is evaluated with an average excitation 
energy which may be different from the corresponding 
value occurring in the expression for Wo’. In general 
this difference will be small, especially for hydrogen and 
helium atoms, for which the first excited state lies 
close to the ionization level. It is concluded that a 
difference between the two average energies occurs 
only in the exchange part of the nonadditive effect ; for 
the following we will assume that this difference may be 
neglected. The expression calculated by Axilrod® for 
the third-order effect is subject to a similar restriction. 
As is shown by Eq. (14) the relative deviation from 
additivity consists of two parts: an “overlap” term 
[4?/(1— A?) ] and an “exchange” term. The “overlap” 
contribution to the many-body interactions is positive 
(or zero), thus enhancing the attractive forces between 
the group of atoms (AB) and atom C as compared with 
an additive sum over isolated pairs (AC) and (BC). 
The value of (W’”—Wp»")/W 0” was evaluated nu- 
merically for three particular atomic configurations: a 
right triangle (p4s’t+pac’=pac’); a linear array 
(pant+psac=pac); and the integrated effect (p4_ and 
pac constant). Values of pac ranged from 5 to 16 Bohr 
radii. For the linear arrangement and the integrated 
effect, pan remained less than or equal to pgc. In the 
case of the right triangle, the upper limit of p4z was 
taken as pac/(23)!, which is the ratio of the distances 
from the central atom to the third nearest and to the 
nearest neighbors in the hexagonal lattice. A graph of 
the deviation from additivity for the integrated effect 
is given in Fig. 3; the results for the right triangle and 
the linear array are of the same order of magnitude and 
are always negative except in a few cases for pag=1. 


CALCULATION OF SECOND-ORDER ENERGY 
FOR THREE HELIUM ATOMS 


We consider next a configuration of three helium 
atoms A, B, and C; the coordinate systems are the 
same as for hydrogen. The normalized zero-order wave 
function for the system is 


W 43(1234)¥c(56), (15) 


VYo= 
(4!)*(1—A?) 


where A is the overlap integral for two helium atoms, 
W(56) is the antisymmetric wave function for atom C, 
and W,4g(1234) is an unnormalized Slater determinant. 
The atomic orbitals in each case are 


= .Ae a 
(ZC) 
dort B 


McGINNIES AND L. 
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in which the effective nuclear charge eZ’ equals 27/16 
of an electronic charge. The second-order energy is 
again given by Eq. (5) or by the equivalent Eq. (6). 
For the evaluation of the integrals, we use the same 
procedure as in the case of hydrogen; after the co- 
ordinates of electrons of atom C are expressed either in 
the primed or the unprimed system, the integrations 
with respect to these electrons can easily be carried out. 
Upon expansion of the Slater determinant an explicit 
expression is obtained for (H’)o0. The various terms 
which appear involve both direct and exchange in- 
tegrals; after appropriate permutation of indices in 
H”, each term is separable into a product of integrals. 
The contribution to (H’*)o9 by the terms involving only 
direct integrals equals 


24 e€ao\*/ 1 1 
2) Carrer 
(1—A*)?\ 2’ Rac® Rac® 


The exchange integrals are identical with those en- 
countered in the case of hydrogen except that ap is 
replaced by ao/Z’. Considering pas=R.igZ'/ao, these 
integrals are also given by Eqs. (10). The calculation is 
straightforward and gives the following for W’’: 


—2EwWW" = (H"*) 00 
4eAZ” 1 


(1—A*)ae* | pac® 


AI;Z” A’pan’(1—2A*) 
———(1+43 sin’c) -————___—_ 
ag? 4(1—A?) 


AI,Z” 
[°- (2+3 cos’a) 


dy? 


1 AI.Z” 
x (1+3 sinta) + | — -(2+3 cos*(a—6)) 


PBC do 


AI;Z" A’*pan’(1—2A*) 
————(1+3 sin*(a—6))--———_—__—_ 
ag? 4(1—A?) 

A’pan*(1— 2A?) 


2pac*pac’(1—A?) 





x (143 sin*(a—0)|+ 


X[cos*@— 2 sin?0+3 cos sina sin(a—6) | , (11’) 


where distances are in units do/Z’ and Ey refers to the 
helium atom. If the interaction were additive, the ex- 
pression for W” would be 


Wo” = 


—-+—— 


(12’) 


1242" 7 1 1 ) 


Ena? pac® PBC 


The deviation from additivity for helium may be ex- 
pressed in terms of the equivalent expression for hy- 
drogen, which will be denoted by subscript 4. Equations 
(11) and (12) are combined. with Eqs. (11’) and (12’) 
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to give 





W"—Wy" eae) A*(A%p as?) 
We =X Wet Jy (1-07) 


1 1 
x|—« +3 sin’a) +——(1+3 sin*(a—6)) 


PAC PBC 


2 
+ —(2 sin?@—cos?@—3 cosé sina sin(a—9) | (16) 
pac’pae® 


Equation (16) has been evaluated numerically for 
the same triangular configurations as in the case of 
hydrogen; Fig. 4 shows the results for the integrated 
effect. For the triangular and linear arrays, the relative 
deviation from additivity for helium is about the same 
as for hydrogen, expecially at larger values of paz. 


COMPARISON WITH TRIPLE-DIPOLE INTERACTION 


It was shown by Axilrod® that the third-order inter- 
action between nonoverlapping atoms slightly favors 
the face-centered cubic lattice, but that the difference 
between the results for the two lattice types is too small 
to account for the absolute stability of the observed 
crystal structures of the heavy rare gases. In view of 
this, a comparison between the magnitude of the non- 
additive effect evaluated in this paper and the triple- 
dipole energy is important. 

Axilrod® obtained the following expression for the 
third-order interaction W’” between three identical 
atoms: 


W'" =9;Enc®[1—3 cosé sina sin(a—6@) |/ 
Ras’RacRac’, (17) 
where a is the polarizability of the atom, Es is the 
average excitation energy, and where the angles are 
given in Fig. 1. The additive second-order energy be- 
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Fic. 3. Contribution of three-body interactions to the second- 
order energy of three hydrogen atoms. Plotted are values for the 
deviation from additivity, Wo’—W”, integrated with pac, pas 
constant and divided by a similar integral for the additive second- 
order energy Wo”. 
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Fic. 4. Contribution of three-body interactions to the second- 
order energy of three helium atoms. The integrated effect is 
plotted for the deviation from additivity, Wo’—W”, with con- 
stant pac and pas, and divided by a similar integral for the 
additive second-order energy Wy”. 


tween the three atoms is 


1 1 


Ras® Rac*® 


Wo" =—} uat( 


1 
+ ). (18) 
Rac® 


The relative deviation from additivity is then given by 
Eq. (17) divided by Eq. (18). 


w'' 


3aZ"*[1—3 cos sina sin(a— 6) losn*pactpac® 
Wo” BP 





4a0°(pan*pac*t+pan’pao’+pac'prc®) (19) 
) 


where all distances are in units ao/Z’. 

The triple-dipole effect has been calculated for helium 
for the right triangular and the linear array of atoms 
for the same interatomic distances as used in the present 
calculations. It was found that the triple-dipole energy 
is usually considerably smaller than the nonadditive 
contribution considered in this paper. Note that Eq. 
(19) is positive for a linear array and negative for a 
right triangle; it is also easily verified that the inte- 
grated effect is zero. 


DISCUSSION 


The result of the calculations given above is that the 
second-order forces between spherical atoms cannot be 
written as a sum over isolated pairs when an antisym- 
metric wave function is used to take into account 
permutations of electrons between different atoms. It 
is seen from Figs. 3 and 4 that the second-order inter- 
actions are weaker in practically all cases than when 
computed on an additive basis. Moreover, numerical 
calculations show that the effect calculated in this paper 
is usually considerably larger than Axilrod’s triple- 
dipole energy. Note that in general there is no reversal 
of sign for the nonadditive effect between a linear array 
and a right triangular configuration of the three atoms 
as is the case for the triple-dipole energy. 
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Because of the small distance between atoms A and 
B, a multipole expansion of the interaction Hamiltonian 
cannot be used for the evaluation of second-order 
forces between these two atoms. However, this quantity 
is the same as the second-order interaction between an 
isolated pair of atoms (AB), and, therefore, does not 
occur in the expression for the three-body interaction. 
It was shown that in the evaluation of the deviation 
from additivity no essential error is introduced by 
taking the same value for the average excitation energies 
which occur in the matrix summations for W” and W”’. 

The relative contribution of three-body forces may be 
written as a sum of two terms: a “direct” term [A*/ 
(1—A*)] and an “exchange” term. The direct term is 
always positive, thus enhancing the interaction as com- 
pared with an additive sum. The exchange term is 
negative for hydrogen; the result for helium contains 
an additional positive term of higher order in the ex- 
change integrals. For many-electron atoms a result of 
the same character must be expected. This can easily 
be seen from a discussion of the quantity (H’)oo. The 
zero-order wave function is of the antisymmetric type; 
therefore, (H’*)oo may be written as a sum of terms of 
alternating sign depending on whether the order of the 
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permutation is even or odd. Accordingly, we first obtain 
the direct terms with a positive sign in which there is 
no exchange of electrons between the initial and final 
states. The next term involves an exchange of one elec- 
tron on atom A with one electron on atom B and has 
therefore a negative sign. For two helium atoms, there 
is a higher exchange term in which both electrons on 
atom A are interchanged with both electrons on atom 
B; this term is positive. For atoms with more than two 
electrons, there are additional exchange terms resulting 
in contributions of higher order in the exchange 
integrals. 

As was mentioned in the introduction, this calcula- 
tion was carried out with the specific purpose of apply- 
ing the result to the problem of the crystal structure of 
the rare gases. Since the result of this effect is to weaken 
the attractive forces, it will contribute to the stability 
of the face-centered cubic lattice (see, e.g., reference 9). 
A more detailed analysis of this problem will be given 
in a forthcoming publication. 
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Auger Effect in the Heaviest Elements* 
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The Auger effect in the heaviest elements has been investigated with magnetic beta-ray spectrometers. 
K-Auger yields for ytterbium, polonium, and uranium of 0.064+0.01, 0.058+0.005, and 0.033+0.010, 
respectively, were obtained. The K-Auger electrons of ytterbium and polonium were resolved into two 
groups, K—LL and K—LX, according as two or one L electrons were involved. The ratios of the intensities 
of the K—LX electrons to the K—LL electrons for ytterbium and polonium were found to be 0.64-+0.05 
and 0.55+-0.03, respectively. A summary of measurements of K-fluorescence yields and K-Auger electron 
intensity ratios is given. A revised decay scheme for Np** and a redetermination of the half-life of At*" 


(7.20+0.05 hours) is included. 


I. INTRODUCTION 


N the study of radioactive nuclei, it often becomes 

necessary to know the number of K-electron shell 
vacancies produced by the electron capture process 
as well as by internal conversion of gamma radiation. 
Reorganization in such an ionized atom with a vacancy 
in the K-electron shell can take place in either of two 
ways.' First, a transition may occur during which an 
electron from a higher energy level fills the vacancy, 
and the excess energy is emitted as the characteristic 


*The work was performed under the auspices of the U. S. 
Atomic Energy Commission. : 
t Now at the Dow Chemical Company, Midland, Michigan. 


1A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935), 
second edition, p. 477 ff. 


electromagnetic radiation (K x-rays) of the element. 
Secondly, “radiationless” reorganization may take 
place by the transference of the excess energy to an 
electron in a higher energy level and the subsequent 
ejection of this electron from the atom. These ejected 
electrons are known as K-Auger electrons, and the 
process of their radiationless emission is known as the 
Auger effect. 

If the magnitude of this effect is known, a determina- 
tion of the number of K-shell vacancies can be made 
by a count of either the K x-rays or the K-Auger 
electrons. The K-Auger coefficient is defined as the 
number of K-Auger electrons emitted per K-shell 
vacancy. A more widely used term is the K-fluorescence 
yield wy, defined as the number of the K x-radiations 
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emitted per K-shell vacancy. It is obvious that the 
sum of the K-Auger coefficient and the K-fluorescence 
yield is unity. 

Recently, a compilation of K-fluorescence yields 
became available? but this unfortunately contained no 
information on wy above polonium (Z=84). Because 
of the rather extensive research now being conducted 
on the heaviest elements, data on the Auger effect 
in the translead region would be highly desirable. This 
study attempts to remove an inconsistency in the value 
of wy for polonium’ and extend our knowledge of the 
Auger effect to atomic numbers greater than 84. 


Il. EXPERIMENTAL RESULTS 
A. Thulium-170—-Ytterbium-170 


The summary of K-fluorescence yields published 
recently by Broyles e a/.? contains no information on 
the elements between praseodymium (Z=59) and 
platinum (Z=78). Data on the Auger effect in this 
region would seemingly be quite useful as an aid to the 
extrapolation of the Auger coefficient to the heaviest 
elements. Thulium-170 (Z=70) appeared to be an 
ideal isotope to study in this region. 

Thulium-170 decays to Yb'” by the emission of two 
beta groups. A 968-kev (maximum energy) beta group 
in 76 percent abundance decays to the ground state of 
Yb'”, and a 884-kev (maximum energy) beta group 
(24 percent) decays to an excited level in Yb!” 84.4 kev 
above the ground state. This excited state decays to the 
ground state by the emission of electric quadrupole 
radiation of 84.4 kev.‘ Although Tm!” is a shielded 
nucleus and decay by electron capture must be con- 

‘ sidered, an upper limit of 0.2 percent for this mode of 
decay has been set by Jaffe.’ Therefore, the only 
K-electron shell vacancies produced during the decay 
of Tm!” arise from the K-shell internal conversion of 
the 84.4-kev gamma ray. 

Since the K-Auger coefficient is the ratio of the 
number of K-Auger electrons emitted to the total 


TABLE I. Electron lines from Tm!” beta decay. 








Gamma , 
energy Conversion 
(kev) ; shell 


Electron Intensity 
(arbitrary 


units) 





84.4 YbK 100 
YbL 314 
Yb M 72 
YbN 9.6 
K-LL 3.9 
K-—LX 2.5 


(K x-rays) 








2 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 

3L. S. Germain, Phys. Rev. 80, 937 (1950). 

4 Graham, Wolfson, and Bell, Can. J. Phys. 30, 459 (1952); a 
better value for this energy is 84.26+0.02 kev [E. N. Hatch and 
J. W. M. DuMond (private communication) ]. 

5H. Jaffe, University of California Radiation Laboratory 
Report UCRL-2573, 1954 (unpublished). 
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Fic. 1. Electron spectrum of Tm’. 


number of K-electron shell vacancies, the K-Auger 
coefficient of ytterbium can be readily determined if the 
intensities of the K-Auger electrons and the K-shell 
internal conversion electrons of the 84.4-kev gamma 
ray are known. 

Thulium-170 was produced by the neutron irradia- 
tion of Tm'® (greater than 99 percent thulium) in the 
form of thulium oxide in the Materials Testing Reactor 
at the Reactor Testing Station, Arco, Idaho. Thulium- 
170, a 129-day negatron emitter, was purified by ion- 
exchange techniques using ammonium lactate as the 
eluant to separate the thulium from the other rare 
earths present as less than 1 percent impurity. 

The electron spectrum was studied on the double- 
focusing beta spectrometer previously described by 
O’Kelley.* The detector has been changed to a side- 
window Geiger counter. The detector window consisted 
of three layers of a vinyl copolymer film supported by a 
grid of 0.001-inch tungsten wires spaced 0.008-inch 
apart on a copper ring. The window energy cutoff was 
about 4 kev and therefore the intensity corrections’ are 
negligible. The experimental data are summarized in 
Table I. The electron spectrum is shown in Fig. 1 
and the K-Auger electron spectrum is shown in greater 
detail in Fig. 2. 

The K-Auger coefficient of ytterbium was found to 
be 0.064++0.01 and the ratio of the groups of K-Auger 
lines to be (K—LL):(K—LX)=1.00: (0.64+0.05) 
(where X denotes the M, N, etc., orbital-electron 
shells). The probable errors given were obtained from 
a consideration of the statistical errors of the individual 
points. 

Table II compares the relative intensities of the 
internal conversion electron lines of the 84.4-kev 
gamma ray with those found by Graham ef al.! 

Graham ef al.‘ did not resolve the N conversion 
electrons from the M conversion electrons, and there- 
fore, their values for the ratios containing M should 
read (M+N). 


6G. D. O’Kelley, University of California Radiation Laboratory 
Report UCRL-1243, 1951 (unpublished). 
TR. O. Lane and D. J. Zaffarano, Phys. Rev. 94, 960 (1954). 
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Fic. 2. K-Auger electron spectrum of Tm'”, 


B. Astatine-211—Polonium-211 


Astatine-211 was first made by Corson ef al. in 
bombardments of bismuth targets with 32-Mev helium 
ions. They suggested that At* (7.3-hour half-life) 
showed branching decay, 60 percent electron capture 
to Po*, and 40 percent alpha emission to Bi’. The 
branching decay has subsequently been measured to 
be 59.1 percent electron capture and 40.9 percent alpha 
emission.* Polonium-211 decays by alpha emission 
with a half-life of 0.52 second" and is, therefore, in 
equilibrium with the At*". The Bi’ daughter has a 
half-life which is long enough (27 years)" so that it 
may be neglected when studying At*”. A careful 
study has been made by Hoff” and Mihelich e¢ al." 
of the At*" electron-capture decay. No gamma radiation 
was found, with the possible exception of a (671++5)-kev 
gamma ray in very low abundance (0.37 percent of the 
astatine electron-capture decay). Although the assign- 
ment of this gamma ray to At*" is doubtful, its intensity 
is so low that its contribution to the Auger effect is 
negligible. 

Germain® has studied the Auger effect in At?" by 
impregnating photographic emulsions with At® and 
observing the alpha and Auger-electron tracks. His 
calculated value of 0.106 for the Auger coefficient of 
polonium appears to be large when compared with 
other values in the Z=78 to 83 region.?“ 

The Auger effect of astatine can also be studied with 


® Corson, MacKenzie, and Segré, Phys. Rev. 57, 459, 1087 
(1944). 

*H. M. Neumann and I. Perlman, Phys. Rev. 81, 958 (1951). 

#0 Leininger, Segre, and Speiss, Phys. Rev. 82, 334 (1951). 

1G, Harbottle, quoted by D. E. Alburger and A. W. Sunyar, 
Phys. Rev. 99, 695 (1955). 

2 R. W. Hoff, University of California Radiation Laboratory 
Report UCRL-2325, 1953 (unpublished). 

18 Mihelich, Schardt, and Segré, Phys. Rev. 95, 1508 (1954). 

at Mladjenovic and H. Slatis, Arkiv Fysik 9, No. 1, 41 
(1955). 


the double-focusing beta spectrometer. Since every 
At" electron capture is followed by an alpha emission 
from Po*, the number of K-shell vacancies can be 
calculated by a determination of the absolute alpha 
disintegration rate. If the transmission of the spec- 
trometer is known, the number of K-Auger electrons 
and subsequently the Auger coefficient of polonium 
can be calculated by an integration of the K-Auger 
electron spectrum. 

The transmission of the double-focusing beta spec- 
trometer was determined using a Th”® source. The 
experimentally integrated conversion-electron spectrum 
from the 84.3-kev gamma ray was compared with the 
known conversion-electron disintegration rate. 

Astatine-211 was produced by the bombardment of 
bismuth metal which had been melted onto a 0.010-inch 
aluminum plate in a layer approximately 0.050 inch 
thick. These targets were clamped in a water-cooled 
target holder and mounted so as to intercept the full 
deflected helium-ion beam of the 60-inch cyclotron 
of the Crocker Radiation Laboratory of the University 
of California. Astatine-211, essentially free of other 
astatine isotopes, was produced by an (a,2m) reaction 
on the Bi target by attenuating the helium-ion beam 
to 29 Mev with 0.001-inch platinum foils.'® 

The requirement that the astatine be present in a 
narrow-line source necessitated modifications of the 
methods of Barton ef al.'* which utilize the high 
volatility of astatine in the zero valence state as 
compared to bismuth, lead, and polonium. It was found 
that temperatures as high as 600°C could be used 
without contaminating the astatine with bismuth, lead, 
or polonium. A line source was prepared for the double- 
focusing beta spectrometer by employing a 0.001-inch 
copper plate with a ?Xj%-inch slit as a collimating 
plate over a thin (157 micrograms/cm*) palladium leaf. 
In later experiments, silver leaf was substituted for the 
palladium to utilize the greater affinity of silver for 
astatine.?” 

An alternate method was also employed for preparing 
samples of At” for study in permanent-magnet beta 
spectrographs.'® The bismuth target material was 
melted in a quartz tube in a vacuum system. A stream 
of nitrogen (1-2 mm pressure) prevented the astatine 
from condensing on the glass surfaces of the system. 


TABLE II. Relative intensities of conversion electron lines of 
84.4-kev gamma ray in the decay of Tm!”. 








This work 


0.32+0.03 
0.26+0.03 
4.3 +0.05 


Graham et al.* 


0.36+0.04 
0.28+0.03 
3.6 +0.05 


Ratio 


K/L 
K/(L+-M) 
L/M 











® See reference 4. 


16 FE. L. Kelly and E. Segré, Phys. Rev. 75, 995 (1949). 

16 Barton, Ghiorso, and Perlman, Phys. Rev. 82, 13 (1951). 

17 Johnson, Leininger, and Segré, J. Chem. Phys. 17, 1 (1949). 

18 A description of this instrument and its use will be published 
by W. G. Smith and J. M. Hollander from this laboratory. 
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The astatine was collected on a liquid-nitrogen cooled 
finger, coated with a thin layer of ice which contained 
a small amount of perchloric acid. The layer of ice was 
melted into a small centrifuge cone. Fifteen-mil silver 
wires, approximately 175 inches long, were placed in 
the melt, and the solution was stirred for approximately 
one hour. The astatine deposits on the wire in a manner 
thought to be analogous to the preparation of ['*! 
silver-wire sources.'® These wires were then mounted 
directly in the bent-crystal spectrometer, permanent- 
magnet beta spectrographs, and _  alpha-particle 
spectrograph. 

Two separate and identical studies of the Auger 
effect in astatine were made using the double-focusing 
beta spectrometer. In the first study, a sample con- 
taining 7.2108 disintegrations of At®! was sublimed 
onto palladium leaf as a source for the spectrometer. 
The K-Auger electron spectrum is shown in Fig. 3. 
While the resolution of the instrument does not allow 
the complete separation of the individual Auger lines, 
two distinct electron groups are clearly resolved. The 
first group of electrons, at an energy of 59 to 65 kev, 
was identified as the K— LL Auger electrons. The second 
group of electrons at an energy of 72 to 76 kev was 
identified as the K— LX electrons. The ratio of the two 
groups was found to be (K— LL): (K— LX): :1.00: (0.55 
+0.03). The number of electrons in the K-Auger line 
spectrum was 4250. After correcting for the transmisson 
(0.022 percent) and the branching decay of At*" 
(59.1 percent electron capture), the Auger coefficient 
of polonium was calculated to be 0.049+-0.005. How- 
ever, this value is calculated on the assumption of pure 
K-electron capture and must therefore be corrected 
for L-electron capture. The ratio of Z-electron capture 
to K-electron capture should be about 0.18 according 
to Rose and Jackson” taking into account the decay 
energy.” Hoff,” using Germain’s value of 0.106 for the 
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Fic. 3. K-Auger electron spectrum of At®". 


 W. G. Smith, University of California Radiation Laboratory 
Report UCRL-2974, 1955 (unpublished). 

2” M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 

*1 Glass, Thompson, and Seaborg, J. Inorg. Nuc. Chem. 1, 3 
(1955). 
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TABLE III. Energies and relative intensities of K-Auger electrons 
from At*" decay. 











Relative 
Energy Energy intensity 
K-Auger experimental Bergstrém-Hill* (arbitrary 
electron (kev) (kev) units) 
K—Ll; 59.07 58.97 6.9 
K-LyL; 59.75 59.67 10.0 
K—LIynL 62.19 62.10 4.3 
K—InLin 62.83 62.80 9.4 
K—-LIynLm 65.33 65.22 4.8 
K—LM, 72.01 71.98 
K-LyMy 72.32 72.29 
K-—LMiun 72.86 
Ko Laan ast 72.99 
K—LMy 73.47 
K-LyMin 73.62 73.56 
K-LwuMn 75.46 75.41 
K—-LynMin 76.04 75.98 





* See reference 21. 


Auger coefficient of polonium, experimentally deter- 
mined the L- to K-electron capture ratio as approxi- 
mately seven. Correcting this value using an Auger 
coefficient of 0.05 the experimental Z- to K-electron 
capture ratio is six. After making this correction for 
L-electron capture in At*", a value of 0.058+-0.005 as 
the Auger coefficient of polonium is obtained. 

In the second determination of the Auger coefficient, 
At" was sublimated onto palladium leaf to give a 
source containing 2.5108 disintegrations per minute. 
The K-Auger electron spectrum obtained by using 
the double-focusing beta spectrometer contained 1425 
electrons. After correcting for the transmission, the 
branching ratio of At™", and the Z-electron capture, a 
value of 0.056+0.008 is obtained for the K-Auger 
coefficient of polonium which is in good agreement with 
the previous value. The ratio of the K-Auger electron 
groups was (K—LL):(K—LX)::1.00: (0.61+0.08). 

These values of the Auger coefficient of polonium 
are upper limits. Since the physical dimensions of the 
Th*8 source from which the transmission was obtained 
was approximately twice the length of the At" sources, 
this would give a lower limit to the transmission and 
hence an upper limit to the Auger coefficient. 

This result of 0.058 for the Auger coefficient of 
polonium is in good agreement with the values expected 
in this region (see Sec. ITI). 

Precise energies of the K-Auger electrons from At*! 
have been obtained by Smith and Hollander using their 
50-gauss permanent-magnet spectrograph.!* Table ITI 
lists the K-Auger electrons observed with their experi- 
mental energies.” Energies calculated using the Berg- 


2 Besides the K-Auger electrons, 46.0+0.3-kev electrons were 
observed in varying intensities relative to the K-Auger electrons 
on several photographic films from the permanent-magnet 
spectrograph studies. While the varying relative intensity of these 
46-kev electrons is very puzzling, it is believed that they are not 
due to impurities in the sample because weak 46-kev electrons 
have been observed in the electron spectrum of Em™ which 
decays to At by electron capture. These 46-kev electrons are 
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strém-Hill formula* and the x-ray absorption-edge 
energies of Hill ef al.** are included for comparison. 
Experimental relative intensities of the K — LL electrons 
are included. Intensities of the K—LX electrons were 
too weak for measurement. 

The half-life of At®" has also been redetermined. 
Corson et al.§ and Kelley and Segré!* have reported the 
half-life of At?" to be 7.5 hours. Hall and Templeton*® 
have reported 7.3 hours for the half-life and Neumann 
and Perlman® report 7.2 hours. Especially purified 
bismuth was bombarded with 29-Mev helium ions 
in the 60-inch cyclotron of the Crocker Radiation 
Laboratory. The radioactive alpha decay of an At! 
sample mounted on silver to minimize loss of astatine 
by evaporation was followed for 12 half-lives in an 
argon-filled ionization chamber (52 percent counting 
efficiency). The radioactive decay curve of At*” was 
straight over the 12 half-lives. This experimentally 
determined half-life of At?" is 7.20+0.05 hour. 


C. Neptunium-236—Uranium-236 


Since no experimental results are available on the 
Auger effect in the elements above polonium (Z=§84), 
it would be of interest to measure the Auger coefficient 
of some nuclide in this region. Neptunium-236 had been 
studied previously by Orth and O’Kelley”* who reported 
an electron capture to negatron emission ratio of two. 
Two negatron groups of maximum energy, 0.51 and 
0.36 Mev, respectively, were detected as were x-rays 
and a gamma ray of 150 kev which was reported to be 
approximately 100 percent internally converted. No 
other gamma radiations were observed. This isotope, 
then, appeared to be ideal for studying the Auger 
effect since the number of K vacancies could be deter- 
mined through a knowledge of the decay scheme, the 
transmission of the double-focusing beta spectrometer, 
and integrations of the K internal-conversion electron 
spectrum of the 150-kev gamma ray and the negatron 
spectrum. The number of K-Auger electrons and, hence, 
the Auger coefficient could then be determined from an 
integration of the K-Auger electron spectrum. 

A source of Np*® was studied on the double-focusing 
beta spectrometer by T. O. Passell and the author. An 
electron spectrum was observed which was similar to 
that obtained in the previous work.”* However, certain 


not due to At*” contamination. The ratio of At” to At*! produced 


has been measured to be less than 10-* by determining the 
intensity of the 138-day alpha emitter Po, after all the At?” 
and At*" have decayed. A sample of At* was also studied on a 
10-inch bent-crystal photon spectrometer of the Cauchois type. 
Besides the K x-rays, electromagnetic radiation of 62.35+0.5 
kev were observed in low abundance (4 percent of the K x-rays). 
While definite assignments of the 46.0-kev electrons and the 
62.3-kev electromagnetic radiation cannot be made, it may be 
that these electrons were also observed by Germain and mis- 
interpreted as K-Auger electrons, giving an abnormally high 
value to his K-Auger coefficient. 

% 1. Bergstrom and R. D. Hill, Arkiv Fysik 8, 21 (1954). 

* Hill, Church, and Mihelich, Rev. Sci. Instr. 23, _ =. 

°K. L. Hall and D. H. Templeton (unpublished, 1 51). 

26D. A. Orth and G. D. O’Kelley, Phys. Rev. 82, 158 (1951). 
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lines in the spectrum showed greater complexity than 
before. Coupled with recent gamma-ray and x-ray 
spectroscopy studies,’ a reinterpretation of the data 
became necessary, and a new decay scheme was 
proposed. 

The electron lines designated as L-Auger electrons by 
Orth and O’Kelley”® were resolved into four lines which 
were interpreted as the Ly and Lyy internal conversion 
electrons of gamma rays with energies 43.5+-1 kev and 
44.2+1 kev. A line previously reported as the K- 
conversion electron line of a 150-kev gamma ray may 
also be interpreted as the unresolved M-conversion 
electrons of the 43.5- and 44.2-kev gamma rays. 
Unresolved N-conversion electrons were also observed 
as were K-Auger electrons. The electron data are 
summarized in Table IV. 

The assignment of the 43.5-kev gamma ray to Pu” 
and the 44.2-kev gamma ray to U™* is quite arbitrary. 
The latter is in good agreement with the energy of the 
44-kev determined?’ for the first excited state of U™* 
from the alpha-particle fine structure of Pu. 

Since the intensity of the negatron spectrum observed 
on the double-focusing spectrometer was too low for a 
Fermi analysis, advantage was taken of the higher 
transmission of the magnetic-lens spectrometer to 
obtain these data. The Fermi-Kurie plot exhibited a 
marked concavity toward the abscissa which is indica- 
tive of a forbidden transition. The maximum energy 
obtained was 518+ 10 kev.”§ 

X-ray and gamma-ray spectroscopy revealed no 
evidence of a 150-kev gamma ray in a thorough exami- 
nation of the 0- to 200-kev energy region.® 

The K-electron-capture/negatron-emission ratio was 
determined by observing the alpha growth of the Pu™* 
daughter. Alpha-pulse analysis indicated that only 
the 5.75-Mev alpha particles of Pu” were present. 
The alpha-particle disintegration rate after the 22-hour 
Np™* had completely decayed, coupled with the 


TABLE IV. Electron lines of Np**. 








Intensity 
Conversion (arbitrary 
shell units) 


Pu Lu 
Pu Lin 


Uln 

U Lin 

Pu 2M 
and 

U 2M 

Pu 2N 
and 

U 2N 

U ZL 
and 

U 2M 


Electron energy 
(kev) 





21.1 
25.4 


23.2 
27.0 
37.9 


48 


41.7 


88+5 


(K-Auger electrons) 
500+30 
(8- maximum) 








27 F. Asaro and I. Perlman, Phys. Rev. 88, 828 (1952). 
*8 G. D. O’Kelley (private communication, 1954). 








AUGER EFFECT IN HEAVIEST ELEMENTS 


absolute abundance of the K x-rays at the beginning 
of the experiment, indicated the K electron-capture/ 
negatron-emission branching ratio of Np** as (4325 
percent)/(57+5 percent). The K x-ray abundance was 
corrected for the presence of Np™ in the sample and a 
fluorescence yield of 0.97. 

X-ray spectroscopy® indicated that the intensity of 
the L x-rays was 0.6 relative to the K x-rays. Making 
corrections for (1) a mean L-x-ray fluorescence yield 
of” 0.5, (2) a K x-ray fluorescence yield of 0.97, (3) 72 
percent of the K-shell vacancies being filled by Z-shell 
electrons,” and (4) 43 percent of the disintegrations 
being due to K-electron capture, there are a maximum 
of 0.48 L-shell vacancies from internal conversion per 
K electron-capture decay or 0.21 vacancy per 
disintegration. 

From the electron intensities, the abundance of 
conversion electrons is about 35 percent of the negatron 
spectrum. Since 57 percent of the disintegrations take 
place by negatron emission, there are 20 conversion 
electrons per 100 disintegrations. Thus, within the 
limits of error of the intensity measurements, all of the 
[-shell vacancies can be accounted for by the L-shell 
internal conversion of the 43.5- and 44.2-kev gamma 
rays. However, since the limits of error are such that 
five to ten L-shell vacancies per 100 disintegrations 
could be arising from L-electron capture, it appears 
safe to conclude that the lower limit for the K/L- 
capture ratio is around four. 

Since the intensities of the L electrons from the 
conversion of the 43.5- and 44.2-kev gamma rays are 
approximately equal, an upper limit of about ten 
events per 100 disintegrations populate each of the 
first-excited states of Pu*® and U™®. 

A decay scheme, consistent with the available data, 
is given in Fig. 4. The log ft values for negatron decay 
to the ground state and excited state are 6.6 and 7.1, 
respectively, and the corresponding values for the 
electron capture decay are 7.0 and 7.5, respectively 
(0.9-Mev total decay energy”). 

The equal intensities of the Zy; and Ly conversion 
electrons suggest that both gamma rays are £2 transi- 
tions. This is consistent with the usual assignment in 
this region for even-even nuclides of zero spin and even 
parity for the ground state and spin 2 with even parity 
for the first-excited state. 

A value of the K-Auger coefficient of uranium can 
now be obtained through a knowledge of the decay 
scheme and the relative intensities of the electrons. 
A knowledge of the transmission of the spectrometer is 
not necessary in this calculation. The relative intensity 
of the internal conversion electrons from both the 
43.5- and 44.2-kev gamma rays is 69. Since each excited 
state in U** and Pu™*® is approximately evenly popu- 
lated (20 percent) and the K electron-capture branching 
is 43 percent, we have a relative intensity of 30 for 


2B. B. Kinsey, Can. J. Research 26A, 404 (1948). 
* A. H. Compton and S. K. Allison, reference 1, p. 640. 
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Fic. 4. Decay scheme of Np**. 


the 43.5-kev gamma ray resulting from the electron- 
capture decay of Np™*. Since these Z internal conversion 
electrons occur in only 20 percent of the transitions, 
however, this corresponds to a total of 150 transitions. 
Assuming K-electron capture only, an assumption 
upon which the branching ratio was determined, this 
corresponds to 150 K-shell vacancies. 

Because there are five K-Auger electrons observed 
relative to the 150 K-shell vacancies, the K-Auger 
coefficient of uranium is 0.033+0.01. The limit of 
error results from the uncertainty in the intensities of 
the electrons and in the K/L-electron-capture ratio. 


Ill. INTERPRETATION AND SUMMARY 


The first attempt to outline a theory of the Auger 
effect was by Wentzel* in 1927. Using a two-electron 
atom of high nuclear charge, Wentzel was able to show 
that the reciprocal of the lifetime of a K-shell vacancy 
with respect to an Auger transition in which an L 
electron is emitted should be independent of Z. Since 
the reciprocal of the effective life of an excited K state 
with respect to radiation of x-rays is approximately 
proportional! to Z‘*, wx, the K-fluorescence yield, may 
be expressed as 

wr=Z*/(k+Z'). 


Such an expression, however, can only be quali- 
tatively correct because any complete and accurate 
theory of the Auger effect would be based on a proper 
theory of quantum electrodynamics since the effect 
involves the interaction of several electrons® rather 
than only two. Such a theory in a statisfactory state 
does not exist at present. 

By using the expression derived by Wentzel,* 
calculations of the fluorescence yield have been made 
by Burhop* and Pincherle* using a nonrelativistic 
theory and by Massey and Burhop*® using a relativistic 
theory. In these calculations, hydrogen-like, single- 
electron wave functions were used, the effective nuclear 


1G. Wentzel, Z. Physik 43, 524 (1927). 
3 N. F. Mott and I. N. Sneddon, Wave Mechanics and Its 


Applications (Oxford University Press, London, 1948), p. 338 ff. 
% E. H. S. Burhop, Proc. Roy. Soc. (London) ‘A148, an (1935). 
“LL. —— Nuovo cimento 12, 81 (1935). 

%H. W. S. Massey and E. H. ’S. Burhop, Proc. Roy. Soc. 

(London) A153, 661 (1936). 
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TaBLeE V. Comparison of the experimental and theoretical values 
of the Auger yield of ytterbium, polonium, and uranium. 








Auger yield 
experimental 


Atomic 


number theoretical* 


0.08 
0.045 
0.04 


Element 





ytterbium 70 0.06 
polonium 84 0.06 (upper limit) 
uranium 92 0.03 








* See reference 35. 


charge being determined by the application of Slater’s 
rules.°6 The use of screened, hydrogen-like wave 
functions in the relativistic calculations increases the 
calculated Auger probabilitity for elements of high 
atomic number. The calculations involved are very 
laborious and have been carried out only for a few 
cases. The relativistic value of the K-Auger yield for 
mercury, for example, is 0.06 while the nonrelativistic 
value is only one-half as great, or 0.03. Relativistic 
effects are of some importance for elements of atomic 
number as low as 47 where the relativistic value of the 
Auger yield is still approximately 20 percent larger 
than the nonrelativistic value. 

Table V compares the experimental values of the 
Auger yield of ytterbium, polonium, and uranium with 
the calculated theoretical values of Massey and 
Burhop.** The experimental results are only in quali- 
tative agreement with the theoretical values as was 
expected. Until a more accurate theory of the Auger 
effect becomes available, quantitative agreement will 
probably not be possible. 

Several summaries of the magnitude of the Auger 
effect have been published. The summaries of Arends*’ 
in 1935 and Backhurst*® in 1936, for example, cover the 
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Fic. 5. Graphical summary of K-fluorescence yields. 
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36 J. C. Slater, Phys. Rev. 36, 57 (1930). 
37 E. Arends, Ann. Physik 22, 281 (1935). 
88]. Backhurst, Phil. Mag. 22, 737 (1936). 


PETER R. GRAY 


contemporary data on fluorescence yields very well 
but do not include any measurements on the heavier 
elements. Not until the complete summaries of Burhop® 
(data through 1950) and Broyles et al.? became available 
did the first collected data on elements of atomic 
number greater than 56 appear. A new and, it is hoped, 
complete summary of the data through June, 1955 is 
given in Fig. 5. As the only new data are for elements 
with atomic numbers 40 and larger, a complete reference 
list is not included because Broyles et al.? have covered 
the reference material of their available data very 
thoroughly. The new values of the fluorescence yields 
for elements heavier than zirconium (Z=40) are listed 
in Table VI. The value is followed by a lower-case letter 
referring to a list of workers who obtained these values 
and an indication of how the measurements were made. 


TABLE VI. Recent data on fluorescence-yield values. 








Atomic K-fluorescence 
number yield 


0.645 
0.713 
0.714 
0.779 
0.781 


Element Reference 





zirconium 
niobium 
molybdenum 
rhodium 
palladium 
silver 0.813 
cadmium 0.819 
tin 0.840 
barium 0.85 
lanthanum 0.94 
cerium-praseodymium 0.90 
ytterbium 0.94 
lead 0.96 
bismuth 0.96 
polonium 0.94 
uranium 0.97 


Sore eo Aor RP SP SP PP BP 








« C. E. Ross, Phys. Rev. 93, 41 (1954). 

oT. Azuma, J. Phys. Soc. Japan 9, 443 (1954), conversion electrons; 
magnetic spectrometer. 

eC. H. Pruett and R. G. Wilkinson, Phys. Rev. 96, 1340 (1954); con- 
version electrons, electron-capture isotope, magnetic spectrometer. 

¢ Browne, Rasmussen, Surls, and Martin, Phys. Rev. 85, 146 (1952); 
electron-capture isotope, magnetic spectrometer. 

* This work, conversion electrons, magnetic spectrometer. 

tA. H. Wapstra, Ph.D. thesis, University of Amsterdam (published 
by G. van Soest, Amsterdam, 1953); electron-capture isotope, conversion 
electrons, magnetic spectrometer. 

®M. Mladjenovic and H. Slatis, Arkiv Fysik 9, 41 (1955); conversion 
electrons, magnetic spectrometer. 

+ This work, electron-capture isotope, magnetic spectrometer. 


A least-squares fit to all these data has not been 
attempted here, but an estimated curve has been drawn 
through the points taking into consideration the esti- 
mated reliability of the various values. Below Z=40, 
the curve is essentially the same as that presented by 
Broyles et al.,? and their analyses of the reliability of 
the values will suffice here also. Above Z= 40, the curve 
varies slightly from Broyles ef al.,?> because of the 
additional data on this heavy-element region which 
has become available. 

The experimental values support in a qualitative 
way the theoretical variation of the fluorescence yield 
with atomic number, but none of the curves yet 

* E. H. S. Burhop, The Auger Effect and Other Radiationless 


Transitions (Cambridge University Press, Cambridge, 1952), 
pp. 44-51, 
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suggested, theoretical or semiempirical, is in satis- 
factory agreement with all the data. The relation 


wr=0.957Z*(0.984X 10®+ Z*)-, 


given by Arends’? and recommended by ‘Tellez- 
Plascencia® and Broyles e al.,? gives the best fit of 
those that have been proposed. If an expression of 
the form 

w= AZ*(b+Z')" 


is a valid representation of the data, a plot of 1/wx 
versus 1/Z* should be linear with a slope of b/a. As 
shown in Fig. 6, the experimental results are well 
represented by a straight line drawn through the most 
reliable of the experimental values. The values of a and 
b which best represent the experimental points are 0.98 
and 0.98X10°, respectively. The expression of the 
K-fluorescence yield as a function of Z then becomes 
wx=0.98Z*(0.98 x 10®+ Z4)—. 





1 4 1 


10 5 20 25 
1/Z*X 106 





Fic. 6. Variation of 1/wx with 1/Z‘ in the heavier elements. 


Since the available theory and experimental results 
on K-fluorescence and K-Auger yields agree that for 
elements of low atomic number wx<1 and ax~1 and 
for elements of high atomic number wx~1 and ax<1, 
it would appear that the direct measurement of the 
K-Auger yield would be more accurate than a direct 
determination of the fluorescence yield for elements of 
atomic number greater than 30 since ax>0.5 for these 
elements. In general, this has been done experimentally 
and exclusively for elements of atomic number greater 
than 56. It is believed that the magnetic spectrometer 
measurements are the most accurate for the region in 
which they have been made. These data are indicated 
by underlining the experimental points in Fig. 6. 

In addition to the values of the K-fluorescence yields 


 H. Tellez-Plascencia, J. phys. radium 10, 14 (1949). 
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TABLE VII. Experimental ratios of K—LX to K—LL transitions 
as measured by various observers. 





(K ~LX)/(K —LL) 
ratio 
0.28 
0.292 
0.252 
0.31 
0.25 
0.33 
0.28 
0.49 
0.63 
0.44 


Atomic 


Element number Reference 





nickel 
copper 
copper 
germanium 
arsenic 
bromine 
strontium 
silver 
silver 
cadmium 
indium 0.42 
cesium 0.48 
barium 0.4 
barium 0.5 
ytterbium 0.64 
platinum 0.56 
mercury 0.71 
mercury-thaliium 0.53 
thallium 0.55 
bismuth 

bismuth 

bismuth 

polonium 

polonium 


Beto OMS grr pe Er me OO oe 


Theoretical value for all atomic numbers 





Plassman and F. R. Scott, Phys. Rev. 84, 156 (1951). 
F. Perkins and S. K. Haynes, Phys. Rev. 92, 687 (1953). 
T. Yuasa, Physica 18, 1267 (1952). 

4M. Ference, Phys. Rev. 51, 727 (1937). 

¢ F. R. Scott, Phys. Rev. 84, 659 (1951). 

{S. Thulin (private communication to I. Bergstrém), as reported in 
K. Siegbahn, Beta- and Gamma-Ray Spectroscopy (Interscience Publishers, 
Inc., New York, 1955), p. 633. 

& J. Schooley (private communication). 

» Huber, Humbel, Schneider, and de Shalit, Helv. Phys. Acta 25, 3 
(1952). 

iT. A. Johnson and J. S. Foster, Can. J. Phys. 31, 464 (1953). 

i Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 

«I. Bergstrém and S. Thulin, Phys. Rev. 79, 539 (1950). 

!1T. Azuma, J. Phys. Soc. Japan 9, 443 (1954). 

m Experimental work of author. 

® Steffens, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949). 

© Passell, Michel, and Bergstrém, Phys. Rev. 95, 999 (1954). 

»C. J. Herrlander, Nobel Institute of Physics (private communication 
to I. Bergstrém), as reported in K. Siegbahn, Beta- and Gamma-Ray 
Spectroscopy (Interscience Publishers, Inc., New York, 1955), p. 633. 

a B. B. Kinsey, Can. J. Research A26, 421 (1948), data of C. D. Ellis, 
Proc. Roy. Soc. (London) A139, 336 (1936). 

t B. B. Kinsey, Can. J. Research A26, 421 (1948), data of A. Flammers- 
feld, Z. Physik 114, 227 (1939). 

*M. Mladjenovic and H. Slatis, Arkiv Fysik 9, No. 1, 41 (1955). 

*R. W. Hoff, University of California Radiation Laboratory Report 
UCRL-2325, September 1953 (unpublished). 

«L, Pincherle, Nuovo cimento 12, 81 (1935). 
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Fic. 7. Ratio of (K —LX)/(K—LL) Auger electrons. 
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TaBLe VIII. Experimental and theoretical relative intensities of K-Auger lines. 





K-Auger lines 


Element K-Lilu K-Lilm K-Lnlm K -LinLi K-Luln Reference 





silver . 1.3 1.3 3.2 1.8 0.5 
— 


xenon moderate moderate strong 


gold , 1.7 1.2 1.4 0.3 


mer 1.2 0.7 J 0.6 0.2 


bismu 
bismuth 
polonium 


theoretical 
nonrelativistic 

theoretical 
relativistic 


<0.2 
<0.2 
<0.1 


0.38 











* See reference 41. 
> See reference 19. 
«J. W. Mihelich, Phys. Rev. 88, 415 (1952). 
¢ See reference 23. 
* See reference 14. 


*C. D. Ellis, Proc. Roy. Soc. (London) A138, 318 (1932); A143, 350 (1934). 


& Experimental results of author. 
» See reference 39. 
i See reference 35. 


there are sufficient experimental measurements of the 
K—LX to K—LL Auger electron intensity ratios 
available to indicate approximately the variation of this 
ratio with atomic number. The available data on the 
Auger electron intensity ratios are listed in Table VII 
and shown graphically in Fig. 7. It is interesting to 
compare these experimental ratios of the intensities of 
the groups of Auger electrons to those obtained from 
the calculated probabilities of Pincherle* using the 
expressions derived by Wentzel.** This calculated 
intensity ratio is (K—LL):(K—LX)=1.00:0.716 and 
should be independent of atomic number. As seen from 
Fig. 7, the experimental ratios are not constant, but 
appear to increase with increasing atomic number. 
For the heavier elements, the ratios approach the value 
obtained by Pincherle using transition probabilities. 

It may be of interest also to compare the values of 
the relative intensities of the individual K—LL Auger 
electrons of polonium with the other available data 
as well as with the theoretical relativistic intensities of 
Massey and Burhop** and the nonrelativistic calcu- 
lations of Burhop.* This comparison is given in Table 
VIII. 

The experimentally determined relative intensities of 
polonium are not in agreement with the theoretical 


predictions but agree fairly well with the other heavy- 
element values. The values calculated by Burhop® are 
for Z=47 but should be almost independent of Z in the 
nonrelativistic theory. It is apparent, however, that the 
experimental results of Johnson and Foster* for Z=47 
are in somewhat better agreement with these non- 
relativistic intensities than are the values of the heavier 
elements. 
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An intermediate-image spectrometer and a thin-lens spectrometer were used to examine carefully the 
beta spectra of P*, K*, and As’*. The P® beta spectrum was examined for a Fierz-type deviation, and 
within the experimental error none was found. The value of the parameter r, describing the magnitude 
of the Fierz deviation as defined by Davidson and Peaslee, was found to be 0.00+0.03. The first forbidden 
transitions with AJ =0, “yes” of K* and As’* were examined for deviations from a linear Kurie plot. Within 
experimental error no deviations were found. From the shape factors calculated by Mahmoud and Kono- 
pinski on the basis of an STP combination, one would expect deviations for these first-forbidden transitions 
if the best previous estimate of certain parameters are correct. A deviation of the K® Kurie plot below 


500 kev was attributed to an additional beta group. 





I, INTRODUCTION 


AS the result of better experimental! techniques and 
higher specific activity sources, it has become 
feasible to examine the Kurie plots of certain beta 
spectra for possible small-order deviations. With this in 
mind, the authors examined the activities of P”, K®, 
and As’®, 

Mahmoud and Konopinski! have proposed an STP 
combination of interactions for the law of beta decay. 
Important arguments leading to this choice are based 
on the reported “allowed” shapes of first-forbidden 
beta transitions with spin changes of zero or one unit 
and on the apparent absence of Fierz interference effects 
in allowed transitions. 

For allowed transitions the shape factor Co (which 
multiplies the statistical factor to give a linear Kurie 
plot) would contain Fierz interference terms if a 7'A 
(or SV) mixture were present. The apparent absence, 
within experimental error, of the Fierz effect has led 
to the tentative conclusion that the TA (or SV) terms 
are not present. The 1.7-Mev allowed transition of P®, 
because of its low Z and high energy, would maximize 
Fierz effects if they were present and consequently is 
well suited for studying to set limits on possible TA 
(or SV) admixture. The shape factor C,, for first for- 
bidden transitions, resulting from the STP combina- 
tion, gives linear Kurie plots for spin changes of zero 
and one unit if the Coulomb energy at the nuclear 
radius predominates over the electron-neutrino kinetic 
energies; i.e., aZ/2R>>W »—1, where a is the fine 
structure constant, Z the atomic number, RF the nuclear 
radius in #/me units, and W» the maximum total energy 
of the beta spectrum in mc units.! For this condition, 
the theoretical shape factor C; is essentially a constant. 
However, for low-Z and high-energy beta spectra, 
where W.—1 approaches the value of aZ/2R, the shape 
factor C; is not constant, but may be quite dependent 
on the beta energy. It thus becomes important to 

* Contribution No. 418. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 


fag at Engineering Research Associates, St. Paul, Minnesota. 
( H. M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 
1952). 


establish experimentally whether first-forbidden high- 
energy beta spectra from low-Z nuclei exhibit a positive 
deviation from a linear Kurie plot. 

For the 2.0-Mev beta group of K® and the 2.4-Mev 
beta group of As’*, which are presumably transitions 
with a spin change of zero and a parity change,?-® 
aZ/2R and Wo—1 are 7.3 mc? and 3.9 mc’, respectively, 
for K® and 10.6 mc? and 4.7 mc*, respectively, for As’®. 
These two beta spectra are shown by the solid lines in 
the partial decay schemes shown in Figs. 5 and 7. The 
two beta spectra were examined carefully for the purpose 
of ascertaining whether or not the shape factors C, 
resulting from the STP combination, as given by 
Mahmoud and Konopinski,! are in agreement with the 
shape factors obtained experimentally. 

The subtraction method was used to obtain the 2.0- 
Mev beta group of K® because it gave better statistics 
than could be obtained by coincidence measurements 
with our present arrangement. The 2.4-Mev beta group 
of As’* was obtained by coincidence measurements and 
also by the substraction method. 

In this investigation, both a thin-lens spectrometer’:* 
and an intermediate-image spectrometer,’:” with resolu- 
tions of about four percent, were employed. The coin- 
cidence measurements were performed with the inter- 
mediate-image spectrometer. Two different instruments 
were used to help detect possible instrumental errors. 
Also, as a check on the instruments the unique first- 
forbidden spectrum of Y® was carefully examined." 

? Hamilton, Lemonick, and Pipkin, Phys. Rev. 92, 1191 (1953) - 

3F. B. Shull and E. Feenberg, Phys. Rev. 75, 1768 (1949). 

( a Beyster and M. L. Wiedenbeck, Phys. Rev. 79, 728 
1950). 

5D. T. Stevenson and M. Deutsch, Phys. Rev. 84, 1071 (1951). 

6 E. P. Tomlinson and S. L. Ridgway, Phys. Rev. 88, 170 (1952). 

7 Jensen, Laslett, and Pratt, Phys. Rev. 75, 458 (1949). 

* Pratt, Boley, and Nichols, Rev. Sci. Instr. 22, 92 (1951). 

° H. Slitis and K. Siegbahn, Arkiv Fysik 1, 339 (1949). 

( 1 Nichols, Pohm, Talboy, and Jensen, Rev. Sci. Instr. 26, 580 
1955). 

1 W. E. Meyerhof, Phys. Rev. 74, 621 (1948). 

12 J. Moreau and J. Perzy Jorba, Compt. rend. 235, 38 (1952). 

13 Braden, Slack, and Shull, Phys. Rev. 75, 1964 (1 1949 

ML, M. Langer and H. C. Price, Jr., Phys. "Rev. 76, 641 (1949). 

18 E. N. Jensen and L. J. Laslett, Phys. Rev. 75, 1949 (1949), 


16 Laslett, Jensen, and Paskin, Phys. Rev. 79, 412 (1950). 
11L. E. Giendenin and C. D. Coryell, Radiochemical Studies: 
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The careful examination of this spectrum also served 
to indicate the validity with which this type of spectrum 
could be subtracted from a total beta spectrum. 

The single 1.7-Mev allowed beta group of P® has 
been examined by many investigators'*-*; however, 
it is only recently that a careful study of its spectral 
shape has been made to detect possible Fierz-type 
effects. Davidson and Peaslee® analyzed published P® 
data of Langer and Price and concluded that in the 
expression for a Kurie plot with a Fierz-type deviation, 


(N/IF)'= A(Wo—W)[1+ (r/W)}, (1) 


the parameter r, expressing the magnitude of the Fierz- 
type deviation, had a value of 0.00+-0.07. The quantity 
N represents the number of counts per minute, J the 
current, which is proportional to the momentum, W» 
the end-point energy, W the total energy of the beta 
particle, F the Fermi function, and A a constant of 
proportionality. 

The beta spectra of K* 2-5.3!-%4 and As76 635-8 have 
been investigated by a number of groups, and it is 
found that both have a complex beta spectrum. Both 
presumably contain about a 2-Mev beta transition 
from a 2— to a 2+ state. 

The 2.0-Mev transition of K® has been examined by 
Koerts ef al.* using coincidence measurements. They 
found it to have a linear Kurie plot to 0.5 Mev, which 
then deviates upward. 

The transitions from the 2— to 2+ states were of 
particular interest, for any deviation from a linear 
Kurie plot which might be found would aid in selecting 
the form of the interactions in beta decay. 
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II. APPARATUS AND PROCEDURE 


Most sources used in the intermediate-image spec- 
trometer were prepared by vacuum evaporation onto 
thin aluminized collodion films. The formula of Hamil- 
ton and Gross“ was used in estimating when source 
effects would become appreciable and no data were 
used in subsequent calculations below the energy value 
so obtained. Sources for the thin-lens spectrometer 
were either prepared as described above or were made by 
evaporating off the water from a drop of solution 
placed on a thin aluminized collodion backing. 

In processing the data a number of corrections were 
generally made. These were for (1) counter dead time, 
which was of the order of 10 usec, (2) background, (3) 
decay, and (4) the finite resolution of the spectrometer. 
Where necessary the electron screening effect was com- 
pensated for by corrections obtained by interpolating 
in the table of Reitz.“* The corrections necessary to 
the simple distribution function of Fermi were ob- 
tained from the values tabulated by Rose, Perry, and 
Dismuke.** These values were in turn corrected for the 
new value of the nuclear radius ro (r9==1.15X10-"%A? 
cm) obtained by Pidd.*’ The effect of the cutoff of the 
Coulomb potential at the nuclear radius is negligible for 
values of Z< 60; hence, this correction was neglected. 

The beta spectrum of Y”, examined as an instrument 
check, consists of a single beta group with an energy of 
2.27 Mev and has the unique shape of a first-forbidden 
transition with a spin change of two units."—” As the 
shape factor for this transition is uniquely known, any 
deviations of the observed spectrum from that pre- 
dicted by theory should result from instrumental errors. 

To facilitate the detection of small deviations from 
a linear Kurie plot, a shape-factor plot was made. By 
manipulating the usual equation of the Kurie plot, one 
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Fic. 1. Shape-factor plot of Y* data obtained with the 
interm te-image spectrometer. 


“ D. R. Hamilton and L. Gross, yd a Instr. 21, 912 (1950). 

4 J. R. Reitz, Phys. Rev. 77, 10 (195 

46 Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
Unclassified Report ORNL-1459, 1953 (unpublished). 

47R. W. Pidd (private communication); Pidd, Hammer, and 
Raha, Phys. Rev. 02, 436 (1953). 
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Fic. 2. Shape-factor plot of Y® data obtained with the 
thin-lens spectrometer. 


obtains 
N; 


oniicatipedinerinetnimiinaniitnemenne GR B?, (2) 
IF (Wo—W;)? 

where W, is the energy in mc* units at which the ith 
measurement is performed and B is a quantity de- 
scribing the slope of the Kurie line and containing any 
correction factors if present. As B* is determined from 
experimental points, it will have roughly a mean value 
of the various NV,//,F;(Wo— W,)? quantities and will be 
constant within experimental error for a linear Kurie 
plot. 

A shape factor plot of the Y® spectrum obtained with 
the intermediate-image spectrometer is given in Fig. 1, 
and that obtained with the thin-lens instrument in 
Fig. 2. The probable error of the various points was 
assigned by consideration of the measured number of 
counts and the uncertainty of the background. It is 
seen that neither instrument introduces deviations 
beyond statistical error. Figure 3 is a Kurie plot of Y* 
obtained with the intermediate-image spectrometer. 
The source used in the intermediate-image spectrometer 
was prepared by vacuum evaporation of yttrium 
chloride and had a surface density of 20 ug/cm?* on an 
aluminized collodion film of 30 ug/cm*. The source used 
in the thin-lens spectrometer was formed by placing a 
drop of the material on the film and evaporating off the 
water. Its average surface density was less than 
1 mg/cm*. The end-point energy of the Y* beta spec- 
trum was found to be 2.275-++0.010 Mev. 

The P® source material was carrier-free phosphorus 
obtained from the Oak Ridge Isotope Division and was 
made by a neutron-proton reaction on a sulfur sample. 
The sources used in both spectrometers were prepared 
by vacuum evaporation and had a surface density of 
less than 30 ug/cm? on a 30 ug/cm? collodion backing. 
As a small amount of P* activity was present, with an 
end-point energy of 249 kev, only points taken at 
energies above 300 kev were used. 

To statistically analyze the data, a least-squares 
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development was used. If Fierz interference effects are 
present, the quantity (V/JF)! is described by Eq. (1), 
and the Kurie plot is slightly curved. This three- 
parameter problem in A, Wo, and r was reduced to a 
one-parameter problem in r to a good approximation. 

Consider an actual Kurie plot in which a least- 
squares line is determined from the points on the high- 
energy end of the distribution between W, and W2, 
where W, is some arbitrary point and W, is the highest- 
energy point that is used. Approximately one-third of 
the spectrum is included between points W,; and W». 
A value of S, the slope of the least-squares line, and Wy 
are determined from this line. One can show that 


A=S/(it+tyr— 67’), 
y=W,/2WiW, 


where 


and 
B= (WoW2+W.W1— WW 2) /8W PW’. 


The error in Wo, obtained from this least-squares 
line, is almost negligible even if some Fierz-type devia- 
tion is present. If a value of r outside of statistical error 
were found, this value so obtained could be used to 
recompute Wo. It can be shown that the error in Wo is 
less than one part per thousand for an assumed value 
of r=0.1, in a typical case. 

Upon minimizing the square of the deviation of the 
experimental points from the Fierz line through the 
points having energies less than W, and solving for r, 
one obtains to a good approximation 


(SMn-)/EG-*): 


where 
Yi=N./L1F (Wo—W,)*]). 


To determine the probable error in 7, one notes that 
in Eq. (3) only the term [(Y;./S?)—1] is subject to 
large error. The other terms are in error at most by two 
percent, whereas this term may have errors of the order 
of one hundred percent. A consideration of this term 
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Fic. 3. Kurie plot of Y® beta spectrum obtained with the 
intermediate-image spectrometer. The values of Lo and L; have 
been tablulated by Rose, Perry, and Dismuke.** 
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Fic. 4. Shape-factor plot of P® data obtained with the 
intermediate-image spectrometer. 


results in the computational formula for the probable 
error in 7. 

The 12.4-hour activity of K® was examined with 
both instruments. The radioactive K® was obtained 
by irradiating in the CP-5 pile at the Argonne National 
Laboratory a sample of KCl in which the potassium was 
enriched to 99.21 percent in K“. The KCI sample was 
obtained from the Isotope Research and Production 
Division of the Oak Ridge National Laboratory. The 
source for the intermediate-image spectrometer was 
prepared by vacuum evaporation and had a surface 
density of 20ug/cm? on a backing of 30 ug/cm? of 
collodion while that used in the thin-lens spectrometer, 
formed by evaporating off the water from a drop of the 
liquid placed on a 30-ug/cm? collodion film, had an 
average surface density of 0.5 mg/cm. 

To observe the photoelectric spectrum of K® in the 
intermediate-image spectrometer, a 0.063-inch copper 
cap was placed over the source material and a 17.2- 
mg/cm? thorium radiator was placed over it. The data 
of Davisson and Evans** were used to calculate the 
attenuation of the gamma rays in passing through the 
copper cap and to determine the photoelectric cross 
section for the gamma rays. 
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Fic. 5. Kurie plots and maximum beta energies of the total 
beta spectrum of K® obtained with the intermediate-image spec- 
trometer. The values of Zo and L; have been tabulated by Rose, 
Perry, and Dismuke.“ 


48 C. M. Davisson and R. D. Evans, Revs. Modern Phys. 24, 
79 (1952). 


The upper end of the total beta spectrum of As’* was 
examined with the intermediate-image spectrometer, 
the lower energy end being obscured by the superposi- 
tion of the various beta groups. The source was prepared 
by evaporating the water from a drop of solution, 
placed on a 30-ug/cm? aluminized collodion film. Its 
average surface density was about 0.5 mg/cm*. Coin- 
cidence data were also taken. 


Ill. RESULTS 


The Kurie plot of the P® beta spectrum obtain by 
using the intermediate-image spectrometer gave an 
end-point energy of 1.712+0.005 Mev, and within 
experimental error was found to be straight. Figure 4 
is the shape-factor plot obtained with this instrument. 
The intermediate-image spectrometer data gave a 
value for r of 0.030-+0.040. 

The data from the thin-lens spectrometer gave an 
end-point energy of 1.712+0.006 Mev and within 
experimental error the Kurie plot was linear. The shape- 
factor plot was also straight within the probable error. 
The value of r obtained was —0.032+0.045. 

Averaging the values of the end-point energies gives 
1.712+0.004 Mev. Averaging the two values of r gives 
r=0.00:-+0.03. This average value of r should be 
reliable as precautions were taken to have uniform thin 
sources and backings and two separate instruments 
were used to obtain consistent values of r. 

These data indicate that for a TA mixture either 
Gr/Ga2Z 2X10 or G4?/Gr*< 2X10, where Gr and 
Ga are Fermi coupling constants giving respectively the 
magnitudes of the T and A interactions in the correct 
beta decay law. 


K* and As’® 


As indicated in the Kurie plot of Fig. 5, the decay 
of K® involves two and perhaps three beta groups. 
The average values for the maximum energies of the 
two higher energy beta groups, as obtained with both 
spectrometers, were found to be 3.545++0.010 Mev and 
1.985+0.010 Mev. The possible weak third beta 
group has a maximum energy of about 0.5 Mev. The 
data shown in Fig. 5 were obtained with the inter- 
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Fic. 6. Shape-factor plot of the 1.985-Mev beta group of K® 
obtained with the intermediate-image spectrometer. 
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mediate-image spectrometer. Within statistical error 
identical results were obtained with the thin-lens 
spectrometer. 

Because it was necessary to apply the a correction 
factor (this shape factor is designated as C,® by 
Mahmoud and Konopinski') to the 3.545-Mev beta 
group to obtain a straight Kurie plot and because of 
its log(W@’—1)ft value of about 9.7, this group was 
identified as a first-forbidden transition with a spin 
change of 2 units. The 1.985-Mev beta group, which was 
obtained by performing a subtraction, has approxi- 
mately an allowed shape. The excellent Kurie plot 
obtained for Y™, Fig. 3, indicates that the high-energy 
beta group of K®, which has the same shape factor as 
Y™, can be subtracted from the total spectrum without 
introducing additional errors except those due the 
statistics. A plot of the shape factor for the 1.985-Mev 
beta group of K® is indicated in Fig. 6. The deviation 
at the low-energy end is attributed to the presence of a 
weak third beta group. Assuming that it represents a 
weak beta group, it is found that the intensity is 
approximately one percent of the 1.985-Mev beta 
group. The shape factor might possibly have a slight 
positive slope above 0.5 Mev. The log ft value of 7.5 
for this beta transition agrees well with the average 
value for transitions from 2— to 2+ states. Coin- 
cidence counts were detected between the 1.985-Mev 
beta group and the 1.53-Mev gamma ray; however, the 
coincidence counting rate was insufficient to give an 
accurate spectrum shape. 

Using a 17.2-mg/cm? thorium radiator, the authors 
found two gamma rays with energies of 1.530.01 Mev 
and 320+5 Mev. The 320-kev gamma ray has an 
intensity of 0.8¢9:$ percent of that of the 1.53-Mev 
gamma ray. 

A Kurie plot of the higher energy end of the total 
beta spectrum of As”* is shown in Fig. 7. The a (C,°) 
correction factor was applied to the points of the highest 
energy beta group in order to obtain a straight Kurie 
plot. This is in agreement with the assignment of a first- 
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Fic. 7. Kurie plots and maximum beta energies of the high- 
energy portion of the total beta spectrum of As’® as obtained 
with the intermediate-image spectrometer. 


 R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954). 
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Fic. 8. Kurie plots and maximum beta energies of the coinci- 
dence ‘spectrum of As’* obtained with the intermediate-image 
spectrometer. 


forbidden transition with a spin change of two units. 
This beta group has a maximum energy of 2.97+0.01 
Mev. The two other groups shown, of energies 2.43++0.02 
and 1.79+0.05 Mev, were obtained by the subtraction 
method. Figure 8 displays the Kurie plots obtained by 
coincidence measurements with gamma rays having 
energies above 0.5 Mev. Maximum beta energies were 
found to be 1.76+0.02 and 2.41+0.015 Mev. The 
average maximum energies of these beta-ray groups, 
1.77+0.02 and 2.42+0.01 Mev, are in agreement with 
those cited by Hubert." 

“Shape-factor plots of the 2.42-Mev beta group of 
As’® are shown in Fig. 9 by the open and solid circles for 
the coincidence and subtraction spectra respectively. 
The theoretical correction factors C}, C,™, and C,® 
are also shown by the broken lines as computed with 
the best previous estimates of certain parameters. The 
dashed lines indicate the shape factors the experimental 
procedure would give if these shape factors were present. 
The experimental] shape factors shown in Fig. 9 indicate 
that over the range examined, which was limited by the 
presence of other beta groups, this beta group has an 





= 


oem beet gat 


Few? 
” ee ed 


——— —- THEORETICAL SHAPE FACTOR 


SHAPE FACTOR EXPERIMENTAL PROCEDURE 

WOULD GIVE 
i i 1 1 J -™ 

34 36 











42 46 48 30 $2 
W ENERGY IN MC® UNITS 

Fic. 9. The open and solid circles show the shape-factor plots 
obtained experimentally and the broken lines show the theoretical 
shape-factor plots of C;®, C,, and C:® for the 2.43-Mev beta 
spectrum of As’*. The dashed lines indicate the modifications of 
the theoretical shape factors expected from the experimental 
procedure and analysis of the data. 
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Fic. 10. The broken lines show the theoretical shape-factor 
plots of C;}, C,;™, and C,® for the 1.985-Mev beta group of K® 
and the dashed lines indicate the theoretical shape factors expected 
as a result of the experimental procedure and analysis of the data. 
The experin.entally determined shape factor for the 1.985-Mev 
beta group of K* is also shown for the purpose of comparison. 


allowed shape. This beta group is presumably also a 
transition from a 2— state to a 2+ state. 


IV. DISCUSSION 


Mahmoud and Konopinski,' whose notation is used in 
what follows, derived an expression for the shape factors 
for first forbidden transitions in the approximation that 
(aZ)*K1. 

They separated the first forbidden shape factor C, 
into three parts 

C=C, +-C,9+C,, 


where C, consists of the only terms which contribute 
to 0-0 transitions (C,; can also contribute to AJ=0 
transtions), C,® consists of terms which contribute 
to AJ=+1 transitions but not the 0-0 or AJ=+2 
transitions (C,® can also contribute to AJ=0 transi- 
tions), and C,®) consists of terms which contribute to 
Al ==2 transitions (C;® can also contribute to AJ=0, 
+1 transitions). The C,® shape factor is the approxi- 
mate parabolic shape factor which characterizes first- 
forbidden transitions with a spin change of two units 
with a parity change. 

If one uses the shape factor for the STP combination, 
which present information seems to indicate is probably 
the correct one, and assumes that the real parameters 
x, and y; have a value of one and 2; has a value of zero 
for the approximation that G,/G,’—1, one finds that 
noticeable deviations from a constant shepe factor are 
expected for the 1.985-Mev and = beta transi- 
tions of K® and As’®, respectively. The rea] parameters 
*1, ¥1, and 2; enter in the shape factor C; and are 
defined in reference 1. The values of the parameters 
%1, Yi, and 2; indicated above are the best estimates 
given by King and Peaslee® and Ahrens and Feenberg.” 

For the 1.985-Mev beta group of K® which pre- 


® T, Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952). 
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sumably is a transition with AJ=0 and a parity change, 
the shape factor C, consists of the sum of the three 
shape factors C;}, Cy, and C,®. Shown in Fig. 10 for 
the 1.985-Mev beta group of K® are the shape factors 
C,, C,™, and C,™, and how they would be modified 
by the experimental procedure used, together with the 
shape factor obtained experimentally. The experi- 
mentally determined shape factor for this transition is 
almost constant within experimental error above 0.5 
Mev. If one assumes that the contribution from pure 
tensor terms (C;®) is negligible, the combination of 
C,; and C,™ cannot give rise to a constant shape 
factor since both have nearly the same dependence 
on energy. It is clear that the shape factors C,, C,™, 
and C,®), as calculated with the assumed values of x, 
yi, and zs given above, cannot account for the nearly 
constant shape factor found experimentally for the 
1.985-Mev beta group of K®. The shape factors C, 
and C,® were calculated for a nuclear radius of 
1.1X10-"*Atcm, where A is the mass number. Using 
the smallest reasonable value for the nuclear radius 
favors the constant Coulomb energy term aZ/2R com- 
pared with the energy-dependent parts of the shape 
factors C;} and C,. 

It may be argued that there is no experimental 
evidence at present which demonstrates conclusively 
that the 1.53-Mev energy level of Ca® is a 2+ state. 
However, it should be pointed out that if the 1.985-Mev 
beta group is a first-forbidden transition, which the 
log ft value of 7.5 indicates, then the shape factors 
C,, Ci, and C,® taken individually or in any 
combination (with the assumed values of x, 41, 
and 23) cannot account for the shape factor found 
experimentally. 

Figure 9 also shows the shape-factor plots of C,, 
C,™, and C,® for the 2.42-Mev beta group of As’ and 
how they would be modified by the experimental 
procedure. 

If one examines the parameters 2%, 1, and 23 in the 
expressions for Cy; and C,™ for the STP combination 
(see reference 1), one finds that a constant shape 
factor can only be reasonably accounted for by assigning 
a large value to yj; or 23. 

For the 1.985-Mev beta group of K®, if one assumes 
that the major contribution to the transition comes 
from the C,™ term, then the parameter y, must have 
a value greater than 10 in the (aZ)*1 approximation to 
account for the experimental results. On the other 
hand, if the major contribution comes from the C, 
term, then z; must have a value greater than 10 to 
account for the experimental results. 

Over the energy range measured, the 2.42-Mev beta 
group of As’® also has an allowed shape. However, 
because it was possible to measure only part of this 
beta group by itself, it was not possible to get any 
accurate measurement of the shape factor. 

King and Peaslee* have suggested that on the average 
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10 percent of the transitions from 2— to 2+ states 
should result from the tensor interaction which gives 
rise to the shape factor term C,°). Assuming that the 
deviation from a constant shape factor for the 1.985- 
Mev beta group in K®, Fig. 10, is due only to the C,® 
term, it is estimated that this shape-factor term cannot 
contribute more than two percent of the transitions. 
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in the conventional perturbation treatment of the many-body 
problem of interacting particles, the zero-order Hamiltonian 
corresponds to independent particles moving in a static over-all 
potential. A discussion of the effects of particle interactions or 
‘correlations’ shows that if one starts instead with a Hamiltonian 
representing noninteracting particles in a velocity-dependent over- 
all potential, deeper for slow, and shallower for fast particles, 
then part of the correlation effect is included already in zero 
order. In addition, a velocity-dependent over-all potential may 
be called for by velocity dependent interparticle forces or by 
exchange forces. The degree of the improvement in the con- 
vergence of a perturbation expansion based on a Hamiltonian 
with a velocity-dependent over-all potential is discussed and 
illustrated by a simple example in which the velocity dependence 


of the potential gives rise to a reduced “effective mass” of the 
particles. 

The many-body problem of a large, uniform system of inter 
acting particles (e.g., the case of a heavy nucleus without surface 
effects) is formulated in detail] in perturbation theory, starting 
with a velocity-dependent potential constant in space. The work 
involved in such a calculation turns out to be essentially the same 
as with a velocity-independent potential, the effect of the velocity 
dependence being to reduce each term in the perturbation expan- 
sion by a constant factor raised to a power equal to the number of 
“energy denominators” E,—£, in the term in question. A simple 
equation is deduced for the optimum degree of velocity de- 
pendence of the over-all potential which ensures the most rapid 
convergence. 





1, INTRODUCTION 

HERE are two principal difficulties in giving 
a quantitative description of the properties of 
nuclei: our limited knowledge concerning the funda- 
mental interactions between nucleons, and the mathe- 
matical difficulties associated with the solution of a 
many-body problem. In recent years, some progress 
has been made in the nuclear many-body problem.'! 
The present paper describes a method of dealing with 
the many-body problem which shows many similarities 
with those investigations and may turn out to be 
equivalent in many respects as regards the physical 
effects considered. The present method is, however, 
formulated according to conventional perturbation 
theory, which makes the interpretation of the results 
in terms of familiar concepts especially easy and makes 

clear the relation to earlier work along these lines. 
The many-body problem of interacting particles has 
been treated with considerable success in the case of 
atomic electrons by a method in which the zero-order 
solution corresponds to particles moving in a common 
potential and the difference between the actual inter- 
1See, for example, the article by K. A. Brueckner and C. A. 
Levinson, Phys. Rev. 97, 1344 (1955) and the series of articles by 


Brueckner, Watson, Levinson, Mahmoud, Eden, and Francis, 
referred to in the above article. 


action energy and that part of it which is represented 
by the common potential is treated by perturbation 
theory. The same method has been applied, with much 
more limited success, to the case of nuclei.?>~* The magni- 
tude of the second-order term (representing correlation 
effects) in the perturbation expansion of the total 
energy indicates that, in the case of typical nuclear 
interactions, the convergence is rather slow. The expan- 
sion has never been carried beyond the second order. 

The success of a perturbation treatment of any 
problem depends on how close the unperturbed system 
is to the exact solution, i.e., on the success of the 
initial choice of the zero-order Hamiltonian Ho in the 
division of the exact Hamiltonian H into Ho and the 
perturbation W=H— Hp. The methed to be described 
in this article differs from the older perturbation expan- 
sions in the first place only in the choice of Ho. As will 
be shown, it is possible, by a proper choice of H;, to 
include already in the zero-order solution part of the 
correlations normally appearing in higher orders. The 
result is that the second- and higher order terms in the 
new expansion are smaller and the convergence is 
improved. 

*H. Euler, Z. Physik 105, 553 (1937). 


3 W. Heisenberg, Z. Physik 96, 473 (1935). 
*R. Huby, Proc. Phys. Soc. (London) A62, 62 (1949). 
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In order to have a good initial Hamiltonian Ho, one 
must include in it the principal features of the system 
one is trying to describe. In the case of a system of 
interacting particles, an important feature is the appear- 
ance of correlations among the motions of the particles, 
expressing the tendency of the particles to stay close 
together in the case of attractive forces and to avoid 
each other in the case of repulsions. For a cohesive 
system with over-all attractions, the effect of the 
correlations is to increase the average (negative) poten- 
tial energy of any particle, since each particle tends to 
spend as much time as possible in configurations where 
the potential energy is lowest. The net result is a nega- 
tive contribution to the (negative) binding energy of 
the total system, as illustrated, for example, by the 
sign of the second-order term in the above-mentioned 
perturbation expansions. 

If one is considering a system composed of particles 
moving with different velocities, the correlations will 
affect the slower particles relatively more than the fast 
ones. This is simply due to the greater difficulty of 
deflecting a fast particle from an unperturbed motion, 
and would be brought out most clearly in the case of a 
very fast particle passing right through the system, in 
which case the potential felt by the particle would tend, 
with increasing velocity, to a limiting value representing 
an average uninfluenced by correlations. Similarly, if 
instead of comparing slow and fast particles, we follow 
the motion of a given particle, the correlations which 
affect it will be more pronounced when it happens to 
be moving slowly and less pronounced when its velocity 
is high. Hence, to the extent that the effective potential 
felt by a particle arises partly by virtue of correlations, 
its magnitude will depend on the velocity of the 
particle. 

In addition, a velocity dependence of the over-all 
potential may be called for by velocity-dependent inter- 
particle interactions, resulting in a different effective 
potential for slow and fast particles. Also, for exchange 
forces the effective interaction between two particles 
depends on their states of motion [through the exchange 
integral /Wi*(1)¥m*(2)Vi2m(1)¥x(2)]. In both cases, 
this leads to a velocity dependence of the effective 
potential even before correlation effects are considered. 
[Discussions of this effect in the case of exchange forces 
are given by Bethe and Bacher® and Van Vleck.*] 

The preceding discussion suggests that the approxi- 
mation in which the interactions between particles are 
replaced by an over-all potential will be improved if 
this potential is made velocity-dependent, becoming 
deeper for slow particles and tending to a limiting 
value for high velocities. 


(1936). Bethe and R. F. Bacher, Revs. Modern Phys. 8, 82 
* J. H. Van Vleck, Phys. Rev. 48, 367 (1935). 
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To solve a many-body problem with a Hamiltonian 


p? 
Had —+E¥ Vu, (1) 


2m i<i 


it would thus be advantageous to take as the starting 
point a Hamiltonian Hp given by 


p? p? 
H=E—HEUn—), 
i 2m i 2m 

where the average potential U felt by the ith particle is 
an increasing function of p?7. We have written p? 
instead of p; in the argument of U in order to imply a 
symmetric function of velocity, independent of the 
direction of motion. [The factor 4 in the last term of 
Eq. (2) expresses the fact that interaction energies 
between particles, depending as they do on two par- 
ticles at a time, are not additive. For k-body forces the 
contribution to the total potential energy from a par- 
ticle experiencing a potential U is (1/k)U.] 

The Hamiltonian (2) represents the motion of par- 
ticles under the action of a velocity-dependent poten- 
tial, but still without explicit interactions between 
them. If a solution of this probiem is found, the solution 
of the many-body problem could then proceed with the 
difference, 


W=H-—Ho= LD Vis—3 L U(r,,t,), 


i<j i 


treated as a perturbation. (We have put ¢;= p?/2m.) 
The difference from the conventional perturbation 
treatment with a velocity-independent U now comes in 
when we consider the effect of the perturbation W in 
introducing correlations between the motions of pairs 
of particles. These interactions (or “collisions”) have 
the effect of changing the state of motion of the inter- 
acting pair. In the language of perturbation theory this 
is described as a transition from the ground state of 
the unperturbed system to a virtual level . As is well 
known, the energy difference E,— EZ» (where Ep refers 
to the original state) has a controlling effect on the 
probability of the occurrence of the configuration 
associated with the state m, the probability decreasing 
with increasing E,— Eo. In the case of a velocity- 
independent U, the difference E,— Ep is essentially the 
difference in the kinetic energies of the two particles 
before and during the interaction. When U is an in- 
creasing function of the kinetic energies, the energy 
difference will be increased because the average poten- 
tial for the faster-moving particles during the inter- 
action is shallower than for the initial state. Physically 
this expresses the fact that during the interaction the 
particles acquire a higher velocity, which makes them 
less susceptible to further correlations—less, that is, 
than one would estimate on the basis of their original 
velocities. This result, which makes the correlations 
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themselves reduce the original estimate of their magni- 
tudes, is an effect which, with a velocity-independent U, 
would only appear in higher orders of a perturbation 
expansion. 

The increase in the energy differences E,—Eo 
“stretches” the energy spectrum of the system associ- 
ated with the Hamiltonian (2) as compared with the 
case of a velocity-independent U. The result is that 
transitions to states of motion differing from the un- 
perturbed solution of Ho are made more difficult and 
the convergence of a perturbation expansion is im- 
proved. 

The stretching of the energy spectrum corresponds 
to an effect occasionally described in terms of a reduced 
effective mass of the particles. This is illustrated most 
simply in the case when U(r,t) is taken to be of the 
form: 


U(r,t)=f(r)+c(p?/2m), (3) 


when the last term can be combined with the kinetic 
energy in the Hamiltonian to give ~°/2m’, with 2m’ 
=2m(1+c)—. The resulting Hamiltonian describes 
particles moving in the velocity-independent part f(r) 
of U, the level spacing being increased in the ratio 
m/m' on account of the reduced mass. With the simple 
dependence on ” assumed in Eq. (2) the effect of the 
velocity dependence of U is thus to improve the con- 
vergence of a perturbation expansion to the extent of 
multiplying each term in the expansion by a power of 
m'/m equal to the number of energy denominators 
E,,— E,, occurring in the term in question. The qualita- 
tive discussion of the reasons for the stretching of the 
spectrum which was given before, suggests that similar 
conclusions are to be expected also for a dependence of 
U on p* more general than that in Eq. (3). We shall 
illustrate this by a second simple idealization in which 
the dependence of U on #’ is unspecified, but instead UV 
is assumed to be independent of r. This represents the 
frequently discussed limiting case of a large nucleus, 
with surface effects neglected. The results of such cal- 
culations describe the properties of nuclear matter in a 
statistical way. We shall discuss this case explicitly 
with reference to a perturbation expansion and we 
therefore begin with a summary of some relevant 
formulas. 


2. PERTURBATION THEORY FORMULAS 
It is required to find the solutions of 
Hm= Enbm, 
assuming the solutions of 
Hottm= En ottm 
to be known. Writing 


Yn= Le CkmUk, 


and 


We = > m W matem, (Wax f »t1m) 


subtraction of (5) from (4) gives 
Ye CenW mk= Cmn(En— E,.’). (6) 


Solving once for E,,— E,,° and once for ¢», and applying 
repeatedly the latter expression to the ¢ym appearing 
in the former, we find an equation of the following type: 


W mW km 
En— En? =Wmm+ >, ——— 
kxm Ey, — E,° 
W meWiiW tn 
+Z> 
k,l#m (Em— E,°)(Em— E?’) 
W mW at 








1 
—> CanW ta. (7) 


Ez 7 arena 
k, lm (En— Ey’) (En— E?’) Cmm *™ 


This is exact. The perturbation formula to second order 
is obtained by retaining the first two terms and re- 
placing E,, by £,,° in the denominator: 


W mWim 
En—E,°= Wamt = ————+ ile he (8) 


k#m E,°- E,° 


The pth term in the expansion (7) has p—1 energy 
denominators. In what follows, the ground state of the 
system will be denoted by m=0. 


3. PERTURBATION THEORY WITH A 
VELOCITY-DEPENDENT U 


In the present case, H is given by Eq. (1) and Hp by 


Ho= Dis p?/2m+4d; Uti), (9) 
so that 


W=LY Vij-3 XD Ut)=A-B, say. (10) 


i<j 


Since U is a constant in space, the solutions u,, of (9) 
are Slater determinants composed of single-particle 
plane waves, just as in the case of a U independent 
of p’. In evaluating the matrix elements of W between 
two such determinants u,, and “,, the contributions 
from the second term in (10) vanish for mk, since 
operating with U(p,?/2m) leaves all the plane waves in 
a determinant unchanged (a velocity-dependent but 
constant potential will not cause a particle moving 
under its influence to change its state of motion). All 
the nondiagonal matrix elements (A) are, therefore, 
identical with the matrix elements occurring in a per- 
turbation expansion with a velocity-independent U. 
The velocity dependence affects only the energy de- 
nominators in the sums occurring in (7) and (8). The 
effect on these denominators is easily exhibited by 
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writing 


Bat f unt] +45 UC) fom 


=Trt+Bn. 


Here T,, is the zero-order kinetic energy associated with 
the plane-wave determinant u,,, and B,, is the expecta- 
tion value of 45°; U(t,) for this state. Hence we may 
write 

E,°- E,{= Tn Ti tBun- B, 


Bn—Bx 
a) 
= (1+6)(Tn—T), 


where 6, which should really be written 5.x, is the rate 
of change of the expectation value of the potential 
energy with increasing kinetic energy (excitation), all 
referring to the zero-order system u,. For a velocity- 
independent U, the expectation value of U would be 
independent of the excitation, and )=0. For a velocity- 
dependent U, the factor 1+ expresses the stretching 
of the energy spectrum discussed in the introduction. 

The close relation which exists between the de- 
pendence of the potential energy B,, on the total kinetic 
energy 7,, and the dependence of U on ¢; for the separate 
particles can be brought out as follows. Consider an 
excitation of the zero-order system consisting of in- 
creasing the kinetic energy of a particle from ¢; to 
t;+At;, the associated change in $4U(t;) being 3A4U;. 
If the kinetic energies of several particles are affected 
by the excitation the total changes are >>; At; and 
Xi ($AU,), respectively. The rate of change of B with T 
is then 


Li (QAU,) Di [3(dU/dt) At; ] 
i 


where 3((dU/dt)) is some average value of the deriva- 
tive of U. The precise value of this average will depend 
on the excitation in question (as defined by the set of 
excitations A/;), but for the most important excited 
states occurring in a perturbation theory (the removal 
of particles from states somewhat below the surface of 
the Fermi sphere to states somewhat above), ((dU/dt)) 
will be approximately equal to dU/dt evaluated at a 
kinetic energy /o corresponding to the top of the Fermi 
sphere. Hence, the quantity } is approximately given by 


b~} (dU /dt) to. 


Factors of the type (1+) will appear in all the higher 
order terms of (8), their number being equal to the 
number of energy denominators. For positive 5, this 
will improve the convergence of the expansion. 

The first term on the right-hand side of Eq. (8) 
consists of the diagonal elements A,,— B,,. As discussed 


= (Ta=T)( 14+ 


= 3((dU/dt))m, 





SWIATECKI 


above, B,, will depend on the state of excitation m. 
The quantity A,,, which is the average value of LL Vij 


for the unperturbed state m, would be tdiipdiitien® of m 
for ordinary, nonexchange, ‘velocity-independent inter- 
particle forces. However, with such more general forces 
present, A,» will also depend on m. To bring out 
explicitly the dependence of A,, and B,, on the degree 
of excitation 7T,,—T» (here TJ» refers to the ground 
state), we shall write, for the small excitations relevant 
to a perturbation treatment: 
m— Bo 

)re- To) ~Bot+b(Tn— T»), 


m 0 


Ba Be-( 


A w= Ao (= 


*\r. —T)~AetlTa-Te, 


where a=0 for particle interactions independent of the 
state of motion of the system. Bo is an average depth 
of the potential for the ground state. 

We may now write Eq. (8) in the following form: 


Em— En®=Ao—Bot+(a—b)(Tm—T>) 


AmAkm ; 
+(1+d)' D > +(1+5)-*(3) 


km [lk 


++ +++ (1+-b)-7*1(p)+---, (13) 


where (p) stands for the pth term in a perturbation 
expansion with a velocity-independent U. 


4, DETERMINATION OF THE OPTIMUM 
PARAMETERS OF U 

Equation (13) gives the change of the energy spec- 
trum of the zero-order system caused by the perturbing 
interaction W, for any arbitrary value of b~4(dU/dt). 
The question arises as to what value of dU/dt one 
should assume so as to ensure the most rapid con- 
vergence. 

If one requires that the zero-order system should be 
such that its energy spectrum £,,° in a region of values 
of m of greatest interest resembles as closely as possible 
the spectrum of the exact system (or, in practice, the 
estimate of this spectrum after a given number of steps 
in the perturbation expansion), then the condition on } 
is that it should minimize the right-hand side of (13) 
in the range of m-values considered. If we apply this 
optimum condition to the region of low excitations 
(relevant for the perturbation treatment) by requiring 
that (Emn— Em) mao= 0 and [ (8/87) (Em— Em) |m=0=0, 
we find: 

— Bot (1+)"9=0 (14) 
and 
a—b+(1+6)—“g=0, (15) 
where 
AuwAro 


kx0 To- Ti 
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is the “correlation energy” in a conventional perturba- 
tion calculation and gq is the rate of change of this 
energy with increasing excitation T,,. Terms beyond 
the second approximation have been neglected in Eqs. 
(14) and (15). 

In the above equations, the quantities Ao, a, Q, and q 
are constants which can be calculated for any assumed 
particle interactions V;;. The sums for Q and g, in 
particular, are of a type that have evaluated explicitly 
for Gaussian and Yukawa two-particle potentials (refer- 
ences 2 and 4). The two unknowns Bp and 6 refer to 
two adjustable parameters of the potential U: an 
average depth and an average degree of energy de- 
pendence, respectively. Equation (15) gives directly the 
optimum value of 6 and Eq. (14) then determines Bo. 

The positive solution of the quadratic equation (15) 
gives 


1+b=3{(1-+a)+[(1+2)*+49]}}. 


This shows how the factor 1+, which is a measure 
of the degree of improvement in the convergence of a 
perturbation expansion, increases both with increasing 
a and gq, the quantities which give the rate of energy 


dependence of the interaction energy >->> Vi; calcu- 
i<j 


lated in first and second order, respectively. In par- 
ticular, if g were negligible we would have 


1+b=1+4a, 
whereas if both a and q were small compared to unity: 
1+b=1+a+¢+:::. 


It is interesting to note that the presence of exchange 
or velocity-dependent particle forces resulting in a 
positive a would, by itself, tend to suppress correla- 
tion and higher order effects, and so help to preserve 
the validity of the “independent-particle” zero-order 
approximation. 

5. DISCUSSION 


The velocity dependence of U in the zero-order 
Hamiltonian Ho was introduced on physical grounds, 
as the result of a discussion of correlation effects, 
exchange forces, and a possible velocity dependence of 
the particle interactions. The final formulation of the 
method, with a velocity dependence of U which is 
automatically fixed by the approximation procedure, 
may be regarded as an extension of conventional 
perturbation theory (whose formulation has been con- 
sidered in the present paper only in two simple limiting 
cases), whose success is to be judged by its usefulness in 
applications to specific problems. 

The zero-order solution, based on a potential U ad- 
justed according to Eqs. (14) and (15), represents an 
approximate solution of the many-body problem in 
which part of the correlation effects are included, 
although the wave function is still a simple Slater 
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determinant. Considering the effect of the perturbation 
W on this zero-order system, Eq. (14) ensures that the 
first- and second-order corrections to the ground state 
energy cancel out. The next (third-order) correction is 
decreased by a factor (1+5)-* as compared with a 
conventional perturbation calculation. Equation (15) 
ensures that the same is true also for low-lying excited 
states of the system. 

In applications to problems of nuclear structure, the 
accuracy of the improved expansions can be expected 
to depend on the type of particle forces considered. 
The second- and higher order terms in the present 
method refer to effects that cannot be represented by 
even a velocity-dependent over-all potential. The re- 
maining essential correlations, representing deviations 
from “independent-particle” motions, will depend, 
among other things, on the smoothness of the assumed 
particle interactions, and this question will become 
clearer in the light of the results of specific applications. 
(I am indebted to Professor K. Brueckner for valuable 
correspondence in this connection.) 

There appears to be experimental evidence for a 
dependence of the depth of the nuclear potential on 
energy which, according to the present considerations, 
could be due to correlation effects and exchange forces 
as well as to an explicit velocity dependence of nucleon 
interactions. Thus, for neutrons of about 1 Mev, the 
depth of the nuclear potential well is around 42 Mev,’ 
but with increasing energy it decreases to about 10-15 
Mev, around which value it appears to remain approxi- 
mately constant between 150 and 400 Mev.*- Informa- 
tion about the depth of the potential felt by bound 
particles is difficult to obtain, although it is precisely 
in the region of the top of the Fermi sphere (i.e., at a 
negative energy of around minus 8 Mev) that the 
dependence of U on ¢ is of most interest in the present 
connection. It is hoped to discuss these questions further 
in the light of specific applications of the perturbation 
calculation. 

In the description of the modified perturbation 
method we have made references to nuclear problems, 
but the procedure should be applicable in principle 
also, for example, to atomic systems. It would be 
interesting, for instance, to examine the velocity de- 
pendence of the atomic Fermi-Thomas potential re- 
sulting from taking correlations into account. 
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The Li*(He’,p)Be® reaction has been used in a study of the levels of Be® up to an excitation energy of 
14 Mev. The protons were observed with a Nal scintillation spectrometer. The ground state, the 2.9-Mev 
state, and, tentatively, a 12.3-Mev state were the only levels observed. No evidence was found for levels at 


4.05, 4.9, 5.3, or 7.5 Mev. 
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INTRODUCTION 


r spite of the fact that Be* was one of the first nuclei 
to be studied with high-voltage accelerator tech- 
niques, there is still some doubt about the identities and 
positions of certain levels reported for this relatively 
simple nucleus.' Titterton has reviewed several papers in 
discussing evidence for Be® levels at 4.05, 5.3, and 7.5 
Mev in addition to the well-established level at 2.9 
Mev.? Levels have been reported at 2.2, 3.4, and 4.9 
Mev in various other experiments in the past.’ Recent 
work on a-a scattering by Steigert and Sampson has 
indicated a level in Be® at 7.5 Mev.’ Jentschke has 
reported some new a-a scattering data which indicate a 
level at 11.8 Mev.‘ 

In the past two years, a number of experimenters 
have reported on work in which they failed to find any 
low-lying levels in Be* except the ground state and the 
2.9-Mev state. The first of these was a report from 
this laboratory on some preliminary work on the 
Li*(He’,p)Be® reaction.® Although the statistical errors 
were rather large, no levels except the ground state and 
the 2.9-Mev state were found up to an excitation 
energy of about 8 Mev. Trail and Johnson have re- 
ported on a re-examination of the Li’(dn)Be® reaction. 
By using a multichannel neutron telescope, they were 
able to get comparatively good statistics for the reac- 
tion. They found only the ground state and the 2.9-Mev 
state in the region up to 8 Mev.® Treacy has studied the 
a particles from the B'°(d,a)Be* reaction and has found 
only the ground state and the 2.9-Mev state up to 7 or 
8 Mev in Be®, where the background of three-body 
breakup a particles begins to obscure the spectrum.’ 
Holland, Inglis, Malm, and Mooring have studied both 
the B(d,a)Be® reaction and the B"(p,a)Be® reaction 
at several angles and at several bombarding energies 
with very good statistics; they found only the ground 
state and the 2.9-Mev state up to 8 Mev in Be®.’ 


*Summer employee from Vanderbilt University, Nashville, 
; now at Duke University. 
Var iaahere and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 
‘ 2 E W. Titterton, Phys. Rev. 94, 206 (1954). 
3 F. E. Steigert and M. B. Sampson, Phys. Rev. 92, 660 (1953). 
4W. K. Jentschke (private communication). 
’ Kunz, Moak, and Good, Phys. Rev. 91, 676 (1953). 
6C. C. Trail and C. H. Johnson, Phys. Rev. 95, 1363 (1954). 
7p, B. Treacy, Phil. Mag. 44, 325 (1953). 
8 Holland, Inglis, Malm, and Mooring, Phys. Rev. 99, 92 (1955). 


The Li*(He’,p)Be® reaction has several advantages in 
a search for levels in Be®. Unlike the Li’(d,n)Be® re- 
action, the outgoing particles are charged and correc- 
tions and normalizations of the data are usually more 
reliable. Unlike the B'°(d,a)Be® and the B"(p,a)Be® 
reactions, the outgoing particle, being a proton, can be 
distinguished from the « particles following Be* breakup. 
Finally, the rather high Q-value for the Li®(He’,p)Be® 
reaction makes a greater range of Be® excitation avail- 
able for study. The possibility of confusion due to 
three-body breakup is common to all the reactions 
involving Be*® except the a-a scattering process. The 
disadvantages of the Li®(He’,p)Be® reaction are the 
small cross section and the fact that the Li targets must 
be nearly free of Li’ to avoid confusion from the com- 
peting reaction Li’(He*,p)Be*. Preliminary experiments 
using the reaction have been reported from this labora- 
tory and also from Liverpool.** 


APPARATUS 


Doubly-charged He*® ions were used in the new 
625-kv Cascade Accelerator to get a bombarding energy 
of 1.25 Mev; by using a higher energy than was 
available previously, a considerable increase in yield 
was found compared to what had been observed 
in earlier runs. The targets were made by melting 
(Li®)2SO, in a thick layer on a tantalum backing. Since 
the yield curve for the reaction rises very steeply at this 
bombarding energy, most of the reactions occurred at 
or very near the surface of the thick target; thus the 


Fic. 1. NaI charged particle spectrometer. 
* Almqvist, Allen, and Bigham, Phys. Rev. 99, 631 (1955). 
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effective part of the target was thin compared to in- 
strumental uncertainties. Target materials assaying 
92.5%, 99.8%, and 99.96% isotopic purity were fur- 
nished by the Stable Isotopes Division of this Labora- 
tory. The targets were mounted in the charged particle 
spectrometer shown in Fig. 1. The spectrometer is 
fitted with a selection of absorbers which may be 
placed between the target and the Nal detector. The 
spectrometer may be rotated with respect to the beam 
through the angular range from 45° to 135°. Pulses from 
the photomultiplier were amplified and analyzed with a 
120-channel serial-memory quartz delay-line analyzer. 


RESULTS 


The accompanying reaction Li’(He*,p)Be’, giving 
rise to several sharp proton groups and one broad 
proton group,’® was used to estimate the sensitivity of 
the experiment to weak Be® levels. By gradually im- 
proving the isotopic purity of the Li® targets, the point 
was reached at which reliable detection of the con- 
tamination reaction was lost. Measurement of these 
weak intensities then gave an indication of the sensitiv- 
ity for detection of weak Be® levels at various energies 
for the case of a sharp group and for the case of a group 
having a width of approximately 1 Mev. It was found 
that in the range of Be® excitation from 3.5 Mev to 
14 Mev sharp groups were detected having an intensity 
of 1% of that of the transition to the 2.9-Mev state in 
Be’. The sensitivity is only three times less than this for 
a level width of 1 Mev. Since the resolution of the in- 
strument is not as great as that of typical magnetic 
spectrometers, the difference between a sharp group and 
a broad one is not as great. 

At an isotopic purity of 92.5% the Li’(He’,p)Be® 
proton groups were reduced to less than 5% of the 2.9- 
Mev transition intensity from Li*(He’*,p)Be®. By using 
a target of 99.96% purity these groups were further 
reduced by more than two orders of magnitude so that 
runs could be made on Be® alone with no chance of 
spectrum contamination from the Li’(He*,p)Be® re- 
action. 

At 45° the center-of-mass motion increases the energy 
of the protons for a given excitation in Be*, making a 
greater range of excitation available for study. Runs 
were made at 90° and at 135° with only one-third as 
many counts as were taken at 45°. Results at 90° and 
at 135°, while covering a somewhat smaller energy 
range, were in agreement with the results found at 45°. 
An aluminum absorber was selected which would 
screen out the most energetic a particles arising in the 
reaction. The data taken at 45° and 1.25-Mev He’ 
bombarding energy are shown in Fig. 2. Curve II was 
derived by taking account of the fact that a low-energy 
proton loses more energy in passing through the alumi- 
num absorber than does a proton of higher energy; a 
small effect due to center-of-mass motion was also taken 


1 Moak, Good, and Kunz, Phys. Rev. 96, 1363 (1954). 
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Fic. 2. I. Pulse-height spectrum in Nal for the reaction Li® 
+He*—Be'’+H! taken at 45° with respect to the incident beam. 
He® bombarding energy 1.25 Mev. II. Data points normalized to 
unit energy interval instead of unit pulse-height interval and 
plotted to arbitrary scale. 


into account. Curve II is the derived spectrum normal- 
ized to unit energy interval in Be® rather than unit 
pulse height interval. The total count was 10° 
and the statistical uncertainties vary from 1.4% in the 
region near channel 60 to 0.6% at channel 84. The data 
indicate that for this reaction no transitions to sharp 
levels in Be® between 3.5 Mev and 14 Mev have in- 
tensities as great as 1% of the transition to the 2.9-Mev 
level; no transitions to a level 1 Mev wide or less occur 
with as great as 3% of the intensity of the transition to 
the 2.9-Mev level. 

In addition to the monotonic rise toward low pulse 
height attributable to Li®(He*,pa)a, the three-body 
breakup, there is some indication of a broad peak in the 
curve in this region. The broad level which appears to 
exist at 12.3 Mev in Be® may be removed by con- 
structing a fictitious range-energy relation for the 
aluminum absorber to straighten out the upper curve in 
that region. This was done and it was found that the 
new normalization curve would indicate errors in the 
dE/dx values for Al in excess of 20% over a range of 
several Mev. Since these values are believed to be known 
far more accurately than this, it is concluded that the 
data give tentative evidence for a broad level in Be® 
near 12.3 Mev with a width of approximately 2 Mev 
and an intensity 5.6% of that of the 2.9-Mev transition. 
It is believed that this may be the level observed in the 
a-a scattering experiments described by Jentschke.‘ 


SUMMARY 


The Li®(He*,p)Be® reaction has been carefully ex- 
amined for Be® levels in the range zero to 14 Mev. The 
ground state, the 2.9-Mev state and, tentatively, a 
12.3-Mev state have been found. No other levels were 
observed, and it is believed that a sharp level for which 
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the transition is 1% as intense as the 2.9-Mev transition 
would have been observed. 
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The highly excited energy levels formed by capture of slow neutrons can be studied by means of the 
resonances in neutron cross sections as functions of energy. In the present work the radiation widths of 
levels in heavy nuclei have been measured by means of total cross section curves obtained with the Brook- 
haven fast chopper. The “shape,” “area,” and “interference” methods of analyzing the neutron transmission 
data are described. The radiation widths obtained, together with results of similar measurements, show that 
radiation widths of levels in the same nuclide are nearly constant, the observed variations from level to level 
being of the order of the experimental error. The radiation widths decrease slowly with atomic weight, 
except for discontinuities at nuclear shells; these discontinuities can be satisfactorily correlated with varia- 
tions in excitation energy and level spacing at the shells. The variation of radiation width with excitation 
energy and level spacing is consistent with theoretical calculations for electric dipole transitions; the absolute 
theoretical widths are too large by an order of magnitude, however. 


I. INTRODUCTION 


HE purpose of this investigation is to study the de- 
pendence of the radiation widths of slow-neutron 
resonances on atomic weight, excitation energy, level 
spacing, and other nuclear properties. Such information 
is needed to assist the advance of theoretical under- 
standing of electromagnetic radiation phenomena in 
nuclei. For many years arguments have been offered 
to show that nuclear electric dipole radiation is im- 
probable!:?; in fact, for a model which views the nucleus 
as a liquid drop in which the motions of the neutrons 
and protons are strongly correlated, no electric dipole 
radiation is possible. These arguments, however, do not 
affect magnetic radiation or higher electric multipole 
radiation. Theoretical estimates* of radiation widths of 
slow-neutron resonances, based on a modified inde- 
pendent-particle model, are a factor of 300 larger than 
the experimentally observed values. On the other hand, 
for those cases where it has been possible to compare the 
emission probability of competing radiations of different 
multipole orders, it has been found‘ that the relative 
probabilities are in good agreement with the predictions 

of the independent-particle model. 
The interpretations of several recent experiments also 
depend on a knowledge of I’, as a function of atomic 
* Work performed under contract with the U. S. Atomic Energy 


Commission. 
t Now at Los Alamos Scientific Laboratory, Los Alamos, New 


Mexico. 

1M. Delbriick and G. Gamow, Z. Physik 72, 492 (1931). 

2H. A. Bethe, Revs. Modern Phys. 9, 69 (1937), Sec. 87. 

wo: M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. 12. 
(19 6) B. Kinsey and G. A. Bartholomew, Phys. Rev. 93, 1260 


weight and excitation energy. Hughes e al.® have 
measured the capture cross section of many elements 
for a spectrum of unmoderated fission neutrons. It has 
been shown by Bethe® that these cross sections are 
proportional to ',/D, where D is the average spacing of 
neutron resonances. In inferring D from these capture 
cross sections, Hughes et al. assumed a monotonic 
dependence of I', on atomic weight A, as given by 
Heidmann and Bethe.’ If this dependence of I, on A is 
not monotonic, but instead shows structure, it may 
modify the conclusions drawn concerning the depend- 
ence of nuclear level density on atomic weight, par- 
ticularly in the region of magic numbers. Another 
example of an experiment where information about I’, 
is needed is found in the analysis of neutron resonances 
by area methods, where it is often necessary to know 
the radiation widths in order to obtain the other 
parameters of the levels. The recent work of Carter 
et al.* on the dependence on atomic weight of the ratio 
of the average reduced neutron width to the average 
level spacing is such a case. 

At the time this study of radiation widths was begun, 
all the information available on I’, had been summarized 
by Teichmann,’ Blatt and Weisskopf,’° Heidmann and 
Bethe,’ and Feld.'! The radiation widths of only a 

’ Hughes, Garth, and Levin, Phys. Rev. 91, 6 (1953). 

*H. A. Bethe, Phys. Rev. 57, 1125 (1940). 

7 J. Heidmann and H. A. Bethe, Phys. Rev. 84, 274 (1951). 

8 ba Harvey, Hughes, and Pilcher, Phys. Rev. 96, 113 
=f, Techmann, Ph.D. dissertation, Princeton, 1949 (unpub- 

to 1M. Blatt and V. F. Weisskopf, reference 3, p. 474. 


 B. T. Feld, Atomic Energy Commission Report NYO-3078, 
1953 (unpublished). 















dozen resonances had been measured with accuracies 
better than 50 percent, and of these only one was in an 
isotope of atomic weight greater than 180. In order to 
accumulate more data it was decided to measure 
resonance parameters with greater accuracy, and in 
particular to concentrate on the heavy elements. 


II. ANALYSIS OF RESONANCES 


The experimental determinations of resonance param- 
eters were made with the Brookhaven fast chopper. 
This instrument consists of a high-speed rotor capable 
of producing neutron bursts of approximately 1 ysec 
duration, together with a neutron detector at the end 
of a 20-meter flight path and electronics for determining 
the time of flight of the detected neutrons. The best 
instrumental resolution obtainable during the course of 
these measurements was 0.18 usec/m. The design and 
construction features of the fast chopper are discussed 
in detail by Seidl'*; the instrumentation, control, opera- 
tion, and method of taking data are described by 
Seidl et al." 

The equipment was used to determine sample trans- 
mission in good geometry, which gives the total cross 
section modified by the effects of instrumental resolu- 
tion and Doppler broadening. On the assumption that 
the cross section can be described by a sum of single- 
level Breit-Wigner formulas“ with interference between 
resonance scattering and potential scattering only, one 
can obtain the resonance parameters Eo, I’, and gI',, 
where Ep is the neutron energy at exact resonance, I is 
the total width of the level, and gl’, is the product of 
the statistical weight factor and the neutron width of 
the level. In order to determine I’, and g separately 
additional information is needed, for example the ratio 
of scattering to total cross section. For most of the 
levels studied, however, a knowledge of g is not im- 
portant since I’, is much smaller than I and the deter- 
mination of I, (',=I'—T,) is therefore not appreciably 
affected by the uncertainty in I’,. 


A. Shape Method 


Three methods of analysis were employed to obtain 
resonance parameters from the total cross section data. 
The first of these, the “shape” method of analysis, 
makes use of the detailed shape of the observed trans- 
mission curve as a function of neutron time of flight. 
In this analysis, the shape of the observed transmission 
dip is first corrected for the effects of instrumental 
resolution. The maximum cross section o4 and full 
width at half-maximum I’, of the resulting Doppler- 
broadened curve are then used to obtain the Breit- 
Wigner resonance parameters I’ and a» (the cross section 


2 F. G. P. Seidl, Atomic Energy Commission Report BNL-278, 
1954 (unpublished). 

18 Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (1954). 

“J. M. Blatt and V. F. Weisskopf, reference 3, pp. 391-394, 
and 426. 
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at exact resonance) through the use of prepared curves 
that relate these two sets of quantities. This method of 
analysis was useful for isolated levels in the energy 
region below about 10 ev, in those cases where the 
instrumental resolution and Doppler width A were 
smaller than the width of the resonance, I’. The 5.2-ev 
level in Ag™, 2.4-ev level in Hf!”’, and 4.9-ev level in 
Au’? were analyzed by the shape method. No attempt 
was made to use this method of analysis on the 6.7-ev 
level in U** because for this level A~2I and therefore 
o4/o0~4, which is a large correction. 


B. Area Method 


The second method of analysis, which was employed 
in most of those cases which were not well suited for 
shape analysis, consists of measurement of the area 
above transmission dips for samples of different thick- 
nesses. These areas, between the observed transmission 
curves and the transmission due to potential scattering, 
are independent of the instrumental resolution, and are 
measurements of ool’, where the exponent ? lies be- 
tween 1 for a very thin sample (no,<1 where n is the 
number of atoms per cm? and a4 the peak height of 
the Doppler-distorted resonance) and 2 for a very thick 
sample (mo,>10). If the thicknesses of the samples 
used for two area determinations are sufficiently differ- 
ent so that the powers of I differ by about 1, then 
reasonably accurate values of oo and I are obtained. 
If more than two sample thicknesses are used, the data 
can be treated as an over-determined system of equa- 
tions and a least-squares solution obtained for the best 
values of the parameters. This “area” method of 
analysis is most useful in the energy region above 
10 ev, where instrumental resolution and Doppler 
broadening distort the shape of a resonance so badly as 
to make shape analysis insensitive. It does, however, 
require sufficiently good resolution so that statistically 
significant measurements can be made of thin sample 
areas. Area analysis was used to determine the param- 
eters of all the resonances measured except the 23-ev 
levels in Th™?, the 61-ev level in Au’®’, and those levels 
mentioned previously in the discussion of shape analysis. 


C. Interference Method 


The third method of analysis, which was used to 
determine the parameters of the levels in Th and Au 
mentioned above, will be discussed in some detail for 
it has not been described previously. This analysis 
makes use of the interference between resonance and 
potential scattering to determine gI',. In the off- 
resonance region, where the cross section is changing 
slowly and therefore is not affected by instrumental 
resolution and Doppler broadening, the observed cross 
section is given by 





Eo\! = aol? 2XgI', (40 ,)? 
tr=oyt+), (=) + Cit 
i E/ 4(E-Ey)* (E-E) J; 
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The summation is taken over all nearby resonances. 
The first expression in the summation represents the 
resonance contribution of a level, the second term is the 
resonance-potential scattering interference of that level, 
and ¢, is the potential scattering. Interference between 
resonances has been neglected in Eq. (1); in the reso- 
nance term it has been assumed that I',<T. 

Near a reasonably isolated resonance only those 
terms involving the level itself are important, and the 
contributions of the other levels can be considered to 
be corrections to the cross section. In addition, the 
term that falls off as (E—E»)~? will be small compared 
to the interference term, which decreases only as 
(E—£,)~. One can therefore define the corrected cross 
section in the vicinity of the jth level as 


Eo $ ool? 
A E, 
E/ 4(E-—E))?4; 
ool? 2XgI' (way)! 
+ |. (2) 


Ey\3 
-E|(§) 4(E-E,)? E-E, 


From Eq. (1) it follows that 


2XgI' (40>)! 
enoyt(—"—) : (8) 
agg J 





If o; is plotted as a function of (E—E,);-', the curve 
should thus be a straight line with slope 2A (x0,)*(gI',); 
and intercept o,, from which gl", for the resonance can 
be determined. 

Negative energy levels (bound levels) cannot be 
accounted for in calculating o; since their parameters 
are not known. However, for the cases of interest here 
the contribution of the resonance terms of negative 
levels is negligible, while the interference terms, al- 
though perhaps not negligible, change only slightly 
over the energy region considered. This neglect of 
negative energy levels will therefore not affect the slope 
of the line but will tend to alter the intercept and give 
too large a value for o,. Difficulties in normalization 
between open and sample runs, which tend to introduce 
additive errors in cross section which are not energy- 
dependent, also alter only o,. In order to calculate gI’, 
from the slope it is therefore probably better to use o, 
as given by the optical model of the nucleus.’* Fortu- 
nately a, enters only as the square root in the determi- 
nation of gl’... 

The pair of resonances at about 23 ev in Th*? will 
serve as an illustration of this method of analysis. 
Transmission curves for samples of Th can be found in 
reference 13. The resonance-potential scattering inter- 
ference is very prominent in Th because this element is 
monoisotopic and has zero spin (g=1); therefore the 
resonance scattering interferes with the entire potential 
scattering. At the time this measurement was made the 


18 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
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resolution of the fast chopper was not sufficient to make 
good thin sample area measurements for these reso- 
nances; however, thick sample measurements gave 
reasonably good values of ool"? for these and other levels 
in Th up to 140 ev.* 

From a preliminary analysis it was known that 
l',<T for the 22.1-ev and 23.8-ev levels in Th. On the 
assumption that ['=I, was the same for these two 
levels, one could write 


(ool); Xe 
(AT'n)1/ (AT »)2= eg 


, 4 
(o ol)» Ai ‘ 
where the subscripts 1 and 2 refer to the 22.1-ev and 
23.8-ev levels, respectively. The numerical value of this 
ratio for these two resonances is 0.5. The total cross 
section in the energy ranges 14.6 to 19.2 ev and 27 to 
46 ev was then corrected for the resonance contributions 
of the 22.1-, 23.8-, 60.5-, and 70.8-ev levels and the inter- 
ference contribution of the 60.5-, 70.8-, 117-, 127-, and 
133-ev levels, so that 


ci=oyt2(rop MAP.) 


a. 


E 1 
. | (5) 
E-22.1 E-—23.8 





A plot of 0; as a function of 0.5(Z—22.1)-'+(E—23.8)-! 
is shown in Fig. 1. The correction for the interference 
terms of the other levels varied from 1.2 b at 46 ev to 
0.5 b at 14.6 ev; the resonance terms contributed 0.3 to 
0.4 b to the two or three nearest points on each side of 
resonance and less elsewhere. (Points nearer resonance 
were not used because the resonance term was large 
and the effects of instrumental resolution became 
important.) The errors indicated on the points are 
standard deviations and include uncertainties in the 
corrections. 

Least-squares fits to the data above the resonances 
(positive values of the abscissa), the data below the 
resonances, and all the data taken together gave the 
slopes and intercepts listed below. 


(T'n)22.1 
(mv)* 


1.9+0.3 
2.4404 
1.4+0.1 


(T'n)23.8 
(mv) 


3.80.7 
4.9+0.8 
2.8+0.3 


Inter- 
cept (b) 


12.2+0.4 
12,9+0.5 
12.4+0.1 


ry (mv) 


30+10 
20+6 
40+10 





Above resonance 
Below resonance 
All data 


*1 mv =107 ev. 


The errors indicated were calculated from the errors in 
the individual points, not from the deviations of the 
points from the straight lines. The slopes obtained from 
the data above resonance and below resonance agree 
satisfactorily, as do the intercepts; however, because of 
*the difference in the two intercepts the slope obtained 
using all the data does not agree favorably with the 
other slopes. The neutron widths and radiation widths 
listed above were based on ¢,=10+1 b and ool’ =7+2 
and 1344 ev’ b for the 22.1-ev and 23.8-ev levels, 
respectively. The value for ¢, was computed from the 
equation o,= (0.99)4rR?, where R= 1.45X 10-4? cm. 
The factor 0.99 for atomic weight 232 is obtained from 
reference 15. Although the agreement of the values of 
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Fic. 1. Analysis of the pair of resonances near 23 ev in Th** by 
the interference method. The slope is a measure of I’, and the 
intercept gives the potential scattering 7, as explained in the text. 


I’, obtained by using different parts of the data leaves 
something to be desired, it seems safe to conclude that 
T,=30+10 mv. 


Ill. RESULTS 


With the exception of silver, the elements investi- 
gated in this study of radiation widths lie in the region 
of atomic weight A>170. Measurements were made on 
these heavy elements in order to extend the knowledge 
of I’, over as large a range of atomic weights as possible. 
In addition, measurements were made on Hf!” to 
supplement the information available in that region of 
atomic weight. 


A. Silver 


The analysis of the 5.2-ev level in Ag’ is described 
in detail in reference 13. The value of 156+8 mv 
obtained for the radiation width is in good agreement 
with the work of other experimenters.'®:'” 


B. Hafnium 


The 2.38-ev level in Hf!’ was analyzed by the shape 
method. A transmission curve taken with a 0.12-g/cm? 
sample of zirconium containing 1.90.4 weight percent 
of hafnium as an impurity is shown in Fig. 2. A sample 
of this form was the most convenient way to obtain a 
sufficiently thin sample of hafnium, and although the 
amount of hafnium present is not very well known, this 
information is not required to obtain a measurement of 
the total width I’. The instrumental resolution used for 
this measurement is also shown in Fig. 2. Correction for 
this instrumental resolution (about 7 percent) and for 
Doppler broadening gives ! = 64+ 10 mv and noo=0.36 
+0.03. A check on the value of I can be obtained by 
measuring the area above the transmission curve to 
obtain ool’? and then dividing by the value obtained 
for noo to get I'?. This area of 0.039+0.002 ev, which 


16 W. Selove, Phys. Rev. 84, 869 (1951). 
17 R. E. Wood, Phys. Rev. 95, 644 (1954). 
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contains a 13 percent correction for the area in the 
wings of the resonance," implies nooI"°!*=0.026+0.002, 
therefore T'!-°®=0,072+0.007 and !'=74+7 mv. 

The two values of I obtained above are not inde- 
pendent measurements, however they do serve as a 
check on the self-consistency of the data and the 
methods of analysis. It can be concluded that 70+7 mv 
is a good estimate of the total width of the level. An 
area measurement of a thicker sample of Hf!” for 
which n= (8.2+0.4)X10" atoms/cm? gave an area of 
0.257+0.005 ev, from which it follows that oI"! 
= 960+ 60. For the above value of I’, one can calculate 
gl',=3.4+0.3 mv. Since the spin of Hf!” is J<$,!* the 
best estimate of the statistical weight factor is g=}, 
and thus I',=7 mv. The best estimate of the radiation 
width of this level is then 'y=63+8 mv. The results 
of this measurement are in satisfactory agreement with 
the work of Bollinger et al. who concluded that 
I'<0.1 ev. They do not agree well with the measure- 
ments of Egelstaff and Taylor,” who quoted a value 
of '=0.17+0.05 ev, which is even larger than the 
observed width of the uncorrected transmission curve 
as measured with the Brookhaven fast chopper. This 
discrepancy is probably due to an incorrect estimate of 
the resolution of the crystal spectrometer used in the 
work of Egelstaff and Taylor. 

The parameters of the 6.5-ev level in Hf!’ were 
determined by area analysis of transmission curves 
obtained from measurements with normal samples of 
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Fic. 2. The thin sample transmission curve used for analysis of 
the 2.38-ev level in Hf!”? by the shape method. The sample used 
is a 0.12-g/cm* sample of zirconium containing a 1.9 percent 
hafnium impurity. The resolution function is shown in the lower 
curve. 


18 E. Rasmussen, Naturwiss. 23, 69 (1935). 

19 Bollinger, Harris, Hibdon, and Muehlhause, Phys. Rev. 92, 
1527 (1953). 
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TABLE I, The area analysis of the 6.5-ev resonance in Hf*”’. 








Wing cor- 
rection 
(% of total 
area) 


(1/n)i17 X10" 


Sample (cm?/atom)} Area* (ev) 


ool? Parameters 





Hf'®0,> 
Hf!%0,.¢ 
Hf metal 
Hf'70.4 


27 000-5000 
26 000-+ 5000 
3990+ 40 
1080+ 50 


0.092+0.010 11 
0.14 +0.02 8 
0.36 +0.04 11 
0.60 +0.06 20 


1500+400 
2100+ 500 
360+ 80 
200+ 40 


Ey= 6.5+0.1 ev ool = 2200+500 ev b 
oo=40 000+20000 b ap = 120+30 ev? b 
r'=55+20 mv gl ,=5.54+1.1 mv 


Ty=44+20 mv 








* This area includes the wing correction. 
> Sample enriched in Hf™, containing 0.7 percent Hf!7’. 


hafnium metal and isotopically enriched samples of 
HfO>. A typical transmission curve is shown in Fig. 3. 
The 6.5-ev level is not completely separated from the 
5.7-ev level in Hf'”, the 5.9-ev level in Hf!” and the 
7.8-ev level in Hf'”*. The measured areas require con- 
siderable correction to remove the effects of these other 
levels, and consequently the errors are rather large. 
In Table I is listed the pertinent information obtained 
from measurements of four different samples, together 
with the resonance parameters calculated from these 
data. The lack of agreement of areas measured in the 
two thin sample runs is probably due to the difficulty in 
determining the small amount of Hf!”’ present in the 
enriched samples of Hf!” and Hf'®. The radiation 
width obtained from the data is 44+20 mv. 


C. Gold 


The shape analysis of the 4.9-ev level in Au’ is 
discussed in reference 13. This analysis yielded a value 
of T., of 144+15 mv, which is in good agreement with 
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Fic. 3. A transmission curve of Hf metal used for analysis of 
the 6.5-ev level in Hf'”’. Similar measurements with samples of 
varying isotopic constitution were used to estimate the effect of 
nearby levels on the 6.5-ev level. 


¢ Sample enriched in Hf!”, containing 2 percent Hf!?’. 
4Sample containing 62 percent Hf!”’. 


the work of other experimenters.'’:?! A value of gl’, for 
the 61-ev level in Au’ was obtained in the present 
work by an analysis of the interference between reso- 
nance and potential scattering, as described in Sec. II.C. 
The cross section between 20 ev and 50 ev, as measured 
with a 9.8-g/cm?* sample of metallic gold, was corrected 
for the resonance contributions of the 80-, 61-, and 
4.9-ev levels and the interference effects of the 80- and 
4,.9-ev levels by using the resonance parameters given 
in references 13 and 21. The general features of the 
gold cross section in the 20- to 50-ev energy region are 
shown in reference 13. 

In this energy region the contribution of the inter- 
ference term for the 61-ev level varies from } as large as, 
to 2 times larger than, the corrections made for other 
levels. Only the low-energy side of the resonance was 
analyzed since the presence of the 80-ev level necessi- 
tates excessively large corrections in the region above 
the resonance. The parameters obtained from this 
analysis are 2AgI,(xo,)'=29+8 ev-b and o,=10.8 
+0.4 b. This value of potential scattering is in good 
agreement with those obtained by Wood" and Landon 
and Sailor,?! who used a similar analysis in the region 
of the 4.9-ev level; it is also in agreement with the 
theory of Feshbach e¢ al.!* which predicts a value about 
10 percent larger than the 9.0 b that would be calculated 
by using R=1.45X10-"A! cm. The value of gI', for 
this level is therefore 43-12 mv. A measurement with 
a 1.21 g/cm* sample of gold gave an area of 2.40+0.10 
ev for the 61-ev level, from which it follows that 
ool! *7=510+40. The total width of the level is there- 
fore 2602-80 mv. Since J=% for gold, g=} is a good 
approximation, and ['.,=170+80 mv. 


D. Mercury 


Parameters were obtainéd for the 23.3-ev level of 
Hg! and the 34.0-ev level of Hg™.”? A transmission 
curve for a 0.90-g/cm* sample of normal mercury in 
the form of HgO is shown in Fig. 4. The areas measured 
in this and other runs, and the parameters thereby 
deduced are given in Tables II and III. The radiation 
width of the level in Hg’ is 1452-20 mv. Since the 
spin of Hg™ is $ and gI’,,/f'=0.11 for the 34.0-ev level, 


21H. H. Landon and V. L. Sailor, Phys. Rev. 93, 1030 (1954). 
*L. M. Bollinger and R. R. Palmer, Atomic Energy Com- 
mission Report ANL-5031, 1953 (unpublished). 
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TABLE II. The area analysis of the 23.3-ev resonance in Hg™. 








Wing cor- 
rection 
(% of total 
area) 


(1/n)198 X10% 


(cm?/atom) Area (ev) 


ool’? Parameters 





3720+ 100 
386+4 


0.225+0.013 6 
0.91 +0.04 7 


500+40 
130+10 


Eo=23.3+0.2 ev ool’ = 650+60 ev b 
oo= 4300+ 1000 b ool*=98+10 ev? b 
r= 150+20 mv r,=5.8+0.5 mv 
P'y=145+20 mv 








TABLE ITI. The area analysis of the 34.0-ev resonance in Hg™. 








Wing cor- 
rection 
(% of total 
area) 


(1/m)i99 X10% 


(cm*/atom) Area (ev) 


ool? Parameters 





27 600+600 
8700+300 
2200+:70 

76147 


0.18+0.02 8 
0.44+0.02 7 
1.19+0.05 7 
2.10-+0.06 8 


3100+400 
2450+ 160 
1640+ 120 
1170+60 


Ey=34.0+0.3 ev 
oo= 8400+1400 b 
l=360+40 mv 


ool’ = 3000+200 ev b 
ool? = 1090+60 ev? b 
gl ,=39+3 mv 


J Ts r, 
0 1604+10mv 200+40 mv 
1 50+4 mv 310+40 mv 








the value obtained for I’, is very much dependent on 
whether J=0 or 1 for this level. The radiation width of 
this level is therefore 200-40 mv if J=0 or 31040 mv 
if J=1. 


E. Thorium 


The analysis of the pair of resonances at 23 ev in 
thorium is discussed in Sec. II. The radiation width 
deduced is 30+10 mv. 


F. Uranium 


Parameters of the 6.7-, 21.1-, and 37.1-ev levels in 
U*8 were determined by area analysis. Areas measured 
for various sample thicknesses and the parameters de- 
duced are given in Table IV. Figure 5, which is a plot 
of oo as a function of I for the 6.7-ev level as determined 
with four different sample thicknesses, shows the in- 
ternal consistency typical of these measurements. The 
radiation widths obtained for these three levels are 
24+2, 30+6, and 40+17 mv, in order of increasing Zp. 
The value obtained for oo of the 6.7-ev level is con- 
siderably larger than that quoted by von Dardel and 
Persson.” 


IV. SUMMARY OF VALUES OF ry 
A. Directly Measured Values 


In the past two years instruments with improved 
resolution have greatly increased the information avail- 
able on neutron resonance parameters, including radia- 
tion widths. In the energy region below about 5 ev the 
resolution of these instruments is generally sufficiently 
good to permit analysis of the shape of the observed 
resonances; however, at higher energies, area methods 
of analysis are used almost universally to obtain 


% B. von Dardel and R. Persson, Nature 170, 1117 (1952). 


resonance parameters. Table V is a summary of those 
radiation widths that have been measured with an 
accuracy of about 20 percent or better, including those 
of the present work. Where several experimenters have 
obtained values for the same level, the number quoted 
is a weighted average. In most cases the errors stated 
are intended to be standard deviations; however, some 
authors do not make clear the meaning of their error 
estimate. Many of the values of I’, listed in this table 
have been taken from the compilation by Hughes and 
Harvey. 
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Fic. 4. A transmission curve for a 0.90-g/cm* sample of normal 
mercury used for the analysis of the 23.3-ev level of Hg’ and 
the 34.0-ev level of Hg™. 


“PD. J. Hughes and J. A. Harvey, Nature 173, 942 (1954). 
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TABLE IV. The area analysis of the 6.7-, 21.1-, and 37.1-ev resonance in U™®, 








Wing cor- 
rection 
(% of total 
area) 


(1/)238 X10 


Eo (ev) (cm*/atom) Area (ev) 


ool? Parameters 





6.70+0.06 22 500+300 
7460+80 
28443 


14142 


7460+ 80 
7190+80 
284+3 


7191+80 
3230+30 
284+3 


0.039+-0.003 
0.0930.005 
0.44 +0.01 
0.61 +0.01 


0.164+0.010 
0.165+0.012 
0.72 +0.04 


32 +0.03 
46 +0.02 
34 +0.07 


21.1+0.2 1.12 


1.95 


37.1404 AS 


40 
.96 


Mmmds Mmm dso Cawr 


1 
1 
1 


0 
0 
1 


550+50 
410+30 
17.9+0.8 
15.3+0.9 


oo= 23 000+3000 b T'=26+2 mv 
ool’ = 600+40 ev b T,=1.54+0.10 mv 
oofl?=15.340.5ev?b Ty=24+2 mv 


oo= 27 000+6000 b 
ool’ = 1020+80 ev b 
ool? =39+5 ev? b 


oo=30 000+10 000 b 
ool’ = 2100+300 ev b 
ool*= 150420 ev? b 


r'=38+6 mv 
l',=8.3+0.7 mv 
',=30+6 mv 


690+50 
46+5 
1500+ 200 


680+70 
170+20 


T'=70+20 mv 
T,=30+4 mv 
T',=40+20 mv 








B. Values Inferred from Thermal Cross Sections 


In a few special cases where the energy interval be- 
tween zero neutron energy and the first resonance 
excited by /=0 neutrons is much less than the average 
level spacing, it may be assumed that the thermal 
capture cross section is determined primarily by the 
first level. In these instances a knowledge of the thermal 
capture cross section and ool" (or ool"? if the level is not 
predominantly capture) enables one to obtain a reason- 
able estimate of the radiation width by use of the 
relation 

4E} 
l,=on(En)+—_, 
ool 


(6) 


where oy is the capture cross section at thermal energy, 
Ew. In the sections which follow those cases which 
readily lend themselves to this treatment are discussed. 
Wherever specific references are not quoted for the 
information used, the data can be found in the com- 
pilation®® of neutron cross sections. 


1. Sodium, Silicon, and Sulfur 


The first level in Na*™ is at 2.9 kev, whereas the 
average spacing of all levels excited by /=0 neutrons is 
about 200 kev. This resonance, which is almost entirely 
scattering, is known to have ool'=12X10* ev b * and 


TABLE V. A summary of the radiation widths of slow neutron resonances. Also tabulated are F.. the average value of the radiation 
width for each isotope; D, the average spacing for each spin state of levels excited by /=0 neutrons; and Ea, the neutron binding energy 


for the compound nucleus. 








Resonance 
energy (ev) 


Target 
spin (J) 


Target 
isotope 


Ep (Mev) 





3000 
200 000 
110 000 
346 


uNa®™ 
145i 


3/2 
0 


oS YOSsvssv 
Pano oe 
mo 


Ta ee ee 
a 


8% 


ssCs'3 


eS 
n 


625m! 
e3Eu's! 


"8 99 09 — Rog 09 09 


—_—— 
222 


eiGd'*? 
«Gd 


NOK SSOPN UN 
BRRESS 

o 5 

5 

“ 


mee 


6.96" 
8.47" 
8.65" 
Pal 


Qa. 


is 


115217 50 


4 
2.5 


6542 
8548 


100+30 20 7.0 





= D. J. Hughes and J. A. Harvey, Neutron Cross Sections, Brookhaven National Laboratory Report 325 (Office of Technical 


Services, Department of Commerce, Washington, D. C., 1955). 
#6 V. E. Pilcher (private communication). 
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TABLE V.—Continued. 








Target 
isotope 


Target Resonance 
spin (J) energy (ev) 


ry (mv) 


Es (Mev) 





67Ho!® 


e9 1m! 


nLu'% 


nLu!6 


2H fi7™* 


31 a'®! 


uw 
Rel 
q7ir™ 
qr! 
mnAu? 


soHg'™ 
soHg™ 


si 1 
s3Bi™ 
9228 


7/2 


22.1, 23.8 
6.70 


21.1 
37.1 


170+80 
60+20 
60+30 
80+ 20 
130450 
90+30 
60+20 
120+40 
40+ 20 
160+50 
70+20 
90+30 
80+30 
6345 
43+10 
6348 
44+ 20 
49+5 
50+8 
70+20 
90+ 20 
80+5 
94+5 
12543 
170+80 
145+20 
J=0 200+40 
J=1310+40 
800 

44 

30+ 10 
24+2 
30+6 
40+20 


<ctr er er MP MP MP RP RP Pee 


= 
- 


~— 
=) 


6345 
56+6 


4944 


70+20 
90+20 
80+5 
94+5 
12543 


145+20 
250+50 


800 

44 
30+10 
25+2 
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g= 4.7" The thermal cross section is 0.50+0.01 b, from 
which it follows that !'=220 ev and I',=0.4 ev. 

The first level in Si** is at 200 kev, the average 
spacing of /=0 levels is at least 500 kev, and om,=0.08 
+0.03 b. From the shape of the resonance, which has 
been measured with good resolution, the total width is 
observed to be about 40 kev. In addition it is known 
that the statistical weight is unity, and l’,/[f'~1. From 
this information one can compute that I',~9 ev. Since 
in this case other levels probably make appreciable con- 
tributions to om, a safer statement would be I',<9 ev. 
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Experimentally determined values. Binding energies of other isotopes 
are calculated from the empirical mass formula. 


The first /=0 level in S* is at 100 kev and the average 
spacing of these levels is about 200 kev; on<0.5 
X10-* b. The observed width of the level is 18 kev, 
g=1, and [,/f'~1. From Eq. (6) it follows that 
r,<25 ev. 


2. Manganese, Cobalt, and Zinc 


The analysis of the 346-ev level in Mn® is described 
in reference 13. The average spacing of levels in this 
energy region is about 2 kev, and the parameters of 
the 1080-ev and 2360-ev levels®® indicate that their 
contribution to the 13.3+0.3 b thermal cross section is 


28 Bollinger, Palmer, and Dahlberg, Phys. Rev. 95, 645 (1954). 
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Fis. 5. A plot of oo as a function of I for four (two thin and two 
thick) samples for the 6.7-ev level in U** to obtain the peak cross 


section a» and the half-width I’. The internal consistency of the 
measurements is obvious from the figure. 


small compared to that of the 346-ev level. The value” 
of ool? of (3.00.6) 10° ev? b for this resonance and 
the fact that it is predominantly scattering therefore 
indicate that T',=0.5 ev. 

The first level in Co® is at 134 ev, and with an average 
level spacing of about 5 kev. the contribution of this 
level predominates in the thermal capture cross section. 
By using the parameters of this resonance as given in 
reference 13, one can calculate its radiation width in 
two ways. One means of calculation is to use the values 
l=5+1 ev and I,/f=0.94 to obtain T,=0.3 ev. 
The other is to make use of the quantities oI" = (513) 
X10 ev b and o,=37+42 b to obtain I',=0.7 ev. 
A good estimate of the radiation width is then 
r',=0.5 ev. 

Zn* has its first level at 530 ev and an average level 
spacing of about 3 kev. The total width of this resonance 
is 10 ev® and is almost entirely neutron width. The 
thermal cross section of 1.1+0.2 b thus implies a 
radiation width of 0.17 ev. 


3. Thallium and Bismuth 


The 240-ev level in T] has been identified as belonging 
to Tl, and has a ool"? of 1.5X 10° ev? b.*! The spacing 
of all levels excited by /=0 neutrons in this isotope is 
about 8 kev. The thermal capture cross section of 
111 b implies the following sets of parameters for 
this level : 

J oo T rT, 
0 2300 b 8 ev 1.4 ev 
1 6700 b 5 ev 0.8 ev 


*® Harris, Muehlhause, and Thomas, Phys. Rev. 79, 11 (1950). 
% D. A. Dahlberg and L. M. Bollinger, Phys. Rev. 95,645 (1954). 
8 A. Stolovy and J. A. Harvey (to be published). 
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A peak cross section of 4100 b has been observed in a 
thin-sample measurement with no correction made for 
instrumental resolution.* Since }(4r%?)=2700 b at 
240 ev is the maximum cross section possible with /=0 
neutrons for J=} and J=0, it seems certain that J=1 
is the proper assignment, and I',=0.8 ev. 

The first two levels in Bi® have resonance energies 
of 810 ev and 2370 ev and total widths of 5.3 and 19 ev, 
respectively,”* whereas the average spacing of levels is 
about 5 kev. The small thermal capture cross section 
of (32+3)X10~ b implies a radiation width of only 
44 mv if the contributions of these two levels are 
assumed to be additive. 


V. DISCUSSION 
A. Variation of I, in a Single Nuclide 


The radiation width of a highly excited level of a 
compound nucleus is the sum of the partial widths for 
transitions to various lower levels. For most nuclides it 
is assumed that the number of these lower levels to 
which transitions of various multipole orders are pos- 
sible is very large. Therefore, small differences in excita- 
tion energy and spin of neighboring resonances in a 
given nuclide should not cause much variation in the 
observed radiation widths of those resonances. It is 
possible to investigate the validity of this argument by 
using the data in Table V for nuclides in which T, has 
been measured for more than one level. 

For the ith resonance in a compound nucleus, the 
values of I’, are random samples taken from populations 
with a mean I’,; and standard deviations given by the 
estimates of error. Although these errors are generally 
quoted as plus or minus given quantities, for radiation 
widths measured by the area and interference methods 
it is more nearly true that the measured values are apt 
to be too large or too small by the same factors; for 
example, measured values twice as large as the true 
value or half as large as the true value have almost 
equal probabilities. It is therefore a better approxima- 
tion to assume that the measured values are samples 
taken from populations in which the logarithms of T, 
are normally distributed, rather than to assume normal 
distributions for the I',’s themselves. If the fractional 
errors in the I',’s are small, as is generally true of 
measurements by the shape method, this distinction is 
of no importance; however, for large fractional errors 
the difference is significant. For those cases in which 
the radiation width of a level has been measured by 
several experimenters, the values given in the fourth 
column of Table V are calculated by averaging the 
logarithms of the values of I',, each being weighted 
inversely as the square of the standard deviation of the 
logarithm. 

In order to test the hypothesis that I’,;, the best esti- 
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mate of the radiation width of the ith level, has the same 
value I’, for each resonance in a given nuclide, one calcu- 
lates the statistical quantity x?= >>; (InI'y;—InP',)*/o2, 
where o; is the standard deviation of InI’y;, and Inf’, is 
the weighted average of the InI’y,’s. If InI'y; is normally 
distributed for each i, the quantity x? has a chi-square 
distribution with n—1 degrees of freedom, where n is 
the number of levels considered. Those nuclides for 
which the radiation widths have been measured for 
more than one level are listed in Table VI. The third 
column of this table gives P, the probability of observ- 
ing a larger value of x?, that is, the probability of 
observing a larger scatter in the I'y; if the measurements 
were repeated with the same accuracy. If P is not too 
small, then it is reasonable to conclude that the radia- 
tion widths are the same from level to level and the 
observed spread in value is due just to experimental 
errors. 

Of the 11 target isotopes in which two or more radia- 
tion widths have been measured two, In™* and Lu”, 
have values of P less than 0.05. The data for these two 
nuclides, therefore, show large scatter relative to the 
assigned errors and do not seem to agree with the 
assumption that radiation widths are the same from 
level to level. In Lu (97.4 percent Lu!”®, 2.6 percent 
Lu!”*) the isotopic identification of the levels is based 
on the relative sizes of the resonances as observed in 
the normal element,”**? not on measurements with 
separated isotopes. Since variations in size (ooI'/Eo' or 
I’,/Eo') as large as a factor of 200 have been observed 
for levels in a single nuclide,® it is possible that some 
of the resonances assigned to Lu'’® are really large 
resonances in Lu'’®, As the radiation width of the 
0.14-ev level in Lu!”® seems to be somewhat smaller 
than the widths observed for the levels assigned to Lu'”®, 
such an error in isotopic assignment could account for 
the large scatter in the Lu!” radiation widths. 

The small value of P for In’ is primarily due to the 
large difference in the well-measured values of I’, for 
the 1.46-ev and 3.85-ev levels. It is known that the 
ratio of the population of the isomeric state of In'!* to 
that of the ground state of In'"* is also different for 
these two levels.* With this additional information it 
is reasonable to conclude that the difference in radiation 
widths of these levels is real. This difference is probably 
attributable to a difference in the spins of the two levels, 
however, the spins of these resonances have not been 
measured. A similar situation exists in Eu!®', where the 
radiation width of the 0.33-ev level appears to be sig- 
nificantly different from that of the 0.46-ev and 1.06-ev 
levels. Here it is also known that the first level populates 
the isomeric state of Eu'*? differently than do the other 
two levels.** Again, the spins of these resonances have 
not been measured. 

% Foote, Landon, and Sailor, Phys. Rev. 92, 656 (1953). 
aos” Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 


* V. L. Sailor (private communication). 
3 R. E. Wood, Phys. Rev. 95, 453 (1954). 
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_ Taste VI. The probability P of observing greater deviations 
in I’y, calculated on the assumption that I’, is constant from level 
to level in a given isotope. 








Probability P of 
observing greater 
deviations in 'y 


0.15 
0.92 
0.42 
0.98 
0.12 
0.43 
0.21 
0.36 
0.03 
0.14 
0.02 
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The other nine target isotopes listed in Table VI 
have values of P greater than 0.1. Taken separately, 
the value of P for each of these nuclides does not dis- 
agree with the assumption that the radiation widths are 
the same from level to level. However, only two cases 
have values of P greater than 0.5, whereas one would 
expect values greater than 0.5 to occur in about half 
of the cases. It seems probable, therefore, that the 
radiation widths of neighboring levels in a given nuclide 
are not exacily the same. The fact that P is greater than 
0.1 for nine of the eleven target isotopes investigated 
shows, however, that the variation of I’, in any one 
isotope is of the same order as the experimental errors, 
that is, about 20 percent. The cases of In'!® and Eu'®! 
indicate that this variation in radiation width may be 
attributable to differences in the spin of different levels. 
Since, of the 11 target isotopes listed in Table VI, only 
the levels of U** have just one spin state, one cannot 
reject the hypothesis that for levels of a given spin T’, 
is exactly the same. 


B. Dependence of F, on Spin 


As discussed in Sec. V.A, there is some experimental 
evidence that I, is slightly different for levels of differ- 
ent spin in the same nuclide. It is also of interest to see 
whether there is any correlation between the magnitude 
of f', and that of J for different nuclides. It is not easy 
to investigate this since very few level spins have been 
measured ; however, since J= J+} for levels excited by 
1=0 neutrons, it is almost as informative to look for 
correlations between [', and the spin of the target 
isotope, J. This has been done by Hughes and Harvey™ 
for about 20 of the isotopes listed in Table V. The 
additional values listed in this table do not alter their 
conclusion—there appears to be no dependence of f, 
on J. This indicates that the (2/+-1) factor introduced 
by some authors*‘***? when comparing measured radia- 
tion widths with theoretical estimates is not correct, 
a point that has been discussed in greater detail by 
Hughes.** 

36 M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 


#7 D. H. Wilkinson, Phil. ag 44, 450 (1953). 
3D. J. Hughes, Phys. Rev. 94, 740 (1954). 
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Fic. 6. The average width for various nuclides as a function of 
atomic weight of the target nucleus. The open points are values 
comp*ited from thermal cross sections while the others are meas- 
urements of actual resonances. The symbols refer to the type of 
target nucleus: aA=even Z-even NV; w=odd Z-odd N; @O =odd 
Z-even N; m=even Z-odd N. 


C. Variation of T, with Atomic Weight 


In Fig. 6 the average radiation width f, listed in 
Table V is plotted as a function of the atomic weight A 
of the target nucleus. The over-all trend indicates a 
slow decrease of I', with increasing A, as was found by 
Heidman and Bethe’ and Hughes and Harvey.™ In 
addition there is an increase in I’, by a factor of 10 just 
before A= 200, followed by a decrease of a factor of 
20 between A= 203 and A=209. This behavior seems 
to be related to the closed neutron and proton shells 
at A= 208. A similar but much less pronounced behavior 
has also been observed near the closed neutron shell at 
A= 140 by Stolovy and Harvey*! with the Brookhaven 
fast chopper. 

It is not at all surprising that [', shows effects that 
are related to nuclear shell structure. Similar effects are 
also present in neutron binding energies® and nuclear 
level densities.’ Hughes et al.,5 who used the radiation 
widths given by Heidman and Bethe’ to interpret 
neutron capture cross sections measured at an effective 
energy of 1 Mev, concluded that level densities re- 
mained constant up to a closed neutron shell, dropped 
abruptly at the shell, and then gradually returned to 
their normal value for nuclides with about 10 neutrons 
outside the closed shell. Reinterpreting this capture 
cross section data in the light of the dependence of f, 
on A shown in Fig. 6, one finds that the level density 
shows a gradual decrease before the closed shell as well 
as a gradual increase after the shell; this is in agreement 
with the findings of Newson and Rohrer.” 


D. Dependence of FT’, on Excitation Energy 
and Level Spacing 


By using a modified independent-particle model, 
Blatt and Weisskopf* have estimated the partial radia- 
tion width for transitions of order / between a highly 


% J. A. Harvey, Phys. Rev. 81, 353 (1951). 
“ H. W. Newson and R. H. Rohrer, Phys. Rev. 94, 654 (1954). 
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excited state a and a lower state b. They obtained 


18(J-+1) (21-+1) os )’ 
~ Ud43)2(1-3> + 2-4-1)? he \ic 





I’ g:(a,b) 


D(Ea) 
x E%+, (7) 
Do 
and 
I wi(a,b) ~ 10(h/McR)"T g:(a,6), (8) 


where E is the energy of the emitted gamma-ray, D(E,) 
is the spacing of levels of the same spin and parity as a 
near E,, Do is the spacing of low-lying single-particle 
levels of the same spin and parity that can combine 
with the ground state by transitions of the type con- 
sidered, R is the nuclear radius, and M is the mass of 
a nucleon. The total radiation width for transitions of 
order / of state a is given by [=)>,I'(a,b). Since for 
the resonances to be considered the number of states } 
to which transitions are possible is large, the summation 
can be replaced by an integral, giving 





18(1+1)(U+1) myn 
* Ui4-3)2(1-3- «-214+1)? he Nhe 


Do 


Ea E21 
x f sacehececellly:. Ob 
» DiEe—E) 


where D,(E,— E) is the spacing of levels near E,— E= 
that can combine with level a by emission of radiation 
of the type considered. The ratio of Ig; to Tyg; is again 
given by Eq. (8), which predicts !'y;/l'g;~10-? for 
A=160. 

Admittedly the estimate of radiation width given by 
Eqs. (7), (8), and (9) is very rough; in particular, the 
statistical factors are not the correct ones. However, 
these equations do provide a basis for comparing 
radiation widths measured in nuclides having very 
different level spacings and excitation energies. The 
level spacings D(E,) needed for such a comparison are - 
listed in the seventh column of Table V; the references 
from which this information was obtained are listed in 
the eighth column. (The data from almost all these 
references can be found in reference 25.) In some cases 
only one or two levels have been observed and con- 
sequently the estimated level spacings are very approxi- 
mate; however, it will be seen that the variation of I’, 
with changing D(E,) is very slow, therefore such rough 
estimates are adequate. For all but the lightest target 
nuclei in Table V, the excitation energies E, are the 
same as the neutron binding energies Ez that are listed 
in the last column of this table. Binding energies not 
determined experimentally were calculated by means of 
the empirical mass formula‘! with corrections for shell 


“'N. Metropolis and G. Reitwiesner, Atomic Energy Com- 
mission Report NP-1980, 1950 (unpublished). 

















effects taken from the summaries of Harvey® and 
Wall. 

In order to proceed with a comparison of radiation 
widths of nuclei having different excitation energies and 
level spacings, it is necessary to assume a form for 
D,(E), the spacing of final levels for the first gamma-ray 
transition. Very little is known, either experimentally 
or theoretically, about the behavior of this level spacing 
as a function of energy. The statistical model of the 
excited nucleus predicts a nuclear level density (the 
reciprocal of the level spacing) of the form 


p(E)=c exp[ (aE)*), 


where p(£) is the density of levels of ail spins and 
parities, and a and ¢ are parameters which vary with 
atomic weight and must be estimated from the scant 
experimental data available. Since better information is 
not available, this functional form will be assumed. 
Because the model does not predict the spacing of 
levels of a single spin and parity, it will also be assumed 
that for the spins of interest (J <8), and over the energy 
range of interest (0 to 8 Mev), the spacing is the same 
for levels of every spin and either parity. Under the 
above assumptions Eq. (9) reduces to 


18 (/+-1) (2/+1) e 
 Ul4+3)2(1 x on -21+1)? (hc)? 


R 


Xo EaG flcD(Es)), (11) 
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(10) 





where 


fi(cD(Ex)) = 


2cD(Ez) ; See 
[IncD (Eg) }*+» 0 





X {{IncD(Eg) —u?}?"uendu. (12) 
The factor G is the lesser of the quantities (27+1) and 
(2/+-1). It arises from the fact that D,(£) is the spacing 
of all levels that can combine with the initial state by 
radiation of order /, whereas the parameter ¢ will be 
taken to refer to levels of a single spin and parity. 
(For example, a level of spin } can have F1 transitions 
only to states of spin 3 or } and therefore has G=2, 
whereas a level of spin 21 has G=3 for this type 
transition.) It should be noted that the parameter a of 
Eq. (10) does not appear in Eqs. (11) and (12) because, 
for a given ¢, a is selected to give the experimentally 
observed level spacing at excitation energy Ez. 

If it is assumed that all the radiation widths listed in 
Table V represent transitions of the same multipole 
order and parity change, then, under the assumptions 
that lead to Eqs. (11) and (12), the experimentally 
observed I',’s are functions of R, Ez, G, and cD(Ez). In 
particular, for nuclides with the same cD(Ez), the 
quantity [',/GR? for electric multipole radiation or 
.',/GR**-» for magnetic multipole radiation should be 





N.S. Wall, Phys. Rev. 96, 664 (1954). 
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Fic. 7. Radia- 
tion widths plot- 
ted against ex- 
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of compound nu- 
cleus. The slopes 
of the lines are 
those expected for 
M1, Fi, and £2 
transitions. The 
open points rep- 
resent values of 
T, that have 
been normalized 
to G=2/+1 as 
explained in the 
text. The symbols 
have the same 
meaning as in 
Fig. 6. 
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proportional to E,*+». An investigation of the de- 
pendence of this quantity on Eg should yield informa- 
tion on the type of transition involved. Fortunately 
fi(cD(Ez)) is a slowly varying function of its argument ; 
over the range of cD(Ez) to be considered f; for /=1 or 2 
changes only by a factor of 2 or 3 for a factor of 10 
change in cD(Eg). Therefore for this investigation 
nuclides with values of cD(Eg) lying with a range of a 
factor of 3 or 4 of each other can be considered together 
without introducing fluctuations larger than the experi- 
mental errors in their [',’s. 

In order to select those target nuclei having approxi- 
mately the same value of cD(Eg) it is necessary to 
know the dependence of the parameter ¢ on atomic 
weight. Two different forms of variation will be con- 
sidered: c independent of atomic weight and c of the 
form obtained by Blatt and Weisskopf* from experi- 
mental data. Both of these are very crude. For a c 
independent of atomic weight, the 14 target isotopes 
having D(Eg) between 8 ev and 22 ev can be con- 
sidered as a group. For the ¢ varying with atomic 
weight these 14 nuclides form a group in which cD(Ez) 
falls within a range of a factor of 4. In Fig. 7 the 
quantities [,, f,(160/A)?*, and f,(160/A)**, which 
are related to M1, £1, and £2 radiation, respectively, 
are plotted logarithmically as functions of Eg for 12 of 
these 14 target isotopes. The two cases of even-even 


“J. M. Blatt and V. F. Weisskopf, reference 3, pp. 371-374. 
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compound nuclei are omitted since it will be seen later 
that nuclides of this type have a behavior different 
from that of other nuclides. The open points in Fig. 7 
occur in those cases where the factor G is expected to 
be less than (2/+-1). These points represent the same 
target nuclei as the solid points below them; they differ 
in that for the open points the [',’s have been normal- 
ized to G= 2/+-1. The solid lines drawn in Fig. 7 indicate 
the expected values of the slopes, 4 for M1 and £1 
radiation and 6 for £2 radiation. Unfortunately any 
fit to the data must give considerable weight to the 
two points with the lowest excitation energies, U** and 
Th**, Since these two target nuclei are the heaviest 
for which [,’s are available, the positions of these 
points relative to the rest of the data are very much 
changed by the different dependences on nuclear radius. 
Figure 7 does demonstrate that for the assumptions 
made the experimental data show energy dependences 
which do not differ from those predicted for £1 transi- 
tions by more than +1 in the exponent of Ez. 

Having demonstrated roughly the expected energy 
variation one can remove the dependence on excitation 
energy from all of the f',’s that have been measured in 
order to investigate the dependence on level spacing, 
cD(Ez). Figure 8 shows the data treated in this manner 
for the assumption that the radiation is electric dipole 
and that ¢ is independent of atomic weight. The solid 
points represent those radiation widths that have been 
measured directly; the open points are those inferred 
from thermal capture cross sections. For even-even 
target nuclei the [',’s have been multiplied by } to 
normalize them to G=3. The results for the even-even 
compound nuclei have been plotted separately since 
these nuclei seem to have values of the ordinate that 
average a factor of 2.5 smaller than the values that are 
found for other types of nuclei. 

The lower curve in Fig. 8 represents a normalizing 
factor, K, times f;(cD(Ez)), where f; is calculated from 
Eq. (12) for /=1. The upper curve is this same f; with 
K 2.5 times smaller. This normalizing factor and the 
value of the parameter ¢ were not selected a@ priori; 
they were chosen to give a good fit of the theoretical 
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Fic. 8. Radiation widths adjusted for nuclear sizes and binding 
energies plotted against level spacing. The even-even compound 
nuclei are plotted separately from the others; the shape of the 
curves is obtained from Eq. (12) but the magnitude is arbitrary. 
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curve to the experimental data. Since f:(cD(Ez)) is a 
slowly varying function of its argument and the experi- 
mental points occur in two widely separated clusters, 
this curve is essentially required only to pass through 
the centers of these two clusters of points. It then 
follows from the fact that the curve is so nearly linear 
that K and the parameter c are not each uniquely 
determined: ¢ can be increased or decreased by about 
an order of magnitude and K then decreased or in- 
creased by about a factor of 2 without seriously worsen- 
ing the fit. For the fit as shown in Fig. 8 the equation 


of I, is 

A \'/Es\' 

r,-KG(—) (=) fOAD(Ep)), (14) 
160 6.5 


where I’, is in ev, Eg and D(Ez) are in Mev, and K is 
10 ev if the compound nucleus is even-even, and 24 ev 
otherwise. 

The removal of the effects of differences in nuclear 
radii, excitation energies, and level spacings from the 
radiation widths has greatly diminished the fluctuations 
observed in the experimental data. Whereas in Fig. 6 
the experimental points spread over a range of a factor 
of 30, in Fig. 8 only one of the points deviates from the 
curves by more than a factor of 2, and the average 
deviation is only a factor of about 1.3. The one point 
which does not agree with the curve is that for Bi™, 
and it was pointed out earlier that this radiation width 
could easily be in error by a large factor. In addition, 
the low values of I’, for U¥* and Th*? and the increase 
in f, near A= 200 can now be understood in terms of 
the observed level spacings and excitation energies. 

It should not be concluded, however, that this agree- 
ment between the experimental values and the theo- 
retical prediction definitely proves that electric dipole 
radiation is the most probable mode of decay of these 
highly excited states, or that it exactly determines the 
dependence of level spacing on excitation energy and 
atomic weight. It should be noted that the radiation 
widths of the even-even compound nuclei can be 
brought into agreement with those observed for other 
types if one assumes that for the even-even nuclei the 
parameter c is about 30 times smaller than it is for the 
others. Since most of the other nuclei are odd-Z—odd-N 
in the compound state, this assumption is not un- 
reasonable. 


VI. CONCLUSIONS 


Several general conclusions can be drawn from the 
behavior of radiation widths discussed in Sec. V. 
Perhaps the most important of these is that the varia- 
tion of radiation widths of highly excited levels with 
excitation energy and level spacing seems to be in 
agreement with a statistical model of the compound 
nucleus. The fact that I, is approximately constant 
from level to level in a given nuclide indicates that the 
de-excitation proceeds by gamma-ray emission to many 
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lower levels, with the choice for any given nucleus 
determined statistically. The observation that the 
variation of the average radiation width from nuclide 
to nuclide does not show a random dependence on 
excitation energy also indicates that the decay does 
not go just to a few favored levels, for in such a case 
there would be no reason to expect the energy of the 
first gamma-ray transition to show any marked corre- 
lation with the total excitation energy available. Evi- 
dence that in the same nuclide the radiation widths 
may differ slightly for levels of different spin does not 
contradict the assumption of statistical behavior. This 
may just indicate that the variation with excitation 
energy of the nuclear level spacing is different for levels 
of different spins. 

It can also be concluded that the level density formula 
predicted by the statistical model of the nucleus 
(Eq. (10)] is a reasonable approximation. Weisskopf* 
has estimated the matrix elements for electric and 
magnetic multipole transitions for a nuclear model in 
which the radiation is caused by a transition of a single 
nucleon which moves independently within the nucleus. 
For highly excited levels in medium and heavy nuclides, 
Blatt and Weisskopf* have modified the single-particle 
formulas to take into account the complexity of the 
emitting state. Kinsey and Bartholomew‘ studied the 
partial widths for emission of radiation to the ground 
state from such levels and found that the energy de- 
pendence and nuclear size dependence predicted by the 
modified formulas agree with the experimental results, 
although the absolute magnitude of the theoretical 
widths is too large. The functional dependence of the 
single-particle formulas and their modification therefore 
seem to be well verified by the experimental data. The 
fact that the additional assumption of the variation of 
level density with energy, Eq. (10), permits a satis- 
factory fit to the dependence of I’, on excitation energy, 
level spacing, and nuclear size, indicates that this level 
density formula cannot be grossly in error. Further- 
more, Critchfield and Oleksa,*® by assuming £1 transi- 
tions and using a level density formula obtained by 
exact counting of levels, as well as one derived from 
statistical theory, have had considerable success in cal- 
culating the energy and nuclear size dependence of 
neutron capture cross sections (which are proportional 
to [',/D) for elements between Na and Cu and neutron 


“V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 
“ C. L. Critchfield and S. Oleksa, Phys. Rev. 82, 243 (1951). 
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energies between 0.1 and 0.8 Mev—an additional verifi- 
cation of the reasonableness of these formulas. 

The information that has so far been obtained from 
the total radiation widths of highly excited levels in 
medium and heavy nuclides is not by itself sufficient to 
enable one to determine which mode of decay is most 
important in these transitions. However, when taken 
with other experimental data it seems almost certain 
that most of the radiation emitted by these levels is 
electric dipole. If Eq. (7) is used to calculate Do, from 
the partial widths of those transitions observed by 
Kinsey and Bartholomew‘ that are known to be £1, one 
obtains values ranging from about 6 Mev to 600 Mev, 
with a mean value of about 150 Mev. If one now con- 
siders the total radiation widths of the present work, 
the values of Do obtained by fits of the theoretical curve 
[Eqs. (11) and (12)] to the experimental data are 
about 500, 2 or 0.2 Mev for the assumption of £1, M1, 
or £2 radiation, respectively. Within experimental accu- 
racy, the value of Do of 500 Mev agrees with the 150- 
Mev value obtained from the partial widths of Kinsey 
and Bartholomew where the transitions are known to 
be electric dipole. On the other hand, the values of Do 
obtained from the total widths if the radiation is 
assumed to be M1 or E2 are very different. This fact is 
a strong indication that the assumption of £1 transi- 
tions for the total radiation widths is correct. 

It seems rather surprising that the experimental 
value of Do is so large—a value of about 15 Mev would 
be calculated for a single particle in a nuclear potential 
well. The factor of 300 discrepancy between Blatt and 
Weisskopf’s® calculations of E1 radiation widths and 
the experimentally observed values arose from their 
assumption of 0.5 Mev for Do, rather than this larger 
value. The observed partial radiation widths of Kinsey 
and Bartholomew and total radiation widths of this 
paper are thus about an order of magnitude smaller 
than predicted by the modified single-particle formulas. 
Wilkinson*’ also found that Weisskopf’s single-particle 
formula overestimates electric dipole radiation widths 
by about a factor of 10. 
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The 0.570-Mev gamma ray in Pb’ and the 0.803-Mev gamma ray in Pb are electric quadrupole 
transitions and have transition rates which are much too fast for neutron transitions. The surface tension 
parameters necessary to give the observed transition rates are determined by assuming that the collective 
motion of the core is weakly coupled to the external nucleons. The calculated surface tension parameters 
are 1100 Mev for Pb®’ and 520 Mev for Pb®*. These two values are large compared to the hydrodynamic 
surface tension, as expected near closed shells, but the difference of a factor of 2 is unexpected. The quad- 
rupole moment of Bi® also indicates weak surface coupling. Also determined are the configurations which 
describe the low-lying energy levels of Pb™, assuming short-range two-body forces. Reasonable agreement 
with experiment indicates that the shell model can account for the main portion of the level splitting. Many 
levels are predicted which have not been observed as yet. The 0.375-Mev gamma ray in Pb™ is anomalously 
slow even with weak surface coupling. A possible explanation for this slowdown is indicated by the con- 
figurations describing the initial and final states. In connection with the Pb™ problem, formulas are given 





for antisymmetrical wave functions in the j-j coupling scheme for three and four particles. 





I. INTRODUCTION 


HE collective model of the nucleus has had some 
success in explaining nuclear properties in the 
regions where the strong coupling approximation is 
valid.'? Many features of the strongly coupled system, 
however, are insensitive to detailed assumptions of the 
model. In spite of less dramatic effects, a better test of 
the underlying hypotheses of the collective model 
might be obtained in a region of weak surface coupling, 
where one has a better chance to understand the extra- 
particle configurations, and where the competition 
between collective effects and the effects of direct par- 
ticle coupling is more evident.* 
Isotopes near Pb” appear to be well suited for such 
a study. The very high first excited state‘ of Pb™®, 
measured electric quadrupole transition rates in 
other Pb isotopes’ and the measured quadrupole 
moment’ of Bi®® all give evidence of a weak surface 
coupling in these nuclei. The work of Alburger and 
Pryce® has shown that a very successful description of 
the low states of Pb** can be obtained from a simple 
shell model perturbed only by short-range two-body 
forces. 


*Supported in part by a grant from the National Science 
Foundation. 
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shell structure considerations in highly deformed nuclei. See, e.g., 
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If the surface coupling is sufficiently weak, it makes 
itself felt primarily only in electric quadrupole effects 
because the interaction Hamiltonian of the collective 
theory is itself of quadrupole form. Energy level 
spacings might, for example, be only slightly changed 
while £2 transition rates are greatly changed. Especially 
this could be the case in the isotopes of Pb, since the 
protons form a closed shell and cause almost the entire 
electric quadrupole moment to be of a collective type. 

With these facts in mind, an investigation has been 
made of four nuclei near Pb** in order (1) to find out 
to what extent their electric quadrupole properties can 
be accounted for by a given set of parameters of the 
collective theory, and (2) to extend and test further the 
shell theory of Alburger and Pryce.*.* From the experi- 
mentally measured £2 transition probabilities® in Pb 
and Pb®’, estimates of the required strength of surface 
coupling are made. The coupling strength determined 
from Pb” is used to calculate the quadrupole moment 
of Bi. The result agrees favorably with the measured 
value of the quadrupole moment. The Pb”® and Pb” 
coupling strengths, however, are not in close agreement. 

The shell theory of Alburger and Pryce is extended 
to the four-particle system,’ Pb**‘, and gives a semi- 
quantitative description of the observed levels in this 
nucleus," including an explanation for the long-lived 
9—isomeric state. The 0.375-Mev £2 gamma ray in 
this nucleus is anomalously slow even for quite weak 
surface coupling. The shell model assignments of the 
levels involved in this transition (4+ to 2+) suggest a 
possible explanation for the anomaly, but still require 
a very weak surface coupling. 


9M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 

As Alburger and Pryce point out, 4 holes in a closed shell 
can be treated in the same manner as 4 nucleons outside of a 
closed shell. 
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Il. WEAK SURFACE COUPLING 
A. Theory 


The interaction Hamiltonian of the collective theory 
has been given by several authors!:-!* and is of the form 


Hint= — Di ki(hw/2C)* F m(bm+ (—1)"b_m*) 
XVom(Gi,gs), (1) 


where k; is a parameter which is of the order of mag- 
nitude of twice the kinetic energy of a particle in the 
the nucleus,!* fw is the phonon energy of the collective 
motion, C is a measure of the surface energy due to 
deformation, 5, and 6b,.* are the destruction and 
creation operators, respectively, of one phonon, and 
the particles are labeled by the index i. 

Discussions of the theory for weak surface coupling 
have been given by a number of authors.'*'* Only the 
important formulas needed for the following applica- 
tions are summarized here. The notation follows most 
closely that of reference 17. Hint is considered to be a 
small perturbation admixing the zero-order states, 
laJ; NR; IM), which are shell-model states of con- 
figuration a and angular momentum J coupled to a 
collective state of N phonons and angular momentum 
R to give a total angular momentum /. In the weak 
surface-coupling limit, where the particle level spacings 
and the energy level shifts due to the interaction can 
be neglected compared to the phonon energy, fw, and 
only the one-phonon state of the collective motion is 
excited, perturbation theory yields the result that the 
wave function for a state with a given total angular 
momentum J can be written as 


Vres,m=laJ; 00; IM)+ Doar Arars” 
la’’J"; 12; IM). (2) 


The coefficients Aray are given by 


Atatiy= — (heo)aT ; 00; IM| Hine|a’J”; 12; IM), 
(3) 


and can be expressed concisely by the methods of 
Racah.!7"%9 Defining (2/5)!¥om(0:,6:) aS Yom(Oi,0;) 
and (Shw/2mrC)! as y, Eq. (3) becomes 


Arana = (hy/ hw) (21+ 1)-KaF || Xo + Yoo) |] sa 
+ 


where the double bar reduced matrix elements are 
defined in references 19 and 20. The dimensionless 
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* For a concise summary of Racah’s results in reference 19, 
see Simon, Vander Sluis, and Biedenharn, Oak-Ridge National 
Laboratory Report ORNL-1679 (unpublished). 
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parameter measuring the strength of coupling is 
t= (ky/hw). The weak-coupling limit (one-phonon) 
remains valid, however, to <1, because the factors 
multiplying € in Eq. (4) are in general considerably 
less than unity. See, for example, reference 17 where, for 
a two-particle configuration, the weak-coupling limit 
is very good for §<0.8. 

Using the wave functions as given in Eq. (2), the 
contribution of the collective motion to the E2 transi- 
tion rates can be determined. The collective quad- 
rupole transition operator is 


Qom=[3ZeRo?/4(5ar)* }y (bm+(—1)"b_-m*), (5) 


where Rp is the effective radius of the nuclear charge 
distribution. The transition rate for E2 radiation is! 


T = (4nx5/75h)B,(2), (6) 


where « is the wave number. B,(2), the reduced transi- 
tion probability, is given by 


B,(2) = (2I'+ De > mum’ | (IM | Qom| I'M’)|?, (7) 


where /’ and J are, respectively, the angular momentum 
of the initial and final states. In the weak-coupling 
limit, B,(2) reduces to 


B,(2)=[3ZeRo*y/4 (5a)! P(27+1) 
X | [A rar/(27+1)9J+(A rarr’/ (20’+1)*]|*, (8) 


where the Asay’s are given by Eq. (4). It is significant 
to note that cross terms between different particle con- 
figurations do not occur in Eq. (8) because the col- 
lective operator, Qom, is independent of the particle 
coordinates. Since Asay is proportional to ky/hw, B,(2) 
is seen to be proportional to (ky*/hw)?=(Sk/2rC)?. 
B,(2) is, therefore, independent of the mass parameter 
B of the collective theory and depends only on the ratio 
k/C of the other two independent parameters of the 
collective theory. This is in interesting contrast to the 
moments of inertia of the highly deformed nuclei 
which depend only on B. 

The quadrupole moment is defined as the expectation 
value of (167/5)*Qo. In the weak-coupling limit, the 
collective quadrupole moment is 


Q.= (6/5)ZeRo*yA ral I (21—1)/(I+1)(27+3)}'. (9) 
For a single extra particle, Eq. (9) reduces to 
O.-= — (3/20)ZeRo? (ky?/hw)[ (21 —1)/ (T+1)]. 


Note that Q., like B,(2), depends only on the ratio of 
R/C. 


(10) 


B. Applications 
Lead-207 


Table I shows the experimentally determined low- 
lying levels®:* of Pb’. Stelson and McGowan® have 
measured the Coulomb excitation cross section of the 
first excited state. They determine the reduced transi- 
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tion probability for the decay (fsx—p12) to be 


B,(2)= (0.096 barn)?e?. (11) 


This value corresponds to a half-life of 1.0 10- sec, 
which is consistent with the result reported by Lazar and 
Klema® that 


0.7X 10-" < tyj2<4X 10-" sec. (12) 


The measured transition probability is almost as large 
as for a single proton transition, for which 


[B.(2) ]proton= (0.140 barn)?e*, (13) 


and is many orders of magnitude larger than would be 
expected for a pure neutron transition. [In Eq. (13), 
it is assumed that (r*)proton = $ (1.17 10-44"? cm)?. ] 

Even if the neutron in nuclear matter carries an 
effective charge, the transition probability cannot be 
accounted for in terms of a single neutron transition. 
Brueckner™ has suggested an effective charge for the 
neutron of magnitude e¢= —0.17e. The trend of mag- 
netic moments of odd-neutron nuclei, however, suggests 
that this value is an overestimate. In particular, the 
magnetic moment” and quadrupole moment”* of O!” 
are most easily interpreted by supposing that the 
effective charge of the neutron is indeed close to zero. 
An effective charge of $e, however, would still give a 
transition probability smaller by a factor of 17 than 
that observed. One is therefore forced to conclude that 
the major part of the £2 transition probability in Pb™ 
is due to the collective effects. Similar arguments apply 
to the other isotopes of lead. In this paper, it is assumed 
that the collective effects of surface coupling account 
for all of the transition probability. 


Theory 


ee eS Be 


Experiment 
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Fic. 1, Energy levels of Pb™. The levels of greatest interest 
are labeled by small letters which designate the configurations as 
as follows: a—(piys*, J1:=0) feya*, b—(fsva®, J1=5/2) pire, c—( fore’, 
Ji=0)pi2pse, d—(pu?, Ji=0)psefsre, e—(pir®, J1=0) feratiare. 
The configurations associated with the other levels may easily 
be found by referring to Table IV. 


31K. A. Brueckner (private communication). 

# F. Alder and F. C. Yu, Phys. Rev. 81, 1067 (1951). 
( — Gunther-Mobhr, and Silvey, Phys. Rev. 85, 474 
1952). 
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As has been pointed out, B,(2) determines the ratio 
(k/C)*. The parameter k which is determined by the 
first-order shift of particle energy levels is not subject 
to much uncertainty, and in particular should not vary 
markedly as one moves through the periodic table. If 
one takes k=40 Mev! and Ro=1.17X10-%A"* cm,* 
C is determined by the transition rate to be 1100 Mev. 
If, in addition, the mass parameter B of the collective 
theory is specified (with much less certainty) by 
h?/B=0.025 Mev, then the phonon energy is hw 
=[(#?/B)C]}'=5.2 Mev. These values are to be com- 
pared with the “hydrodynamic” values,” C=63 Mev 
and hw=1.3 Mev. This is in accord with the qualitative 
expectation that near closed shells C and therefore hw 
should increase, as the nucleus is not as deformable as 
the “hydrodynamic” model would indicate. According 
to Moszkowski,” one can expect the surface tension 
near closed shells to exceed the hydrodynamic value by 
about a factor of ten. For the parameters so determined, 
t= (ky/fw)=0.47, and the mixture amplitudes A rary 
are of the order of 0.15. Hence the one-phonon ap- 
proximation is quite good for this calculation. 


Lead-206 


Stelson and McGowan® have also determined the 
reduced transition probability for the decay (J'=2 to 
J=0) from the first excited state to the ground state of 
Pb**, They found that 


B,(2)= (0.158 barn)*e’. (14) 


As a result of the work done by Alburger and Pryce,* 
the configurations assigned to the ground state and the 
first excited state were respectively p12? and 12/2. 

Assuming, as in Pb’, k=40 Mev and Ro=1.17 
10-44"? cm, one gets C=520 Mev. This value of C 
is much larger than the “hydrodynamic” value but 
smaller by a factor of two than that found in Pb’. 
With #?/B=0.025 Mev, as in Pb”’, iw=3.6 Mev and 
is also different from the phonon energy determined in 
Pb”, 

In view of the approximation inherent in the limiting 
weak-coupling formulas used, this difference may not 
be a serious discrepancy. However, if the coupling 
strength is really as weak as suggested by the Pb” 
result, then the perturbation formulas should not be in 
error by such a large factor. It is possible that this error 
does not arise in the perturbation formulas but in 
assigning particle configurations to the nuclear states. 
That is, with configuration interaction, the particle con- 
figurations can become mixed. In Pb™, the most 
plausible place fur configuration mixing is the ground 
state. One would expect that a small amount of the 
fsy2? J=0 configuration would mix with the p1:? J=0 
configuration. Calculations have shown, however, that 
regardless of the mixing of the 1/2? and fs/2* configura- 


™K. W. Ford and D. L. Hill, “ Rev. 94, 1630 (1954). 
%5 S. A. Moszkowski, Phys. Rev. 99, 803 (1955). 
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tions in the ground state, the values of C and fw deter- 
mined from the Pb data cannot be brought into agree- 
ment with the values of C and fw determined by the 
Pb*” data. There appears, therefore, to be a real dif- 
ference in the value of C for the two isotopes, and this 
difference does not arise from approximations made in 
the limiting case of weak coupling. 


Bismuth-209 


As a further possible check on the correctness of the 
weak-coupling approximation, the quadrupole moment 
of the ground state of Bi® was calculated. The col- 
lective contribution to the quadrupole moment is 
given by Eq. (10). The direct particle contribution is 


Qp= —$e(r?)[ (27—1)/(I+1)]. (15) 


If one used C=1100 Mev as determined by Pb’, the 
nuclear radius as 1.17 10-'* A"*® cm, and in addition, 
(r*) is set equal to 2R,?, one finds that 


Q.=—0.25 barn, Q,=—0.21 barn, 
and 


Q0=0.+0,=—0.46 barn. (16) 


This value of the quadrupole moment compares favor- 
ably with the experimental value? of —0.4 barn. 
Although neither the experimental value of Q nor the 
theoretical value of (r*) are sufficiently precise to make 
this a good test of the surface coupling strength, the 
result does again suggest a very weak surface coupling. 
A similar conclusion has been reached by Mayer and 
Jensen.” 
Lead-204 


The experimentally determined energy levels" of 
Pb™ are shown in Fig. 1. The 0.375-Mev transition 
(4+ to 2+) should be another case where the weak 
surface coupling can be tested, as the lifetime of the 
4+ state is known. From the energy levels of Pb?” 
given in Table I, it is reasonable (without detailed 
calculations) to assign the configuration 1/2? fs? to the 
0+, 2+, and 4+ levels. Using Eqs. (6) and (8), =40 
Mev, Ro=1.17X10—%A!/* cm, and C=1100 Mev as 
determined from Pb’, the lifetime of the 4+ level is 
1.3X10~ sec. This lifetime is much smaller than the 
observed value of 2.6X10~" sec. A wrong choice of 
configurations for the energy levels is the most likely 
reason for this discrepancy. Therefore, the possible 
configurations describing the low-lying energy levels of 
Pb™ were investigated in greater detail. The results 
of this investigation will be discussed in Sec. IV. 

It is to be noted however, that if the particle con- 
figurations for the two levels differ by more than one 
of the ji of the particles (e.g., Pr? fs? and ps2" foi2"), 
the reduced transition probability will no longer be 


26M. G. Mayer and J. Hans D. Jensen, Elementary Theory of 


Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), p. 115. Their surface tension parameter S is equal to 160/45 
times our C. 
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given by Eq. (8). The Aras of Eqs. (2) and (3) will 
now be zero as the operator Hint is a sum of one-particle 
operators and will not connect these two states in the 
first order calculations. Then second-order effects 
would have to be considered in order to calculate the 
contribution of the weak surface coupling to the en- 
hancement of the transition between the two levels 
This point will be discussed further in Sec. IV. 


Ill. ANTISYMMETRIC WAVE FUNCTIONS 


Often it is desirable to have antisymmetric wave 
functions in a special form when considering certain 
types of matrix elements. In this paper, we shall be 
interested in the expectation value of the interaction 
energy of a group of particles when the interaction 
energy is a sum of two-particle interactions. That is, we 
shall want to evaluate the matrix element 


V int = (Wa! D3 Vis|Ya), (17) 


D>j=1 


where the subscript a indicates that we have an anti- 
symmetric wave function. Due to the antisymmetry of 
the wave function, Eq. (17) can be rewritten as?’”* 


n—1 
V int= (n/n—2)(a| > Vij|Wa). 


i>j=l 


(18) 


This process can be repeated m—2 times and one finally 
obtains the matrix element const X (Wa| V 12!) between 
particles one and two. 

For the evaluation of a matrix element of this type, 
it is convenient to have the wave function expressed in 
the following manner: 


Va= . ((a’J’) j:J JoJ)| (a’J")aji(n)J), 


jie’ J’ 


(19) 


where a’ represents the configuration 71, je, --- Jia, 
jist, *++jn (together with other required quantum 
numbers) combining together to give J’ which is anti- 
symmetric with respect to the interchange of any of its 
n—1 particles, 7; is associated with the mth particle as 


TABLE I. Energy levels of Pb’. 








Configuration Parity 


Pu 0.00 
Sore 0.570 
Paz 0.87 
lisse 1.634 
here 2.354 


Energy (Mev) 











® Note added in proof.—Since the preparation of this article, it has been 
brought to my attention that D. E. Alburger and A. W. Sunyar [Phys. 
Rev. 99, 695 (1955)] have evidence that the level called ho/2 is actually a 
frj2 level. However, this change does not affect any results in this article. 


27 G. Racah, Phys. Rev. 76, 1352 (1949). 
8M. Redlich, thesis, Princeton University, January, 1954 
(unpublished). M. Redlich, Phys. Rev. 99, 1427 (1955). 
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indicated by the m in parentheses, and j; is vector- 
coupled to J’ to give an angular momentum of J. [In 
Eq. (19) and the following, 7 is shorthand for all one- 
particle quantum numbers, e.g., 2, J, 7.] If Ya is repre- 
sented by Eq. (19), then Eq. (18) becomes 


Vie=[n/(m—2)] 2 |C(@'S) 5 Fe) |? 


lia 


n—1 
Xe’J'| E Vela’s’). (20) 
i>j=1 

In this section, the coefficients of Eq. (19) will be 
derived when n=3 and n=4. 

First, consider 3 particles with different j; (i.e., 
inequivalent particles). It is possible to write an anti- 
symmetric wave function in the following way”: 


Va= (3) | [91(1) j2(2)Ji Jajs(3)J) 
— |[#i(1)j2(3) Ji Joja(2)J) 
+|(91(2)j2(3)JiJajs(1)J)}, (21) 


where the configuration [7;(1) j2(2)J1]. is antisymmetric 
with respect to interchange of particles one and two. 
The same notation without the subscript @ will be used 
for nonantisymmetric vector-coupled states. The first 
term is already of the form of Eq. (19) while the last 
two terms are not. However, both of the last two terms 
are of the same form and can be expanded. Expanding 
the second term, we get 


10911) j2(3)J1Jejs(2)J) 
= Dafa |[ji(1) js(2)J’1j2(3)J) 
+by|[92(1)js(2)J’Jji(3)J)}. 
ay and 6, are given explicitly in terms of Racah coef- 
ficients” and are 
ay = (3) frjaJ’ Jed |Liji lis) 
=($(2J’+1) (24: +1) PW (SijsjeJ’; Jai), 


(22) 


(23) 
and 


by =— OMCinjJ Tid Linied sli) 
= (—1)#+’-JH1[3 (274-1) (2J,4+1) }! 


XW (jij js; JiJ’). (24) 


Expansion of the third term gives the same coefficients 
as the second term but has the particle numbers 1 and 2 
reversed. Substitution of these back in Eq. (21), 
together with appropriate combination of terms to 
yield antisymmetric 2-particle wave functions, gives 


Yo= (3)}| [91(1) j2(2) Ji Jejs(3)J) 
+L r{l— Pier ]| Ci (1) 52(2)I’Jaj2(3)J) 


+[— (9's ]|[92(1) js(2)J’Jafi(3)J)}. (25) 


* G. Racah, Phys. Rev. 63, 367 (1943). 
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Comparing Eqs. (19) and (25), we see that™ 


((j:j2J ajeJ JoJ)= (3)!, 
(jij ajo la) 
= —[3(2’+1) (2+) PW Sijsje’; J), 


and 


((j2jsJ)afrJ Jo) = (—1) 844-43 (2 +1) (21 +1) }! 
XW (jijeJ js; JJ"). (28) 


The case when all three j,’s are the same has been 
treated in other places.”:*!)® 

The procedure for four particles is very similar to 
that for three particles and will only be outlined here. 
Only the cases where at least two of the j,’s are the 
same will be considered. One may easily extend this 
work to the case where all four j,;’s are different. Let us 
consider first the case where 7,’ couples to give J;, je 
and j; couple to give Js, and J; and J; couple to give J. 
An antisymmetric wave function can be written in the 
following form**: 


(26) 


(27) 


(jijomuma| jijojm)= (—1)*72-i (joj imemy| jojijm). 


Wa= (8) | (4i(1) j1(2)Ji Jol j2(3) js(4)J2 J.J) 
+ | C912) 91(3) Ji Jol j2(1) js(4)J 2 JJ) 
+ |(91(3) jx(D Si Jol j2(2)js(4)J2]eJ)} 
x ch to acta a 
X (| [y2(1) js(2)J2 Jal 91 (3) Ji (4) Ji J.J) 
+ |[92(2)js(3)J2 Jol 71 (1) j1(4) Ji JJ) 
+|(32(3)js(1)J2 Jal 71(2)71(4)JiJoJ)}. 
All six terms in Eq. (29) are of the same form. The first 
term, when expanded, becomes 
IC 911) j1(2) Fi Jal j2(3) js(4)J2 Jo) 
=Larlds| (A(t) j1(2)IiJaj2(3)I’)js(4)J) 
t+ex| (Cfi(1) j1(2) Fi Jajs(3)J')j2(4)J)}, 


(29) 


(30) 
where 


dy = (3)K(Si pS" JjxJ | Sil jojo) 
=(3(2J'+1) (25241) }W(SijeT js; J’J2), (31) 


and 
ex =—(3)"(Sijd lid |SiljejJ2V) 
= (—1)itti-JeH[4 (274-1) (2J2+1)]}! 
XW (SijsJ j23 J'J»). 


All six terms can be expanded in this manner. Upon 
expanding all six terms, substituting in Eq. (29), recom- 


(32) 


*® For the special case when j1=j2, multiply Eq. (27) by v2 
and ignore Eq. (28). 

31 A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A214, 515 (1952). 

#S. Meshkov, Phys. Rev. 91, 871 (1953). 

% Where use has been made of the property of the Clebsch- 
Gordan coefficients that 
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TABLE II. Zero-order energy levels of Pb™. 
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TABLE III. Alburger and Pryce’s interaction parameters. 








Zero order 
energy 
(Mev) 


1.14 
1.44 
1.71 
1.74 


Configuration Possible I's 


put fo? 

Put psafsre 
SeiP pir 

pu? psi? 

Sei? Prsapsia 2.01 
Pu fer2tiae 2.20 
Soi! 2.28 
(pay2?, Ji = 2) (prrafsi2, J2=3) 2.31 
Put Paiisye 2.50 
(fora®, J1=9/2) psa 2.58 


Parity 
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* Only the indicated spin values were investigated. 


bining and comparing with Eq. (19), one gets* 


(L(j1°S1) ja)" JajaJ JoJ) 
=[}(2J’+1)(2J2+ 1) }}W (Ji j2Jj3; J’J2), 
(L(i:71) fod" JajeJ JaJ) 
= (—1)tie-JeH3. (24-1) (2241) }! 
Xx W (Si jsJ jo; J’Jy), 
and 


(L(j2jsJ2) iJ’ JajiJ Jo) 
= (—1)¥4-4[4 (27 +1) (2,41) }! 


XW (JejJir; J’I:). (35) 


The same procedure follows when one considers three 
particles with equal j; adding to give J; which in turn 
adds to one particle with a different j,; to give a total 
angular momentum of J. In this case, the three-particle 
antisymmetric wave function can be written as 


Wal jx)=2 BJ2| (j1°J2)ajiJ1), (36) 


where the @y2 are the fractional parentage coeffi- 
cients.”:*!.8 Proceeding as before, one finds for this 
case that 


Va= (3)}| (AJ iaj2(4)I) +X sos’ fos’ 
X | (911) 91(2) 2] j2(3)J’)aji(4)J), (37) 
where 
fas'= —Br[ 2 (2J’+1)(2J:+1) }! 
XW (SijejiJ’; JI2). 


In this manner, antisymmetrical wave functions were 
found for the possible particle configurations which 
could occur in Pb™ in order to find the interaction 
energies between the particles. The results of this 
calculation are discussed in the next section. 


(38) 


IV. SHELL STRUCTURE OF Pb 


The weakness of the surface coupling deduced in 
Sec. II suggests that the energies of the low-lying levels 
in the Pb isotopes should be well described by a shell 


* For the special case when j2= 73, multiply Eq. (33) by v2 
and ignore Eq. (34). 





Configuration ein Mev 





pu? 0.4 
Pr2f sre q 0.3 
Prs2psie 0.4 
Psi2hsi2 

Pr2tis/2 

psi? 

Soi2tisi2 

Pai2tisse 








model with a rigid spherical core. The work of Alburger 
and Pryce® has shown, moreover, that a very simple 
form of the shell theory, one which works in the short- 
range limit and ignores configuration mixing, yields 
semiquantitative agreement with experiment for Pb™*. 
Accordingly, this theory has been extended in a 
straightforward way to describe Pb™. 

The one-particle energy levels of Pb’ are shown in 
Table I. Using these as a basis, the antisymmetric wave 
functions for the configurations shown in Table II were 
found by the methods outlined in Sec. III. The calcu- 
lation of diagonal matrix elements of a short-range 
potential with the antisymmetric wave functions then 
followed exactly the method of reference 8. The results 
for the more important low-lying levels of Pb” are 
given in Table [V—first in terms of Alburger and 
Pryce’s energy parameters, €1, €2, ---€i9 shown in 
Table III; second, in Mev, using the numerical values 
of the e’s used in reference 8 to describe Pb** and also 
listed in Table III. These interaction energies shown in 
Table IV were then subtracted from the zero-order 
energies as given in Table II and the resulting energies 
were normalized so that the ground state of Pb?’ would 
be at zero. Figure 1 shows the predicted positions of the 
low-lying levels of Pb‘, and, for comparison, the 
experimentally determined levels up to 2.2 Mev. 

One cannot draw quantitative conclusions about the 
three 2+ levels which lie close together nor about the 
two 4+ levels, as configuration interaction has not 
been considered. The e’s used are also uncertain and 
thus the order of these levels may not be correct. 
However, for such high energy shifts due to the diagonal 
matrix elements, the agreement between experiment 
and theory is quite good. In particular, a 9— isomeric 
state is predicted at 2.05 Mev, to be compared with the 
observed isomeric state, probably 9—,! at 2.19 Mev. 
From this state, the predicted dominant gamma ray 
cascade 9— to 4+ to 2+ to0+ agrees with experiment. 
A considerable number of other levels is predicted 
below 2 Mev. It would be extremely interesting to 
know if a careful analysis of Pb*** (perhaps by exciting 
the nucleus by some other method) could reveal some 
of these other levels. It is to be noted that no free 
parameters were adjusted in this calculation. The 
parameters adjusted to fit the Pb** data* were used 
without modification. It may be remarked also that 
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TABLE IV. Interaction energies for various configurations (Mev). 








Numerical value Normalized 


Spin Vint, the interaction energy in terms 
I energy 


Configuration of the ¢’s 





put fe 

ur fog 

put fot 

put psf 

put psiefsi2 

Put Prefs 

puepsiefsse 

(fsr®, Ji:=3/2) pie 

(fs2?, Ji=3/2) pi 

(fs, Ji=5/2) pr 

(fsia®, Ji: =5/2) pire 

(fs, J1=9/2) pie 

(furs J =9/2)pia 

Prs2*Psie 

prs? psi2? 

(fsi2?, J: =0) (prsepa/2, J2= 1) 
(fsi2*, Ji: =0) (prepai2, J2= 2) 
(fsre®, Ji: = 2) (prepsi2, J2=1) 
(fo2?, Ji: =2) (Prepare, J2= 1) 
(fsi2*, Ji:=2) (prepare, J2= 1) 
(fsi2*, J1=2)(prepsie, J2=2) 
(fsi2", J1=2) (prepare, J2= 2) 
(fsi2?, J: =2) (Prsepsi2, J2=2) 
(fsi2*, J1=2)(pr2psi2, J2=2) 
(foi2®, Ji=2)(prepsi2, J2=2) 
(fsi2?, Ji: =4) (prepsy2, J2=1) 
(fsi2?, Ji=4)(priepsi2, J2=1) 
(fs/2", Ji:=4) (prepsie, J2=1) 
(fsr?, Ji:=4)(Pieps/2, J2=2) 
(fsi2?, J1=4) (preps, J2= 2) 
(fs2?, J1:=4) (preps, J2=2) 
(fs, Ji:=4) (preps, J2=2) 
(fsi2?, Ji=4)(pirrpare, J2=2) 
Pu? feretisie 

Pu2* feretisie 

Prue fsietiss2 

Put fortis 

pr 2 feretis 2 

bus! forrtiaia 

I si2 

Set 

Seis 

(ps2, Ji =2)(p12fs12, J2=3) 
Pre? Ps/2tisye 

Pu2 ps2tisie 

Pu? ps 13/2 

Pre? psi2tis/2 i 

(fs, J1=9/2) pave 

(fs?, Ji: =9/2 \psre 


DANWwIAWM PH OOONAUEPAUPWNHU PW PWN OWN KE NK NOUFWNHNHH PWN PHO 


et2et3e 
€: +2€2.+0.6866, 
€:+2¢.+0.286¢e, 
eitectes 
€) +e.t+e; +0.343¢€5 
ertetes 
erteotes+1.14e;5 
2eo+1.71es 
1.20¢€0+1.7le 
2.20€2+3e4 
ext3e, 
2.60¢€2.+1.1le, 
0.600¢2+1.11le, 
e1+2¢3+2e, 
e:+2e; +0.400¢e; 
eet3estes 
€2+0.8006;+3e, 4- €5 
0.700€2+-0.686¢44-0.386¢;5 
0.900 ¢€.+0.686¢€, +-0.9866¢; 
1.20€.+0.686,+1.27€5 
1.60€2+0.800¢; +0.686¢€, +0.457¢5 
1.50¢€2+0.800€;+0.686€,+0.386¢5 
1.30€2+0.800€;+0.686¢,+-0.638¢; 
€2+0.800e;+0.686€,+1.27¢;5 
0.600€.+0.800€3+0.686€,+1.27¢€5 
0.501¢€2+0.286¢,+0.327¢€; 
0.900 €2+-0.286¢,+-0.687 €5 
1.406.+0.286¢,+1.69e; 
1.99 ¢.+0.8006¢; +0.286€,+0.327¢5 
1.70€2+-0.800€3+0.286¢,+0.327€;5 
1.4le. +0.800€;+0.286¢,+0.555¢;5 
0.800€2+0.800¢; +0.286e,+ 1.09¢; 
0.200€2+-0.800€3+-0.286¢,+ 1.866¢; 
ertertes 
erteotes+0.294e, 
eitetes 
ertertest+0 608¢3 
atetes 
€1t+esteot+1.56es 

4 
3.69 
3.29 
1.40€3+1.57¢5+0.400e, 
etestect1.76e10 
atetes 
€:+6€3+€6+0.287€10 
eitestes 
1.11e,+1.566¢; 
1.11¢4+2.38¢;5 


OS ht ee © mt ee me © 
ASSRaRs 


2 


0.96 
0.90 
1.02 
0.90 
1.21 


PS re re ee ae ee ee 
ALSRSaASKES 


el EE MEE of = 
ERSALSSLSRSSENESAALLASRES 


— 
i) 


NWNNNNNNNKONNNNNNNNNN ENN NRE RRR NN OF RON RRO eet ee eee 
AD FAO AM 1 WwW 


PIYRUde Sr eoomoeyeoosd 


PADOAKwoNM 














calculations of the energy shifts of these levels due to 
weak coupling to the core showed that the shifts could 
be neglected. 

It is to be noted that the configurations of the lowest 
levels with a spin of 2+ and 4+ are foy2*pij2 and 
p12 Ps/2fsy2 respectively. These configurations differ by 
having two of the j,’s different. As mentioned in Sec. II, 
the contribution to the E2 radiation between these 
levels will vanish in the first-order weak-coupling cal- 
culation. Estimates indicate that second-order per- 
turbation calculations between these two levels will 
yield a half-life longer than is observed experimentally. 
But with a mixing of the configurations, which is to be 
expected, the transition rate will be greater than that 
for the pure p1/2"f3,2/s/2 level to the pure fs2*p1/2 level. 

An estimate of the mixing in the 4+ level can be 
made as the gyromagnetic ratio for this state is known. 


Krohn and Raboy" have found for this level that 
g=(+0.054+0.005) nuclear units. If the 4+ level were 
a pure p1/2"P3/2fs/2 configuration, the g-factor for this 
state would be —0.137. On the other hand, if it were a 
pure 1/2"fs2° configuration, the g-factor would be 
+0.547. Taking the true state as a linear combination 
of the above two states, one finds that a mixture of 
72% of the pi? Psofs/2 state and 28% of the put fo? 
state is needed to give a gyromagnetic ratio of +0.054. 
This indicates that there is quite a lot of configuration 
interaction although the 1/2"3/2fs/2 state is still the 
dominant one. However, states present with very small 
amplitudes may have a substantial effect on the g-factor 
if they are connected by the magnetic moment operator 
to the dominant states.* A crude calculation including 

35 R. J. Blin-Stoyle and M. A. Perks, Proc. Phys. Soc. (London) 


A67, 885 (1954); A. Arima and H. Horie, Progr. Theoret. Phys. 
11, 509 (1954); Progr. Theoret. Phys. 12, 623 (1954). 
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this kind of mixing indicates that the intensity of the 
pi/2’Ps/2fsy2 state is slightly larger than 72%. 


Vv. SUMMARY 


The £2 transition rate in Pb®’ gives a value for the 
surface tension parameter, C=1100 Mev. The £2 
transition rate in Pb®® gives C=520 Mev. The quad- 
rupole moment of Bi is consistent with C~ 1000 Mev. 
The discrepancy between the results of Pb®’ and Pb 
appears to be real and cannot be resolved at this time. 

The good agreement between the predicted energy 
levels and the experimentally determined energy levels 
of Pb™ show that short-range two-body forces describe 
the interaction between the external nucleons fairly 
well. Also the splitting of the levels for the first two 
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Mev are due for the most part to these external nucleons 
and do not seem to be affected by the collective motion 
of the core. Even the large values of the surface tension 
deduced in this article are not sufficient to account for 
the very long lifetime of the 4+ to 2+ transition in 
Pb‘. A further partial explanation of this long lifetime 
is suggested by the shell model calculation—that the 
dominant configurations in the 2+ and 4+ states differ 
in the quantum numbers of two particles. 
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Perturbation Procedure for Bound States of Nuclei* 
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The model of nucleons moving in a fixed harmonic oscillator well provides a convenient starting point for 
calculations on the structure of light nuclei. One complication, the nondiagonal energy operator associated 
with the motion of the center of mass, can be eliminated simply by adding the harmonic potential operator 
of the center-of-mass motion to the correct Hamiltonian operator of the system. 

Following the construction of the correct zeroth-order linear combinations (in case of degeneracy) and the 
evaluation of the first-order energy matrix, the further development of the theory, in the direction of an 
exhaustive investigation of the consequences of assumed interaction operators, requires the evaluation of 
second- and higher order contributions to the energy. A simple, accurate, and powerful procedure for 
evaluating the second-order energy and other second-order quantities in closed form is described and explicit 
formulas are given for the application to the ground states of the deuteron, the triton, and the alpha particle. 
Numerical results for the deuteron, where a comparison with exact calculations is possible, are surprisingly 
good. The extension of these calculations to the first p-shell and beyond with the aid of the technique of 


fractional parentage coefficients appears feasible. 


I. INTRODUCTION 


UMEROUS attempts have been made to correlate 

the observed properties of light nuclei with 
assumptions about the nuclear forces.'~* The nonvan- 
ishing quadrupole moment of the deuteron requires a 
tensor component in the correct combination of nuclear 
forces. Calculations with tensor forces are difficult and 
have been worked out to a satisfactory degree of accur- 
acy only for two- and three-particle problems. Rarita 


* Supported in part by the U. S. Atomic Energy Commission 
and the Office of Naval Research. 

t National Science Foundation predoctoral fellow 1954-1955. 
Present address: Department of Mathematical Physics, Univer- 
sity of Birmingham, Birmingham, England. 

1E, P. Wigner and E. Feenberg, Repts. Progr. Phys. 8, 274 

1941), 
‘ 2L. Rosenfeld, Nuclear Forces (Interscience Publishers, Inc., 
New York, 1948). 

3]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., -New York, 1952). 

4D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 


and Schwinger,® using a combination of central and 
tensor forces, succeeded in fitting the binding energy 
and quadrupole moment of the deuteron and also the 
low-energy p—mn scattering data (which essentially 
determines the position of the first excited state 
(virtual) of the deuteron). Pease and Feshbach® ex- 
tended the theory to the three-particle problem using a 
variational technique to compute the binding energy of 
the triton. All the experimental data can be fitted ex- 
cept the Coulomb energy of »He;. 

Feingold’* has extended the study of the tensor force 
to four-, five-, six-, and seven-particle systems. This 
study indicates that some of the effects usually ascribed 
to a spin-orbit force may arise, in part at least, from a 

5 W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941), and 
59, 556 (1941). 

®R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952). 

7A. M. Feingold, Ph.D. thesis, Princeton University, 1952 


(unpublished). 
8D. H. Lyons and A. M. Feingold, Phys. Rev. 95, 606 (1954). 
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tensor force. General arguments yielding the same 
tentative conclusion have been developed independently 
by Wigner? and Keilson.” Recently the ground- 
configuration matrix of the tensor interaction in the p- 
shell has been computed" and a research group in 
England is reportedly calculating interaction matrices 
which include other than ground configurations. 

The labor involved in the last-named calculation is 
clearly tremendous. This paper is the result of an at- 
tempt to include the effects of configuration interaction 
in nuclear energy calculations without computing a 
prohibitive number of matrix elements. Results ob- 
tained for the 1s shell indicate that the extension of the 
method described here to the 1p shell is feasible and that 
this application should involve less labor than the com- 
putation of the interaction matrix. 

The method described here is closely related to that 
used by Feingold although in detail there is little re- 
semblance. Both methods include contributions from 
all configurations in second order, but neglect higher- 
order contributions. The present method is somewhat 
more elegant and has the advantage of giving exact 
results in the limit of weak nuclear forces. Related 
techniques have also been employed in early studies of 
exchange force models.!?-4 


II. PERTURBATION TECHNIQUE 


In zero order, the nuclear system is treated as a 
collection of single-particle harmonic oscillators with the 
Hamiltonian 


Hy =} hod (p2+492) (1) 

in which 
= (h/ me) ¥ , : 
qi= (mw/h)'r;. (2) 


The actual physical system is governed by the Hamil- 
tonian 
-a+|¥ Vis— thw D a] (3) 
i<i 
under the assumption that two-particle operators, 
denoted by V;;, provide the major part of the nuclear 
potential energy (note, however, that the specialized 
form of the nuclear interaction operator does not enter 
into the general formulation of the perturbation 
method). 
In Eq. (3) one cannot proceed immediately to treat 
the term in square brackets as a perturbing potential. 
The difficulty is that the bracketed expression depends 


* E. P. Wigner, Proceedings of the Conference at Rio de Janeiro 
and Sao Paulo, Brazil (July 15-30, 1952) (unpublished). 

0 J. Keilson, Phys. Rev. 82, 759 (1951) 

ny. P. Elliott, Proc. Roy. Soc. (L vt A218, 345 (1953). 

2G. Horvay, Phys. Rev. 55, 70 (1939) 

8B. O. Grénblom, Z. Physik 110, 37 (i938), 











BOLSTERLI AND E. FEENBERG 





on the coordinates of the center of mass and would, 
therefore, mix states having different energies associated 
with the motion of the center of mass. The relation 


L a?= > (qi—qj)"+ AQ’, 
id] (4) 
Q=> q./A, 


makes the difficulty explicit and at the same time indi- 
cates how it may be eliminated. The center-of-mass 
potential energy $#wAQ?* is added to H’, resulting in the 
following modified Hamiltonian : 


H=H'+}hwA?? 


5 

=Hi'+] > Vis—to D @?-@) ©) 
i<i 

Now 4H contains the Hamiltonian operator for the 

harmonic motion of the center of mass as an additive 

term ; consequently the eigenstates of H are also eigen- 

states of the center-of-mass Hamiltonian. 

In many problems the determinental wave functions 
generated by the set of low (or ground) configurations 
contain the coordinates of the center of mass only in a 
common factor which describes the zero-point motion of 
the center of mass with the energy 3/w. This statement 
applies when, for each of the four spin and isobaric 
spin states, all oscillator shells below the topmost shell 
are fully occupied. Under the stated condition the re- 
placement of q; by q:—Q in a determinant changes each 
column into a linear combination of the original column 
and of other columns; the additional terms may be 
dropped because a determinant with two equal columns 
vanishes. 

One other adjustment is desirable. In order to fit the 
potential energy in H’ as nearly as possible to the 
average potential due to the nuclear forces, it is con- 
venient to add a term }-U(q:;—Q) where U is a wide 
well with a flat bottom. The radius of U is made large 
enough so that it has no effect on the wave functions of 
low radial quantum number. Edge effects can be ne- 
glected, if, as seems reasonable, orbitals of very high 
radial quantum number are present in the perturbed 
wave function only with very small amplitudes; in the 
evaluation of matrix elements it is then permissible to 
replace U by a constant. Now we write 


Ho= Hi’ +d U(ai—Q) 
= tho D (pb? +9?) +L U(ai—Q), 


A= Het|E Vs (6) 


i<j 


Hw E (@2-0)-E v(a-0)] 
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and denote the operator in square brackets by W. The 
notation y, and E, is used for the eigenfunctions and 
eigenvalues of Hp. 

We use a modified first-order wave function in the 
form!415 


W n0 
os 


|W nol? 


oh? ae 
—E,)? 

For convenience, the depth of U is chosen so that 
Woo=0. This means that the first-order energy correc- 
tion vanishes for one low state and is small for other 
low states generated by the same configuration. If 
degeneracy exists in the zeroth-order formulation of the 
problem Wo must be written as a suitable linear com- 
bination of normalized orthogonal functions in the 
subspace defined by E,= Eo. Terms with E,= Eo may 
then be omitted from the sums in Eq. (7). A procedure 
for determining the correct linear combination is de- 
veloped in Appendix C. 

The energy formula, E= 
in the form 


can be expressed 


(v|H|¥), 


|Won|? WoaW anW mo 
a 


R=E, | i= (E~E,)(E—E,) 





E-Ey=> 


All contributions from the second-order sum in Eq. (8) 
have the same sign (if Ey £,,). The third-order energy 
correction contains both positive and negative terms 
(from the fluctuating signs of Wo, and Wym) so that 
internal cancellation assists in reducing the magnitude 
of the sum. We omit the third-order energy correction 
in the following discussion. Verification of the relation 
N*—1<1 supplies a partial justification for this 
omission. 
The abbreviations 


- 3 he >> (g?— 
V=> Vis, 
i<j 
U=r Via 
and the relations 


Wr=Vn—M Uo0dno 


nd 
=0 for n=0, 


Uan= (Voo-— 


4 FE. P. Wigner, Math. u. Naturwiss, Anzeig. d. Ungar. Akad. 
Wiss. L III, 475 (1935). 

18 P.M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Chap. 9. 


(10) 


M 00)6nm= (Eo— Eo')b nm; 


enable us to write 
| (V=M)a0l? 
E-E,, 


|W nol? 
E-E, 
|Vnol? 
E-E, 





& 


at = DL | Vnol? 


E-—E, ® 


1 
oS me mee M40!|? — VonM no— 
E-Eo)- 


V 0M on | 


—DL| M no|?— VonM no— VnoM on J}. 


(0) 


(11) 


The primed summation signifies that terms with 
E,,= Ey are omitted, while (0) signifies that the summa- 
tion is limited to states with E,=E. Since M contains 
the coordinates only to the second power, M xo fails to 
vanish only if state m differs from state 0 by zero or two 
units of excitation, ie., E,=Eo or E,=Ey+2hw. 
Equation (11) may be simplified by introducing the 
relations 


XL Mn0|?—VonM ro— V noon] 
=(M)oo—(VM)oo—(MV)oo, (12) 
XL M .0|? —V onM no — V noM on | 


(0) 
21 V nol *+30 W0|?, 


(0) 


—_ (Voo— Mw)?— (13) 


the first a consequence of closure and the second follow- 
ing from Eq. (10). 
The relation 
| V nol? 
E—E, 


--f = (Ve oV) ood (14) 
0 


is a consequence of the identity 


1 C) 
_ os -{ eE-En) gy, 
E-E,, 0 


and the application of closure to the infinite summation 
over n. Equations (6) and (10) permit the transforma- 
tion of Eq. (14) into the more explicit form 


(15) 


|Vnol? 


=—f exp[A(E-—Ey+ Ey’ 
E-E, J Pp 0 0) J 


XLV exp(—AHo’)V JooddA. (16) 

The usefulness of Eq. (16) depends entirely on 
the possibility of expressing the matrix element 
[V exp(—AHo’)V Joo in a form suitable for integration 
and numerical] evaluation, A manageable form can be 








1352 M. BOLSTERLI 


attained with the help of the integral transformation 


ent -nr+erised=(—) f f f dv{(v) 


1 
xexp| ——(¢+#—2ha: »| (17) 
2g 


where 

g=tanh2u, k=1/cosh2y, _ (18) 
and f(q) is arbitrary within broad limits of continuity 
and integrability. A derivation is given in Appendix A. 
Relations equivalent to Eq. (17) are known and have 
been applied in the theory of metals.'* We are indebted 
to Professor Uhlenbeck for calling our attention to the 
antiquity of this formula. 


Ill. APPLICATION TC THE 1s SHELL 


The two-particle interaction operator is assumed to 
be a linear combination of the six charge- and velocity- 
independent types of nuclear potentials. This combina- 
tion will be written in a way which differs from the 
usual one and conforms to the potentials used in 
nucleon-nucleon scattering as follows: 





Voo= (0|J1|0), 
M oo= thw (0| g:2?|0) = fhe, 


AND E. 
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Vio=}(1—o1- 02) (3+ 21: 22) Jo 
+3(3+01-02)3(1— 1: 42) 
+43(1—o;-0.)}(1— 71° t2)J2 
+}(3+61-02)} (3+ ws° t2)J3 
+4(1— 41° 42) Sie +3 (3+ 41: 42)SixJ a, (19) 


where each J is a function of the radial distance be- 
tween the two particles. This form includes singlet- 
singlet, singlet-triplet, triplet-singlet, and _ triplet- 
triplet radial interactions in the spin and isobaric spin 
variables and independent tensor operators for sym- 
metrical (s) and antisymmetrical (a) states in the 
space coordinater of two particles. The factor Sj, is the 
tensor force operator 


(20) 


Sp= (°F 120° T 12/112") ea Ha ‘Oo. 


In the following list of matrix elements the letter e 
denotes the operator exp(—AHo’) and my is the unit 
vector along fy. The single-particle orbitals have the 
form 

Vie(Q) =a! exp(— 39’) 


multiplied by appropriate spin and _ isobaric 
functions. 


spin 


A=2, ground state of the deuteron 


(M*)oo= (Zhw)*(O| gro*|0) = 15 (thw), 


(VM) w= thw (0! 19127! 0), 


(VeV)o0= (0| JreJ1|0)+ (4/9) (0| J.{3mi2- (my2e-My2)My2—e}J,|0). 


A=3, ground state of \H2 and »He; 
Voo=3(0| Jo+J1|0), 
M w= $hw(0| g1:?|0) = $hw, 
(M*) o0= 3 (dhe)? (0 qus*+ 2¢127q13?| 0) = 3 (hw)?, 
(VM) o0= thw (O| (Jo+J1)12(g12?+ 2¢13*) |0) 


(VeV) o0=$(O| Jo(12)eJo(12)+-J1(12)eJ1(12) |0)+3 | Jo(12)eJ0(13)-+J1(12)eI1(13) +6 0(12)eJ1(13) |0) 
2(0| J,(12){3mi2- (my2°eMy2)My2—e} J,(12) 10)—3 (| J,(12){3mi2- (mio: eM13)M13—e} J, (13) 10) 


A=4, ground state of 2He» 
Voo=3(0|Jot+J1|0), 
M oo= fhw(0| giz? |0) = 9hw/4, 


(M?) o9= ; (thw)?(0 | Qi2*+4q13’gi2? +912" 9s | 0)=11 (3hw/4)’, 


(VM) o0= 3hw(0| (Jo+J1)12(g12?+4¢13°-+934) |0), 


(VeV)oo= 3(O| Jo(12)eJo(12)+J1(12)eJ1(12) |0)+3(O| Jo(12)eJo(13)+J:(12)eJ1(13) +6 o(12)eJ1(13) |0) 
+3(0| Jo(12)eJo(34)+J1(12)eJ 1(34) |0)+ (4/3) (| J.(12){3mio- (myo em12)M2— e} J(12) |0) 


IV. THE FORCE MODEL 


The numerical evaluation of the integral involving 
(VeV)oo is in general extremely difficult; however, in 


16 A. H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1953), second edition, p. 163. 


— (8/3) (O| J.(12){ 3mi2- (Miz: emi3)Mis— e}J,(13) |0). 





the special case of Gaussian radial dependence of the 
potential functions, the most difficult term reduces to 
an easily computed one-dimensional integral. We have 
made calculations using the Gaussian form for Jo, J1, 
and J,. The depth and range parameters are taken from 
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a calculation by Hu and Massey.” These authors 
determine a potential with depths and a common range 
parameter adjusted to fit the binding energy and 
quadrupole moment of the deuteron. In our notation 


Ji(r)=KG exp(—?r’/r/?), 

J .(r)=1.77I,(r), 
G= 2h? /mr?=17.4 Mev, 
K=—1.695. 


ro= 2.18 10-* cm, (23) 


The specification of the potential is completed by 
setting Jo=J,. This is consistent with the Serber 
mixture of exchange forces which has been used in the 
interpretation of high-energy nucleon-nucleon scatter- 
ing data.'® One difficulty with the Serber mixture is the 
fact that it does not saturate. However, the more recent 
attempts to fit the scattering data indicate that the 
nuclear potential has a repulsive core.'**° Since a 
repulsive core strongly influences the saturation be- 
havior,”* the previous saturation arguments are in- 
conclusive if the potential does actually become large 
and positive for small separations. It is hoped to extend 
the present calculations to include the effect of a re- 
pulsive core, both real (by adding a positive short- 
range Gaussian) and simulated (by multiplying the 
Gaussian by the square of the separation to make it 
vanish at zero range). A preliminary to these calcula- 
tions will have to be an investigation of the effect of a 
repulsive core on the deuteron parameters. 

The explicit formulas for the matrix elements in- 
volving the J’s can be expressed simply in terms of the 
following notation: 


—hws= E— Ep, 
hw=G(n—1) or 


2h 
ro’ =—(n—1), 
mu 
u= thon, 
ht 1)? 
inbeat) 
“( —u)? 


u=exp(—4y), 
4(n wae 
ae 


sin~!y! 


roa ft (1—y)} (1—y)! y; - -1}| 


The results are 
(0| J1|0)/hw= K (n—1)"/2/ 
(0| J1(12)qis?|0)/hw= 3K (n—1)°?/n°? 
(0| Ji(12)qis*|0)/ho= $K (4n—1) (n—1)*?/n°”, 
~T, Hu and H. S. W. Massey, Proc. Roy. Soc. (London) A196, 


135 (1949). 
18 G, Breit and M. H. Hull, Jr., Am. J. Phys. 21, 184 (1953). 


19 R. Jastrow, Phys. Rev. 79, S00 (i950); ); and 81, 165 (1951). 
”M. M. Levy, Phys. Rev. 88, 725 (1952). 

21K. A. Brueckner, Phys. Rev. 96, 508 (1954). 

2. D. Drell and K. Huang, Phys. Rev. 91, 1527 (1953). 


(25) 
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f exp[A(E— Eo+ Eo’) J[J1(12)eJ1(12) Joodd/hw 
0 


Pl the 1 3 *du 
et) 
6 L(n’—1)8? (9? —un)5 


(26) 


f exp[A(E— Eo+ Eo’) \LJ1(12)eJ 1(13) Joodd, hw 


-f u®!*du 
9 [4n?—u |! z 


0 
; =m ! 
6 L (4n?—1)9 


f exp[A(E— Eo+ Ey’) J 


0 


x [Sil 12) ){3mie- (My2€- Nie »)Myo—e}J,(1 


3 1 uF (p)du 
==K(—1) f me - Fae ¥ 7) 
5 


0 (n’—u)}(n—u)? 


2) Joodd, hw 


2 


f exp[A(E—Eo+ Ey’) ] 


0 


X [J 1(13){3imis- (mise m12)Mi2—e}J1 (12) JoodrA/hw 


9% . 0°? (p')du 
5 0 (4n?—u)!(4n—u)? 


The derivation of Eqs. (27) and (28) is sketched in 
Appendix B. 

These results can now be put together to yield a pair 
of equations for 6 and E—$hw. The procedure is illus- 
trated by an explicit discussion for the case of the 


deuteron: 
“5 u®!*du 
249 (n 2 4)52 


(28) 


= Ky) (1) ty 


4.17726 1 u>!2Fdy 
Afpentnnenenlid te 1)? | ——————_ | 
5 


0 (y?—1)(q—)* 


(29) 


6 
+ SLEEK (9 1)1"/08"), 
6+2 


E—$hw=G(n—1)[$—-6(9)+K (n—1)4/n']. (30) 

From the equation expressing 6 as a function of 7 we 
compute the uppermost branch (maximum 6 for given 
n) and denote it by 5(n). The minimum value of E— $hw 
as a function of 5() and 7 is the sought-for energy. The 
corresponding value of 7 determines the strength of the 
harmonic oscillator potential and the harmonic excita- 
tion energy hw. 

In Eq. (29) the terms in K?, exclusive of the integral 
involving the function F, can be expanded in powers of 
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Taste I. Numerical results. 








é —E(Mev) 


2.08 
11.1 
35.1 


fiw (Mev) 
13.2 


174 
22.2 











® See Sec. IV. 


1/n? and combined to give a single series with the result 
1 42F(p)du 
5=0.8354K%(y—1)" f —_—— 
0 (P—u)'(n—u)? 


3 15 
+$——[1+2K (9—1)'/95"P+—K? 
8(6+2) 8 


1 7 7.9 
x| - + +: 
5+4 6n°(5-+6) 6.8n"(6+8) 


—{ 


n 


| (31) 


In Eq. (31) the contribution from the central force 
resolves into a sum of contributions from the various 
levels of excitation as shown by the series terms in 
(6+2)", (6+4)", ...which correspond to (E—Ep 
— 2hw), (E— Ey—4hw), . . . respectively. 
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The results of calculations based on the potentials 
and parameters of Eq. (23) are summarized in Table I. 


V. QUADRUPOLE MOMENT OF THE DEUTERON 


The diagonal matrix element of the quadrupole 
moment operator is 


Von (32: - r;’) nO 
E-E, 
+third order terms. 


2 
W[3eP—ri'lW=— ed 


(32) 


As in the energy calculation, the third-order terms are 
dropped and the second order contribution is trans- 
formed by the introduction of Eq. (15) and the applica- 
tion of closure with the result 


- C) 
(y|32°-72|y)= eo | exp[A(E— Eo+3hw) ] 
X (Ve{ 32:2—112})oodd. 


Only the tensor potential which contains a second- 
order tensor in the space coordinates contributes to the 
matrix element of Eq. (33). After the summation over 
the spin variables is carried out, the right-hand member 
of Eq. (33) reduces to 


(33) 


2 20 
(y | 32°—- r? | y) = - aiKef exp[A(E— Eot+3hw) \Lexp(— r12°/10°) (3212?/ri2?—- 1)e(32°— 71") loodA, (34) 
ov" 0 


and finally, after replacing exp(—AHo’) by the eigenvalue exp(—5)\/w), 


h 


7 1 ji 1 
(py | 32:°—7,?7|y) = -—_1.77KG— — — emindy f .  fexw(-¢-¢-—+) 6 cos*é— 1)*dqdq’ 
n—-1 


3N? he Mw J, 
177 (ny! 1 


— — Tr _—_—— 
SN? n°? = §+2 


2.67 
=—X10-” cm’. 
N? 

The evaluation of N® is somewhat more difficult. 
Equation (11) may be adapted to this calculation by 
replacing E—E,, everywhere by (E—E,)*. Also Equa- 
tions (12) and (13) can be used as they stand. The 
operation of differentiation with respect to E applied to 
Eq. (14) yields 


Ta" @ 


ag" lila aaa 
fe fon 0 


-{ Ae (Ve™V )oodr. (36) 
0 


This relation can also be derived by a double application 
of Eq. (15) and an integration by parts. Equation (36) 
makes all the results of Eq. (26) available for the 
evaluation of V*. In practise the integrals involving the 
tensor force must be evaluated by numerical integration ; 


(35) - 





the integrands entering into the calculation of E and 
of N? differ then merely in a factor \=2p/hw=1/2hw 
X Inu. For the deuteron 
(n—1)!/? 2 
n®!2 ) 


|W nol? 3 
rz (142K 
15 sir 1 7 
Seta “e 


(E—E,) 8(6-+2)! 
8 nT LO+4)? 6n2(6+6)? 
1 (Inu) F (p)du 
0 (n—u)*(q?—u)? 


Expressions similar to Eq. (37) can be derived for A = 3 
and 4; numerical results are listed in Table I. In all 
these calculations the contributions from central and 
tensor forces are clearly separated. Since there is no 
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overlapping in the excited zeroth-order states mixed in 
by the central and the tensor forces, N?—1 can be 
broken down into a sum of independent terms, each 
one referring to a particular type of LS coupling, i.e., 


A=2: 85;, 0.01; *D,, 0.05; 
A=3: 2S;, 0.01; *D,, 0.06; 
A=A4: 'Sp, 0.01; *Do, 0.09. 


(38) 


Now returning to the quadrupole moment of the 
deuteron, insertion of N?= 1.06 into Eq. (35) yields 


(W| 322°—1,?| Y) = 2.52 10-27 cm?, (39) 


which differs by 8% from the value 2.73 10-*7 cm? used 
by Hu and Massey to fix the parameters of the potential 


operator. 
VI. DISCUSSION OF RESULTS 


The computed values for the deuteron, 2.07 Mev and 
2.52 10-*? cm*, agree remarkably well with the input 
values (2.19 Mev and 2.73 10°? cm?) used by Hu and 
Massey when the following factors are considered: (1) 
the zero-order approximation is worse for the deuteron 
than for a nucleus with a larger number of nucleons, 
where the competition between kinetic and potential 
energies in determining the binding energy is less critical 
(2) the oscillator potential is less suitable for the deuter- 
on than for heavier nuclei; (3) third- and higher order 
terms are neglected throughout. However, it should be 
noted that the Gaussian potential resembles the har- 
monic oscillator well a good deal more than a Yukawa 
or repulsive core potential does, and (2) above is miti- 
gated somewhat thereby. 

The good agreement obtained for the deuteron makes 
the applications to the triton and the alpha particle 
worthwhile. The binding energies computed for these 
nuclides with our scmewhat arbitrary potential are both 
larger than the experimental values by about 30%. The 
calculations are a bit tedious, but it is still feasible to try 
different potentials and make computations without the 
aid of elaborate computing facilities as long as Gaussian 
radial dependence of the potentials is assumed. Better 
agreement between computed and experimental energies 
may be expected if the range of the tensor force is some- 
what greater than that of the central interaction.°.. 

The integrals which arise for Yukawa radial de- 
pendence of the potentials appear to require a com- 
puting machine for their evaluation. In general, the 
calculations are of a type which could undoubtedly be 
set up on a machine rather easily. 

A reasonably good approximation to a Yukawa 
potential with a repulsive core can be achieved by taking 
a linear combination of three Gaussian functions, one 
short-range and repulsive, a second attractive of inter- 
mediate range, and a third, also attractive, with some- 
what greater range to fit the long-range behavior. 

It is rather difficult to estimate the effect of a re- 
pulsive core. However, it seems probable that in the 


*H. Primakoff, Phys. Rev. 72, 118 (1947). 
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deuteron, in which the nucleons tend to be rather far 
apart, a repulsive core of small radius should have only 
a small effect. The average internucleon distance is a 
good deal smaller in the triton and the alpha particle, so 
that a repulsive core may be expected to have a rela- 
tively larger effect here. 

The assumption of zero range or contact interactions 
has been employed extensively in first-order calcula- 
tions. In the present context this means replacing K by 
K'/ro, where K’ is a constant, and proceeding to the 
limit ro—0. The limiting potential then has the form of 
a delta function of finite strength. In terms of n, K is 
replaced by K’[mw/2h(n—1)]* and the limit 7-1 
taken. Then it is seen from Eqs. (26) and (27) that 
the integrals arising from the matrix elements (VeV) oo 
diverge. The divergence is sufficient to make 6 infinitely 
large for any value of %w; consequently the binding 
energy becomes infinite. In the deuteron problem this 
result could be anticitpaed since the delta-function well 
permits an infinite number of bound states. The con- 
dition for any fixed finite number of stationary states is 
simply ro?Xdepth—constant in the limit ro—0; the 
definition of a delta function requires however that 
ro’ Xdepth—constant as ro approaches zero. In this 
connection it is interesting to recall that Thomas* has 
given a rigorous argument proving that the binding 
energy of a three-particle system (two neutrons and one 
proton) is infinite in the limit ro>—0 and ro?Xdepth 
—constant if the constant is large enough to admit at 
least one stationary state in the neutron-proton 
problem. 

The perturbation procedure as described is not suit- 
able for evaluating the effect of a very strong short- 
range repulsive intereaction. A necessary condition for 
the validity of the method is that the positive contribu- 
tion to the energy in first order from this interaction 
should outweigh the negative contribution from the 
corresponding quadratic terms in second order. A 
suitable canonical transformation is required to adopt 
the perturbation procedure to the presence of a short- 
range repulsive interaction of arbitrary strength. 

One of us (AMB) is undertaking to extend this type of 
calculation to the first p-shell using the Racah tensor 
formalism and the technique of fractional parentage 
coefficients. 


APPENDIX A. A TRANSFORMATION FORMULA 


The formula?® 


exel—a(p*+<8)}= in| exp( —“#") exp( —“) | 


-foo( oo) 


supplies the essential clue to the form of the integral 
transformation of Eq. (17). If f(q) is expanded by the 


*L. H. Thomas, Phys. Rev. 47, 903 (1935). 
2S. T. Butler and M. H. Friedman, Phys. Rev. 98, 287 (1955). 





1356 M. BOLSTERLI 


Fourier integral theorem, it is possible to show that 


exp( —“r) exp( —“w) fa) 


4+ pw 
e i) fe] “eta, (A2) 


and that therefore 


[ex(—“r') en(-“e)] 10 
= ff exo[ eRe mye" ue-tn)] 


X f(q-—m— (A3) 


and so on. (A3) may be integrated once to give some- 
thing of the form 


roe 


N f exp(ag?+bgv+-cv*) f(v)do 


—o 


and (A2) may be rearranged to this form also, sug- 
gesting that, in general, 


expl —u(#?+q") 1f(9) 
=N f ebtoids f(v)dv. (A4) 


The following differential equation must hold: 


0 
re exp| —u(P°+q") 1f(9) 


é =—(P+¢) expl—u(P°+9) 1/(@) 
fag 
- —-¢) exp[ —u(p?+q") ]f(q). 
ag 


If (A4) is correct this requires 


aN da ab dc 
f | -+N¢ tie, < Mais | 
—ol Op Ou 


epee “mn cv”) f(v)dv 


-vf (—q@+2a+[2aq+br P) 

ie Xexp(ag?+bqo+cr*) f(v) dv. 

Equating respectively terms in g*, gz, v*, and constant 
terms gives 

0a/du=4a?—1, 


0b/du=4ab, 
Ac/dp= 0B’, 
IN /du=2aN. 
(A5a) is satisfied by 


(ASa) 
(A5b) 
(A5c) 
(A5d) 


a= —} coth2y. (A6a) 
(A5b) then gives 


b=1/sinh2y, (A6b) 


AND E. 


FEENBERG 


since wu is assumed to be positive, as it will be in the 
applications. (A5c) now gives 


= —} coth2yu=a, (A6c) 
and (A5d) gives 


=1/sinh2y. (A6d) 


As wu approaches zero, the righthand side of (A4) must 
reduce to f(q). By using (A6), the right side of (A4) may 
be written 


” 1 
N f exp(—¢'+ art) j 
~* 4a 


For u-0, this gives, 


2a + pe 
lim ( - ) f 5(u) f 
#9 \cosh2u/ J_, 


Thus, for proper normalization, a factor 1/(2m)? is 
needed, giving finally Eq. (17), when the transformation 
is extended to three dimensions. 


b 
q- uf 
(1+0%)! 


q 
erie ic ~u) du (2m)' f(q). 
cosh2u 


APPENDIX B. EVALUATION OF SECOND-ORDER 
TENSOR INTEGRALS 


The orthogonal transformation 
q= (q:—4qz)/2! 
q' = (qi +q2)/2! 


combined with a change of scale applied to the inte- 
grand of the first tensor integral in Eq. (21) yields 


(B1) 


(exp(— r\2/ro?)[3mi2- (Mi: €Nj2)My2—e | 


Xexp(— 112"/107) Joo 


--(%) f- f expt -( (v?-+q°) ](3 cos*@— 1) 


Xexp[2p!gv cos#)dqdv 
_ (n—1) 
—t. (B3) 
-(n—u? 
The exponential function of cos@ may be expanded in a 


power series and all indicated operations performed with 
the result 


; 1—u \! « 3-5---(2/+ ), 
( hw=2(—"») he roage 
ut o 24! (2145) 
p1—u 
Ge] 
ub 1—p 


3 i 
x[1+-0-»)| (1—p)! 
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sin-!p} 
“I 
ot 


(B2) 
in which 


The relation 
3-5-+- (2143) 
—p! 
21112145) 


= (1—p)-99— 48 f a3/2(1-—x)-8/dy (BS) 
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nar 
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provides the link between the first and second lines of 
Eq. (B4). From the definitions of p and the function 


F(p) (Eq. (24) } 
_ (P—u)(1—w) 
(B6) 
and 


Ju0= = “aD —_—_F9. (B7) 


(n?—u)*/?(q— 1)? 


A similar analysis can be applied to the second tensor 
integral in Eq. (21) in which m, replaces m2 to the right 
of the operator e. The oscillator transformation substi- 
tutes v for q: in the part of the integral to the right of e. 
The integral can then be expressed in terms of new 
variables 
vo q3) 3), 

q2)/ - 
+4q;)/ ‘V2, 
qitqz)/V 


and the required sia in the ¢ and q’” spaces 
carried out. The remaining integrand has the form en- 
countered in the first tensor integral except for a differ- 
ent numerical factor and the replacement of p by p’. 


( 
pie 
ea 

( 


APPENDIX C. CONSTRUCTION OF THE CORRECT 
ZEROTH-ORDER WAVE FUNCTION 


The zeroth-order wave function is written as a nor- 
malized linear combination, 


j 
Yo= > Cyhop/LX|C,|*]}}, (C1) 


p=) 


of normalized, orthogonal eigenfunctions of Ho be- 
longing to the eignevalue Eo. 
We need the definitions 


X=V-M, 
W om Ws n, 0g 


€2pq— ’ 


E-E, 
Won mW mnW 04 
(E—En)(E—E») 
Won aW nop 
E-E,) 
WonaWarWanof 1 1 
(E—E_)(E—E ae —E aa 
N=1+E €,CN pe/D|Cil?, 
P=> CLP oe/DIC:|* 
Also, from Eqs. (8) and (10), 


Nog=L 
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(C3) 
(C4) 


Un= Xoo= ? CLiXix 0q/>. IC; | “/ 
E= E'+> CCL Xp, oot €opgt €spql/X | C | *. 


For a given set of amplitudes C,, the energy E—$hw 
is the lowest root of the implicit equation (C4). The 
correct amplitudes are determined by minimizing this 
root with respect to w and C,. The condition for a 
minimum, 

dE/aC,=0, 


combined with the relations 
N p= O€2nq ‘AX oo, 
y ge at O€3pq / 9X 00, 


9X w/IC,= UC LX op, og— X 008 pq ]/X [C.|?, 


(C6) 


yields a system of nonlinear equations for the energy E 
and the coefficients C, 


I 
z CoLXovp, oq\ N+P)+ €e5¢+ €3pq 
q=l 


—{ E—Ey'+(N+P—1)Xv0}5p¢]=0. (C7) 

We observe that (C4) can be recovered from (C7) in 
consequence of the relation 

XC ,0X 0/dC, = 0 (C8) 
which follows from (C6) and the definition of Xo. 

Since N and P are functions of the unknown ampli- 
tudes (C7) must be solved by a process of successive 
approximation. A guess at an initial set of amplitudes 
permits the computation of an initial value of N+P. 
The lowest value of E—Eo+(N+P)X oo and the asso- 
ciated amplitudes can then be computed. The process 
is repeated until the assumed and computed amplitudes 
agree. Finally, Xoo is computed using the correct 
amplitudes. 

In practice, the determination of Yo, as correct 
zeroth-order linear combinations for the evaluation of 
the first-order energy may be advantageous. In this case 
X op, g= 0 for g¥ p, and the mixing of zeroth-order states 
by the nondiagonal components of the second- and 
third-order energy operators is seen to depend on the 
ratios of these components to the diagonal first-order 
differences X op, op— X 0g, 0g 

Feingold and Wigner** have stressed the possibility 
that degenerate or nearly degenerate zeroth-order 
states may be coupled strongly indirectly through 
remote excited states, especially in connection with the 
failure of LS coupling produced by a tensor interaction. 
The present calculation supplies a semiquantitative 
formulation for the argument developed in a schematic 
qualitative manner by Feingold and Wigner. 


26 A. M. Feingold and E. P. Wigner, unpublished calculations 
(1950); A. M. Feingold, Phys. Rev. 101, 258 (1956). 
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The absolute differential cross section for the elastic scattering of 17.00+0.05 Mev (center of mass 
energy) protons has been measured for twelve elements: Be, C, Al, Fe, Co, Ni, Cu, Zn, Rh, Ag, Pt, and Au. 
Between 31 and 39 angles were taken for each element with a five-degree (or less) interval ranging from 15 
to 172 degrees. The estimated standard deviation of each point is 2.5%. The scattered protons are detected 
by a NaI(T]) crystal whose energy resolution is about 2.5%, with the result that in the majority of cases 


all inelastically scattered protons are rejected. 





I. INTRODUCTION 


LTHOUGH considerable progress has been made 
in the interpretation of medium-energy nucleon- 
nucleus elastic scattering data using the optical model, 
no really satisfactory agreement between theory and 
experiment has yet been obtained. It has been shown 
that no square well potential will fit the experimental 
data,'* while long-tailed potentials appear to improve 
the agreement considerably. In addition, it is felt that 
nuclear, and perhaps electromagnetic, spin-orbit forces 
might influence the shape of the angular distributions 
at these energies. In order to examine these effects, 
machine calculations based on a multiparameter optical 
model are in progress here and elsewhere.‘ 

The inauguration of these calculational programs 
provided the incentive for extending and refining the 
experiment on proton elastic scattering begun by 
Dayton.’ Although the general method is the same, 
many refinements in experimental design and tech- 
nique have been introduced to improve the accuracy 
and reliability of the data. The twelve target elements 
have been chosen to cover a wide range in atomic 
number and also provide sets of neighboring elements 
to facilitate the detection of possible effects due to 
nuclear spin, shape, and shell structure. 


II. DESIGN OF EXPERIMENT 


The experimental arrangement is shown schematically 
in Fig. 1. The proton beam is deflected electrostatically 
from the Princeton FM cyclotron and focused in the 
horizontal and vertical directions by two pairs of 
wedge-shaped magnets. Before reaching the target the 
beam passes through two }-in. diameter apertures, the 
first 1.32 meters from the target and the second 0.56 
meter from the target. Each of these collimators is 
followed by baffles to remove slit-scattered protons 
from the beam. The beam spot in the center of the 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. 

+ Now at the Atomic Energy Division, The Babcock and Wilcox 
Company, Lynchburg, Virginia. 

1]. E. Dayton, Phys. Rev. 95, 754 (1954). 

2D. M. Chase and F. Rohrlich, Phys. Rev. 94, 81 (1954). 

3R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

* Aron, McIntosh, Schrank and Bigelow, Phys. Bull. 99, 629(A) 
(1955). 


chamber was roughly -in. in diameter. The detector 
solid angle was determined by the fixed ;;-in. diameter 
aperture in front of the counter and by the distance of 
the counter from the center of the scattering chamber, 
which was varied from 20 to 50 cm. The pulse-height 
distribution from the detector was recorded on a 20- 
channel pulse-height analyzer. 

It was anticipated at the outset that a great deal of 
experimental data would be necessary to observe all 
the details in the angular distributions for a dozen 
elements. In actual fact, about 600 runs were made with 
the twenty-channel analyzer and about two million 
counts were recorded for the final data. In order to 
minimize counting times without introducing large 
corrections, experimental and mathematical investiga- 
tions were made of the effects due to finite geometry, 
multiple scattering, and counting rate. 


Geometry and Multiple Scattering 


Where the slope and curvature of the cross section 
vs angle curve are large, the observed cross section may 
be significantly different from the value at a point 
because of effects resulting from finite geometry and 
multiple scattering in the target. In order to eliminate 
effects due to finite geometry a general correction ex- 
pression for a parallel incident beam filament was ob- 
tained. The details of the derivation are given in the 
appendix. The result is given in the usual form of an 
expansion: 


a’ (8) 
o (80) 


where A, B, and C are functions of the geometry. 
For multiple-scattering corrections, a similar ex- 
pansion due to Chase and Cox® was used. 


o Bo o” . 
Y= r1+te( { ) cot@o+ @ ‘) 
a (0) 


Y= v4 +B 


ao” =) 
C ’ 
o (60) 


a (40) 


In this expression ¢ is the rms value of the multiple- 
scattering distribution taken from the theory of 
Williams. 


5 C. T. Chase and R. T. Cox, Phys. Rev. 58, 246 (1940). 


1358 











ELASTIC SCATTERING OF PROTONS BY NUCLEI 


Experimental tests of these relations gave good 
agreement with the geometrical correction expression 
and acceptable agreement with the multiple scattering 
relation. The experimental parameters were chosen so 
that the corrections never exceeded 3% for geometrical 
effects and 1.5% for multiple ocala. 


Counting Rate 


The use of a pulsed accelerator such as an FM 
cyclotron introduces special problems with regard to 
counting rates. The Princeton cyclotron has a repeti- 
tion rate of 2000 pulses per second and each pulse is 
about 20 microseconds long. The twenty-channel 
analyzer has a dead time of 20 microseconds in each of 
the regular channels, which means that not more than 
one count per channel per beam pulse can be recorded. 
By using simple probability theory it is possible to 
compute the maximum allowable counting rate in a 
channel for a given percentage loss due to dead time. 
This calculation checked nicely with a measurement of 
observed cross section as a function of counting rate. 
The counting rate was kept low enough so that the loss 
due to dead time was 0.2% or less and hence negligible. 


III. APPARATUS 
Scattering Chamber 


The experiment was carried out in the Princeton 
60-in. precision scattering chamber. This chamber has 
been described in detail by Yntema and White® 
and only the salient features will be mentioned here. 
The target holder enters the chamber through an air 
lock in the center of the lid so that targets can be 
changed without disturbing the chamber vacuum. The 
target is automatically positioned at the exact center of 
the scattering table. The over-all chamber alignment 
and table accuracy is such that the scattering angle 
can easily be read to the nearest 0.1 degree. 


Detector 


The scattered protons were detected by a single 
NalI(TI) crystal mounted on the face of a Du Mont 6291 
photomultiplier tube. The crystal, which was cleaved 
from a larger block, was about 0.5 inch square and 
slightly thicker than the range of the protons. With 
the layout and shielding of the experimental area, the 
neutron and y-ray background is completely negligible 
with this type of detector for elastic scattering experi- 
ments at this energy. The photomultiplier high voltage 
was supplied by a highly regulated (0.01%) elec- 
tronic circuit. After passing through a preamplifier 
and cathode follower, the pulses were sent into an 
Atomic Instrument Company Model 520 Twenty- 
Channel Pulse-Height Analyzer. Gain and channel 
width were adjusted so that the upper 15% to 20% 
of the pulse-height distribution was recorded. The 


6 J. L. Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 
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Fic. 1. Schematic drawing of the experimental setup. 


over-all energy resolution of the detection system was 
about 2.5%. The angular resolution varied from one- 
half to two degrees depending upon angle and solid 
angle. 

As will be discussed later, this energy resolution was 
sufficient to rule out errors due to the inclusion of 
inelastically scattered protons for all elements up to 
Zn. This energy resolution also eliminated effects due 
to slit scattering from the detector collimator because 
any proton whose total path length in the brass colli- 
mator was more than about 0.0008 in. would be re- 
jected. Calculations by Courant’ bear out the conclusion 
that the increase in effective solid angle in this case is 
negligible. 

The stability of the detection system was excellent. 
For identical operating conditions, the output pulse 
height as recorded varied less than 1% from day to day. 


Beam Current 


At the back end of the scattering chamber the beam 
passes through a 0.002-in. Dural foil and then is col- 
lected in a Faraday cup. The region surrounding the 
Faraday cup is maintained at a high vacuum (about 
10-° mm Hg) with a diffusion pump in order to reduce 
effects due to secondary electrons. The Faraday cup is 
also equipped with a large suppressor magnet. Previous 


7E. D. Courant, Rev. Sci. Instr. 22, 1003 (1951). 
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measurements® have shown that secondary-electron 
effects are small enough to be neglected. 

The beam collected in the cup charges up one or 
more polystyrene capacitors in parallel and the voltage 
across these is measured with a quadrant electrometer. 
The electrometer was calibrated every few hours with 
a precision potentiometer. It was found that during a 
day’s run the calibration of the electrometer remained 
constant to about 0.1%, the smallest change which 
could be detected. Over a period of four months the 
calibration slowly changed by about 0.5%. The ca- 
pacitors, the same ones used by Yntema and White® 
and by Brockman, ® had been calibrated at the National 
Bureau of Standards with a probable error of 0.5%. 
During operation the Faraday cup was never more 
than one volt away from ground potential. Practically, 
this meant that at some angles, it was necessary to 
charge and discharge the capacitors more than once to 
obtain enough counts. Yntema and White® have shown 
that this cup can be operated at least six volts away 
from ground potential with no detectable change in 
efficiency. The leakage of the entire circuit was shown 
to be negligible by charging it up and leaving it for 
several hours. This system of beam current measure- 
ment, while not as convenient as numerous electronic 
devices designed for the purpose, had the distinct 
advantage of being very stable and completely reliable. 
The assignment of an over-all uncertainty of 1% in the 
measurement of the beam current seems reasonable. 


Beam Energy 


In the experiment previously reported,' obtaining 
the same cyclotron beam energy on different days 
proved to be one of the major experimental difficulties. 
Similar troubles have been reported by other workers. 
In order to eliminate this difficulty and to provide a 
continuous monitor on the beam energy, a beam energy 
control circuit was designed and constructed.° 

Protons elastically scattered from the target through 
about seven degrees in the vertical direction leave the 
scattering chamber through a small aperture and enter 
an argon-filled, parallel-plate ionization chamber. Most 
of their range is spent in aluminum absorbers placed in 
front of this ion chamber so that the end of their range 
is in the ion chamber. By means of a double-electrode 
arrangement which determines the position of the peak 
of the Bragg curve, the mean energy of the beam is 
determined, and by feeding the difference signal from 
these electrodes back into the cyclotron magnet current 
control, the beam energy is stabilized. With this 
arrangement the mean energy was stabilized to 0.1% 
and measured to 0.3%. Different beam energies can be 
selected by changing the aluminum absorber thickness 
in front of the ion chamber. 


8K. W. Brockman, Princeton University thesis, 1954 (un- 
published). 
9G. Schrank, Rev. Sci. Instr. 26, 677 (1955). 
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The aluminuni equivalent of all the material through 
which the beam passes is calculated using results of 
Aron, Hoffman and Williams,"° and a correction is 
applied for the distance between the peak of the Bragg 
curve and the mean range of the protons. These results 
checked to better than 2 mg/cm? aluminum with a 
direct measurement of the integral number-distance 
curve. The absolute beam energy was then obtained 
from the range-energy relation of Bichsel and Mozley."! 
In the calibration of the system, correction for the 
proton’s energy loss in scattering was included. 

The sensivity of this device increases with increasing 
atomic number of the target, since small-angle scatter- 
ing goes as Z*. With all except the lightest materials 
used in this experiment, a change in beam energy was 
more sensitive to the various operating parameters of 
the cyclotron than had previously been believed. For 
example, a change in deflector voltage of 1.5 kv out of 
50 kv changed the mean energy of the external beam by 
about 100 kev. Changes in the focusing magnet currents 
which occurred during normal operation could produce 
beam energy changes of a hundred kev or more. A 
number of hysteresis effects were noted : changing some 
controls and then returning them to their original 
vaiue did not return the beam energy to its original 
value. 

Because of the ease with which the beam energy 
could now be measured and changed, it was decided 
to perform the experiment at a mean energy of 17.00 
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Fic. 2. Pulse-height distribution showing the energy resolu- 
tion and low background obtained in the absence of inelastic 
scattering. 


Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663 (unpublished). 
1H, Bichsel and R. F. Mozley, Phys. Rev. 94, 764 (1954). 
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Mev in the center-of-mass system of each element. 
This energy was held within +50 kev except in the 
case of Be where the error in the energy was +100 kev 
because of the decreased sensitivity of the control for 
low-Z materials. The proton energy distribution in the 
beam had a full width at half-maximum of about 
250 kev. 


Targets 


In a survey experiment of this kind, it is convenient 
to choose the particular elements to be investigated to 
minimize the experimental difficulties. Consequently, 
wherever possible, those elements were chosen which 
have no levels below about 0.5 Mev, since this is about 
the minimum peak separation that can be handled 
conveniently with the existing resolution. (This cri- 
terion was not met by all the heavy elements and other 
considerations had to be employed.) Only those ele- 
ments which could be put into foil form were considered 
since the existing precision scattering apparatus was 
already set up for foil scattering. Fewer corrections are 
involved with foil targets compared to gas targets and 
the experiment is, on the whole, somewhat neater. 

With a few exceptions, the target foils were obtained 
from commercial sources. These foils are believed to be 
quite uniform for two reasons. When several targets of 
the same size were cut out of the same piece of ma- 
terial, they all weighed within 1% of each other, thus 
indicating no thickness variations over large distances. 
In those foils which had pinholes, the pinholes showed a 


Fe O.,, =45° 


COUNTS/ CHANNEL 





A 
100 105 





iO TS 
CHANNEL NO. 


Fic. 3. Pulse-height distribution from scattering from Fe in 
the forward direction. The small peak is inelastic scattering to the 
0.82-Mev level. 
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Fic. 4. Pulse-height distribution obtained at the second mini- 
mum in the Fe cross section. The second peak is inelastic scattering 
to the 0.82-Mev level. 


uniform distribution. The spacing of the pinholes was 
very small compared to the dimensions of the beam spot. 

The carbon target was in the form of polystyrene. 
The uniformity of this material can be checked very 
easily by observing interference fringes. Polystyrene is 
much more uniform than polyethylene and does not 
wrinkle with use. All that can be said about the 0.002-in. 
Be foil (of which only one was available), is that 
micrometer measurements showed no variations in 
thickness. 

The Co and Zn foils were prepared by electroplating 
from an aqueous solution on to a polished piece of 
stainless steel. After a sufficient thickness of material 
had been deposited, it was easily peeled off the backing 
and formed a Self-supporting foil. Large parallel elec- 
trodes were used in an effort to obtain uniform 
deposition." 

In three cases, elastic scattering peaks due to im- 
purities in the target were observed. These peaks can 
easily be distinguished from peaks due to inelastic 
scattering in the target material because of the difference 
in center-of-mass motion of the two materials. Peaks 
due to impurities were observed in the Be, Co, and Zn 
targets, and by measuring the change in pulse height 
with scattering angle the impurities were all identified 
as oxygen. At scattering angles greater than 55 degrees 
the impurity peak was clearly resolved from the main 


1 We are indebted to Mr. J. D. Voorhies and Dr. R. A. Nau- 
mann for developing this technique and for producing an ample 
supply of foils. 
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Fic. 5. Pulse-height distribution from scattering from 
Pt in the backward direction. 


elastic scattering peak, and hence the only correction 
required was for the weight of oxygen in the foil. At 
angles less than 55 degrees it was necessary to subtract 
the contribution of the impurity from the combined 
elastic peak. This was done by measuring the angular 
distribution of elastic scattering from an air target, 
fitting the oxygen distribution to angles greater than 55 
degrees, and then subtracting the oxygen contribution 
for angles less than 55 degrees." By making use of 
these data it was also possible to obtain quite accurately 
the amount of oxygen contamination in each of the foils. 

The situation regarding foil contamination and in- 
elastic scattering in each target material is summarized 
as follows: 

Be: Oxygen contamination 4.6% by weight, maxi- 
mum subtraction at low angles correction 4.0%. Lowest 
O'* level at 6.06 Mev does not overlap the Be elastic 
peak at any angle. Lowest Be level completely resolved 
from elastic peak. 

C: Peak due to H in polystyrene foil clearly resolved 
from C at all angles. C inelastic peaks clearly resolved. 
Figure 2 shows a typical pulse-height distribution ob- 
tained from this target and illustrates both the energy 
resolution and the low background that were obtained. 

Al: Elastic peak clearly resolved from lowest level 
at 0.84 Mev. 

Fe: Elastic peak clearly separated from peak of 
lowest (0.82 Mev) level in Fe®* (92% abundance). 
First level of Fe* (5.8% abundance) is probably 1.5 
Mev and would be clearly separated. The first few 


48 We wish to thank Dr. K. W. Brockman for the use of his gas 
scattering apparatus and for his assistance in making these 
measurements. 
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levels in Fe®” (2.2% abundance) are at 0.014 and 0.131 
Mev and would be included in the elastic peak. At 
minima in the differential cross section these inelastic 
levels would make the observed elastic scattering at 
most 1% too high. Figure 3 shows a pulse-height dis- 
tribution obtained from scattering in the forward 
direction, and Fig. 4 shows a distribution obtained at 
the second minimum in the differential cross section. 
These pulse-height distributions are typical of those 
obtained for Al and the group of elements from Fe to 
Zn. In the case of Fe it was possible to obtain the angu- 
lar distribution of the inelastic scattering from the 
0.82-Mev level, and this has been reported elsewhere." 

Co: Oxygen contamination 2.7% by weight. Lowest 
level at 1.1 Mev clearly separated. 

Ni: Five stable isotopes, but all known levels are 
higher than 0.65 Mev and hence should be clearly 
separated. Considerable inelastic scattering was ob- 
served around 1.3 Mev, but nothing below that. The 
shape of the elastic peak indicated no appreciable in- 
elastic problem at any angle. 

Cu: Lowest level in either stable isotope is at about 
1.0 Mev. 

Zn: Oxygen contamination 2.5% by weight. Zn has 
five stable isotopes and in all but one of these the 
lowest level appears to be higher than one Mev. 
Zn" (4.1% abundance) has a number of low-lying states 
(0.09, 0.182, 0.39, ---Mev). On the basis of reasonable 
estimates of the excitation of these states, it is possible 
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Fic. 6. Plot showing the individual points measured for Ag. The 
estimated standard deviation is given by the size of the points. 


4 Schrank, Gugelot, and Dayton, Phys. Rev. 96, 1156 (1954). 
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TABLE I. Experimental results transformed to the center-of-mass system. The angles are in 
degrees and the cross sections in mb/sterad. 
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TABLE I.—(Continued). 
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that the elastic points might be 1% high at the minima 
in the elastic cross section with negligible error elsewhere. 
Rh: Energy levels at 0.04, 0.295, 0.357, and 0.49 
Mev. The 0.49-Mev level appeared quite strongly and 
was separated out by pulse-height analysis at all 
angles. However, this separation is just at the limit of 
resolution and considerable error might be present at 
some angles for this element. In particular, at the 95- 
degree minimum in the elastic cross section an 11% 
correction is required. It is estimated that the limits of 
error on this subtraction are 11+5%. At the 145-degree 
minimum a subtraction of 25+ 10% was necessary. The 
error due to subtraction of inelastic scattering to the 
0.49-Mev level is negligible for angles less than 80 
degrees. The marked presence of the 0.49-Mev level 
would mask any asymmetry in the elastic peak caused 
by the 0.295- and 0.357-Mev levels. All three of these 
levels are included in the elastic peak at all angles. 
Ag: Scattering to a level at 0.44+0.03 Mev was 
observed. At the time this was observed, it had not 
been previously reported, but since then a level at 
approximately this energy has been detected in Cou- 


lomb excitation experiments.'® Scattering to this level 
was observed to be essentially identical with that to 
the Rh level at the same energy and the same remarks 
can be made about the errors in the Ag curve as were 
made for Rh. The Ag level at 0.09 Mev would certainly 
have been included in the elastic peak, and any asym- 
metry due to the 0.31-Mev level would have been 
masked by the higher level. 

Pt: There are six stable isotopes with many levels 
below 0.4 Mev, and any inelastic scattering to these 
levels is included in the elastic peak. However, these 
levels are apparently much less strongly excited than 
similar levels for medium A nuclei, since the elastic 
peak shows no distortion and there is very little in- 
elastic scattering observed outside the elastic peak. 
(See Fig. 5.) Since the cross section decreases almost 
monotonically with increasing angle, the worst possible 
cases are in the range from 140 degrees to 170 degrees. 
From the shape of the curve and the lack of appreciable 
low-energy tail, it is estimated that the elastic curve 
might be at most 3% too high in this region. Any error 


® N. P. Heydenburg andG. M. Temmer, Phys. Rev. 95, 861 
1954). 
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due to inelastic scattering would be negligible at lower 
angles. 
Au: One stable isotope, but again many levels below 


0.4 Mev. The same remarks apply here as were made 
for Pt. 


IV. ERRORS 


The cross sections were determined from the area 
under the elastic scattering peak. It is felt that, with 
the exception of the few cases discussed above, this 
area can be determined with an accuracy of 1%. 

In general, data were taken for each element at five- 
degree intervals from 15 degrees to 172 degrees. Addi- 
tional points were taken near minima in the cross sec- 
tions so that their shape and location could be better 
defined. At least 2500 counts were taken at each point. 
The statistical error in counting, combined with the 
estimated errors of 1% in beam current measurement 
and 1% in determining the area under the elastic peak 
leads to a conservative estimate of a standard deviation 
of 2.5% for each point. Errors in other parameters were 
negligible compared to those mentioned above. 

The extent to which the measured points define a 
differential cross-section curve can best be seen by 
observing Fig. 6, which shows a typical example. The 
uncertainty in cross section is given approximately by 
the vertical size of the circles. The uncertainty in angle 
is, however, only +0.1 degree. This uncertainty in 
angle can be ignored in most cases, but it will produce 
a definite effect if the differential cross section is very 








Fic. 7. Measured cross sections in the center-of-mass system for 
six elements between Be and Au. 


PROTONS BY NUCLEI 


Ke) 








Fic. 8. Measured cross sections in the center-of-mass system for 
the five elements between Fe and Zn. 


steep. As an example, notice in Table I the data for 
Pt and Au at small angles. At these angles the cross 
section is almost entirely Rutherford scattering, and 
hence the cross sections for Au should be higher than 
those for Pt at the same angles. However, the measured 
values show the opposite relation. If the differential 
cross section is taken as 


da Ze 2 ] 
“0 
dw 4E 2 


then the change in cross section with angle is given by 


do 0\ do 
(=) = —2 cot (-) -—d6. 
dw 27 dw 


Putting numbers into this expression from the Pt and 
Au curves shows that an error in angle of 0.1 degree is 
more than enough to explain the apparent discrepancy 
in small-angle cross sections. 


V. RESULTS 


The results of the experiment, transformed classically 
to the center-of-mass system, are given in Table I. To 
exhibit some of the regularities in the data, groups of 
curves which are smooth fits to the experimental points 
have been plotted in Figs. 7-10. The changes in differ- 
ential cross section and ratio R over a range of 6 ele- 
ments from Be to Au is shown in Figs. 7 and 9.'¢ It is 
immediately apparent that as the size of the nucleus 
increases, the spacing of the minima in the cross section 


16 The quantity R is the ratio of the measured cross section in 
the center-of-mass system to the Rutherford scattering cross 
section, where the Rutherford cross section is taken as do/dw|r 
= (Ze®/4E..m.)* csc*(Bc.m./2). 
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Fic. 9. R (ratio of measured cross section in the center-of-mass 
system to the Rutherford scattering cross section) for the same 
six elements as shown in Fig. 7. 


decreases. This result, which agrees with what one would 
expect from the simple picture of a plane wave scat- 
tered by a spherical object, is in accord with previous 
observations. It is of interest to observe that as A 
increases the average value of R decreases. 

Figures 8 and 10 show the variations in cross section 
and R in the group of five elements from Fe to Zn. 
Fe, Co, and Ni have almost the same values of A and 
their cross sections have nearly the same shape, al- 
though they do differ by almost a factor of two at some 
points. Cu and Zn have very nearly the same A and 
their curves are also very similar. It is interesting to 
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Fic. 10. R (ratio of measured cross section in the center-of- 


mass system to the Rutherford scattering cross section) for the 
same five elements as shown in Fig. 9. 
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notice the kink which occurs at 150 degrees in the Zn 
cross section. This kink is much like one observed in 
Cu at the same location and somewhat higher energy 
(see Figs. 4 and 5 of reference 1). 

Figure 11 shows the result of a search for regularities 
in the location of the minima in the differential cross 
sections. The location of minima has been plotted as a 
function of a quantity which is proportional to the 
reciprocal of the wave number of the incoming particle 
times the radius of the nucleus. The simple diffraction 
picture indicates that the position of the forward 
minima goes at 1/kR, but this dependence can be justi- 
fied only for small angles. It is of interest to observe 
that although the line of lowest slope goes through the 
origin, the others definitely do not. These three are con- 
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Fic. 11. Location of the minima in the scattering cross section as 
a function of nuclear radius. 








sistent with an intercept of —28 degrees, but the 
significance of this is not clear. 

A five-parameter optical model which includes a 
“fuzzy” boundary and a phenomenological spin-orbit 
potential of the (1/r)(@V/dr) type is being used in an 
attempt to fit the data.4 Recent results of the Saxon 
group” indicate that quite good fits can be obtained 
out to about 140° for the heavy elements using only a 
four-parameter optical model (without spin-orbit coup- 
ling). Although the spin-orbit term is expected to im- 
prove the fit at higher angles, recent experimental data 
for Ta and Bi from this laboratory'® indicate that it 
may be necessary to take the shape of the nucleus 
into account. 


17D), Saxon (private communication). 
18 G. Schrank, Phys. Rev. 99, 640(A) (1955). 
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APPENDIX’® 


Consider the scattering by a thin foil of a homo- 
geneous, nondivergent, beam cylinder with horizontal 
and vertical cross-sectional symmetry, into a detector 
aperture also with horizontal and vertical symmetry. 
It is necessary to find the yield from an element of area 
on the target foil (d¢,dn) into the element of area on 
the detector window (dx,dy) and then integrate over 
the two areas. This infinitesimal yield is 


Nur 
édY= > (cosx)o (0)dtdndxdy, 


where R= distance from d{dn to dxdy, x= angle between 
R and the normal to the detector window, 6=angie 
between the beam filament which passes through dtdn 
and R, x and y are the Cartesian coordinates of the de- 
tector aperture, ¢ and » are the Cartesian coordinates of 
the beam “shadow” on the foil, V =number of incident 
particles per square cm per sec, m=density of target 
nuclei in foil, r=foil thickness, and o(6)=differential 
scattering cross section in the laboratory system. 

Expanding to second order and dropping linear terms 
because of symmetry gives 


Nnreo (60) 
Y =—_———_ 


Re? 


f 1+-3Ry °C? — Ro ?(P+y+S%2+7’) 


a” (60) ' 
+ [$Ro?*SoCo(y?-+7?) +3Ro CSE? | 


a (Oo 


” 


+ cares) sit, 


7 (Ao 


where 6)= angle between the central beam filament and 
Ro (see Fig. 12), Ro=distance between the center of 
the beam shadow on the foil and the center point of the 
detector aperture, C=cos(@—¢), S=sin(@—¢), So 
=sinOo, and Cyo= cos. 

For the case where the detector aperture is rec- 
tangular with a width and height w and h respectively 
and the beam cylinder is of negligible cross section, 


1° Tt is a pleasure for one of us (G.S.) to thank Dr. Walter Aron 
for the tedious job of checking the algebra involved in this 
derivation. 
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Fic. 12. Definition of angles used in the calculation of 
geometrical corrections. 


this expression becomes 


wth? /h® cotbo\ a’ (60) 
y= ¥f1—-——+(— jE + 
8 24 a (80) 


where yo= (Nnr/R?)o(0)A1A2, A1=area of rectangular 
detector aperture, and A,=area of target foil struck 
by the beam. Except for the second term in the bracket, 
this agrees with the expression used by Lyman, Hanson, 
and Scott.” 

For the case where the detector aperture is circular 
with radius b, the beam cylinder circular in cross sec- 
tion with radius a, and the foil turned at an angle ¢ 
with respect to the beam axis, the result is 


w? An 
24 o(@) 3 


Y=Yo} [14+$Ro-2(sin-2y)a*(2C?— S?—sin?y) —3Ry28] 


a’ (00) 
+[4Ro2Sv'Co(a?-+-b2) +3 Ro *CSa*(sin-*y) H$ 
a (8) 
o”” (00) 
+[4Ro2(a2S? sin-*y +04) }-$-} 
ion a (80) 
2 Lyman, Hanson, and Scott, Phys. Rev. 84, 626 (1951). 
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The disintegration of Sc‘? has been investigated with the help of magnetic spectrometers, scintillation 


spectrometers, and coincidence counting. There are two beta-ray groups of end-point energies 0.600+-0.002 
(40%) and 0.439+0.002 (60%) Mev, and one gamma ray of 0.159 Mev. The gamma ray is in coincidence 


with the lower energy group. 





PREVIOUS EXPERIMENTS 


HE mode of decay of the isotope Sc‘ has been the 

subject of a number of investigations which give 

widely discordant results. For this reason we decided to 
remeasure the spectrum. 

Cheng and Pool' found beta-ray groups of 0.622 
(34%) and 0.434 (66%) Mev using a magnetic lens 
spectrometer. One gamma ray, having an energy of 
0.185 Mev was found using a scintillation spectrometer 
and internal conversion electrons were found for the 
gamma ray in the magnetic lens. Beta-gamma coin- 
cidence experiments, using a scintillation counter for the 
gamma ray and a Geiger counter with aluminum 
absorption for the beta rays, showed the lower energy 
beta-ray group was in coincidence with the gamma ray. 
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Fic. 1. Fermi plots for beta rays of Sc”. @ Singles spectrum 
taken with scintillation spectrometer. jj Coincidence spectrum; 
beta rays in coincidence with 159-kev line. 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 
1L. S. Cheng and M. L. Pool, Phys. Rev. 90, 886 (1953). 
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Cork, LeBlanc, Brice, and Nester? measured Sc*’ using 
a permanent-field photographic spectrograph, a double- 
focusing spectrometer, and scintillation counters. They 
found a gamma ray whose energy is 0.1595 Mev and a 
beta ray of end-point energy 0.64 Mev, both attributed 
to Sc*?. A coincidence experiment, using a Nal crystal 
for gamma rays and an anthracene crystal and alumi- 
num absorption for the beta rays, indicated that the 
(0.64-Mev group was in coincidence with the 0.160-Mev 
gamma ray. Marquez,’ using a magnetic lens spectrom- 
eter, found beta-ray groups at 0.490 (72%) and 0.280 
(28%) Mev with an indication of an internal conversion 
line corresponding to a gamma ray at 0.218 Mev. Lyon 
and Kahn‘ measured the gamma ray with a scintillation 
counter, obtaining a value of 0.1572-0.007 Mev. 
Coincidences between beta rays, measured by a pro- 
portional counter using aluminum absorption, and 
gamma rays, measured by a scintillation spectrometer, 
showed that a group of energy 0.46+0.02 Mev was in 
coincidence with the gamma ray. The end point of the 
higher energy group is given as 0.620.03 Mev. 


MEASUREMENTS 


The separated isotope Ca“ was bombarded with 23- 
Mev alpha particles in the Indiana University cyclotron. 
Scandium was separated chemically from any other 
activities present. The source was aged to allow any 
Sc*, produced from the small amount of Ca“ present in 
the source, to decay. 

Several beta-ray sources were made up and examined 
with a magnetic lens spectrometer. Unfortunately, the 
specific activity was low and the sources in the beta-ray 
investigations were thicker than desirable, causing the 
Fermi plots to bend away at the low-energy end. Three 
separate experiments were performed, giving end points 
for the two groups of 0.600+0.002 and 0.439+-0.002 
Mev. Owing to the thickness of the sources it is not felt 
that the relative abundance measurements are reliable. 

A thin source was then investigated with two scintilla- 
tion spectrometers used in coincidence. The beta rays 
were measured with the help of an anthracene crystal 
and the gamma rays with a NaI(TI) crystal. The re- 
solving time of the coincidence circuit was 0.2 
microsecond. 


2 Cork, LeBlanc, Brice, and Nester, Phys. Rev. 92, 367 (1953). 


5 L. Marquez, Phys. Rev. 92, 1511 (1953). 
‘W. S. Lyon and B. Kahn, Phys. Rev. 99, 728 (1955). 
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The beta-ray distribution of the singles spectrum was Sc 
measured and a Fermi plot made of the results. This is ha 
shown in Fig. 1. The end points obtained for the two ” 
groups are 0.629+0.010 and 0.455+0.020 Mev. The 
relative abundances are approximately 40% and 60% 
respectively. The scintillation spectrometer measuring 
gamma rays was then set on the 0.159-Mev line and the 
distribution of the beta rays in coincidence with the 
gamma ray was measured. The Fermi plot of these data 
is also shown on Fig. 1. The end-point energy is 
0.429+0.020 Mev. The lower energy beta-ray group is, 
therefore, in coincidence with the gamma ray. The 
calibration of the scintillation counter measuring beta 
rays was made in terms of the internal conversion line 
from Cs'*? at 0.625 Mev. 

The energy of the gamma ray was measured both in a 
scintillation spectrometer and a magnetic lens spec- 
trometer. In the scintillation counter experiments, the 
energy of the gamma ray was found to be 158.5+:2 kev, 
when calibrated against the line from Ce at 166 kev. 
With the lens spectrometer, experiments using both 
lead and uranium radiators were performed, yielding 
an energy of 158+2 kev. In order to check whether any 
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Fic. 2. Distintegration scheme of Sc*’. 


Since the calculated half-life for an M1 transition is 


me sd a ~10-"— 10-" sec E2 sition is ~1X 10-7 
TABLE I. Characteristics of the disintegration of Sc*’. ec and for an £2 transit x 





Beta-ray 
energy Mev 


Relative 


c 


abundance % 





0.600+0.002 
0.439+0.002 
Gamma-ray 

Energy Mev 
0.159+0.002 


40 
60 





other gamma rays were present which might be in 
coincidence with the line at 0.159-Mev, gamma-gamma 


sec, the present experiments would infer that the 
transition is mostly of an M1 character. 


DISCUSSION 


The results of these experiments are given in Table I. 
There are two beta-ray groups of energy 0.600+0.002 
and 0.439+0.02 Mev and one gamma ray of energy 
0.159 Mev. The lowest energy group is in coincidence 
with the lower energy beta-ray group. The data suggest 
the disintegration scheme shown in Fig. 2. The results 
are essentially in agreement with those of Lyon and 


Kahn.‘ 

The ground state of the product, Ti’, has a spin of 
5/2 and a magnetic moment® of — (0.78706) nm. 
According to the analysis of Kurath,’ this can probably 
be explained by assuming that it is an [(f7/2)*Js/2 
configuration. The first excited state is probably 
[ (fr/2)* ]xy2. The transition from the ground state of 
Sc" to the first excited state of Ti’ has a log ft=5.2, 
indicating an allowed transition. Since Sc‘, with 21 
protons, probably has a ground-state configuration of 
fzj2, the assignments given to the ground state of Sc‘ 
and the excited states of Ti’ are therefore consistent 
with the value of log ft. The higher value, log ft=6.0, 
for the transition to the ground state, indicates this 
transition is suppressed over what one would expect for 
a 7/2 to 5/2 transition with no change of parity. 

The difference between the beta-ray transition prob- 
abilities to the ground state and to the excited state can 
be understood from shell-model considerations. The 
wave functions of the parent and product states may be 


coincidence experiments were performed in which one 
scintillation spectrometer was set on the 0.159-Mev line 
and the other swept through the spectrum. No gamma 
rays in coincidence with the one at 0.159 Mev were 
found. 

Since the beta-ray sources were too weak for the 
measurement of internal conversion lines and none were 
found, it was decided to try to determine the half-life 
of the 0.159-Mev state. To do this, a coincidence ex- 
periment was carried out between beta rays of an ap- 
propriate energy and the 0.159-Mev gamma ray, using 
the scintillation spectrometers in coincidence. A vari- 
able-delay line was placed in the coincidence circuit so 
that the coincidences could be obtained in which the 
gamma ray was delayed with respect to the beta ray or 
vice versa. The results gave a curve indicative of a 
prompt transition. By comparing these results with a 
similar curve taken on® As”, it is estimated that the 
half-life of the 0.159-Mev state is less than 4X 10~ sec. 


5 W. E. Graves and A. C. G. Mitchell, Phys. Rev. 97, 1033 


(1955). 


*C. D. Jeffries, Phys. Rev. 92, 1262 (1953). 
7D. Kurath, Phys. Rev. 91, 1430 (1953). 
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written : 
gi(Se*) =[ fry2°(m) Jofra(), 
0 (Tit) = [ fr2°(m) Joral fr/2?(P) Jo, 
ee( Tit”) = fay2*(m) Jrvol frs2?(P) Jo. 


Here y, and ¢, represent the wave functions for the 
ground state and excited state of Ti’, respectively. If 
the calculation is carried out assuming that one of the 
neutron pairs of the parent is broken to form a proton 
pair in the product, it turns out that the transition to 
the excited state is allowed and that to the ground state 
is forbidden. On the other hand, if the ground-state 
configuration is used to calculate the magnetic moment 
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of Ti*’?, one obtains —1.67 instead of —0.787 nm. It is 
presumed that the “almost allowed” transition to the 
ground state (log fi=6.0) has its explanation in a cer- 
tain amount of configuration mixing in the ground state 
which is at the same time responsible for the low value 
of the magnetic moment. 
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Alpha-Particle Bombardment of A** and A‘°}* 
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Gas targets (130-kev thick) of natural argon (99.6% A; 0.34% A®*) and of argon enriched in A* (97.4% 
A*; 2.5% A®) have been bombarded with 7.4-Mev alpha particles from the Yale cyclotron. Protons and 
neutrons at 90° to the incident beam have been studied by means of 50u Ilford C-2 emulsions, placed 16 cm 
from the target. The ground-state Q-value for the A**(a,p)K® reaction is —1.28 Mev, with excited states 
at 2.50 and 2.87 Mev. The ground state Q for A®(a,p)K* is —3.36 Mev, with excited states at 0.65 and 
1.18 Mev. The cross sections for these two reactions, as well as for the A®(a,n)Ca* reaction, have been 
measured and are found to be in general agreement with the predictions of simple compound-nucleus theory. 


INTRODUCTION 


N 1924, Rutherford and Chadwick! reported particles 
emitted from argon under alpha bombardment. 

This reaction was then reinvestigated by Pollard and 
Brasefield,? Buchanan,’ and others using natural argon 
(99.6% A®, 0.34% A**) and argon considerably en- 
riched in A**. However, since no protons were ever ob- 
served in these later experiments, this is the only part 
of Rutherford’s early work in this field which has not 
been verified by later, more exact, measurements. Our 
present work, then, in addition to obtaining Q-value 
information in the currently important region around 
Z=20, indicates why the earlier investigators failed 
to detect any protons from these reactions. The ex- 
planation lies in a combination of circumstances: 

t This paper is part of a dissertation submitted in partial fulfill- 
ment of the requirements of the degree of Doctor of Philosophy 
in Yale University by R. B. Schwartz. 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Now at Brookhaven National Laboratory, Upton, New York. 

§ Now at General Electric Research Laboratory, Schenectady, 
New York. 

|| General Electric Charles A. Coffin Fellow. 

1C. Rutherford and J. Chadwick, Proc. Phys. Soc. (London) 
36, 417 (1924). 

2 E. Pollard and C. J. Brasefield, Phys. Rev. 51, 8 (1937). 

3 J. O. Buchanan, Doctoral dissertation, Yale University, 1948 
(unpublished). 


(1) the difficulty in handling gas targets, (2) the 
low alpha-beam currents available, (3) the fact that 
the most abundant isotope (A“) has a low cross section, 
(4) the negative Q-values for these reactions, resulting 
in low-energy protons which were difficult to detect. 


ALPHA-PARTICLE BOMBARDMENT 


Argon gas targets were bombarded with 7.4-Mev 
alpha particles from the Yale cyclotron. The target 
chamber had a 0.87-mg/cm?* mylar entrance window, 
and a 6.9-mg/cm? aluminum exit window. The chamber 
was initially pumped down through the main cyclotron 
vacuum, and the argon was then admitted at 15 cm pres- 
sure, making a target about 130-kev thick. Two different 
targets were used: one was natural argon (99.6% A*; 
0.34% A**) and the other was argon enriched to 97.4% 
A**. The enriched sample had been previously prepared 
by Anderson‘ using thermal diffusion methods and the 
procedure described by Zucker and Watson.® 

Protons and neutrons at 90° to the alpha beam were 
studied by means of 50u Ilford C-2 emulsions placed 
16cm from the chamber. The plates were allowed to 
fade for about 12 hours after bombardment, then 


‘ Anderson, Wheeler, and Watson, Phys. Rev. 90, 606 (1953). 
5 A. Zucker and W. W. Watson, Phys. Rev. 80, 966 (1950). 








a-PARTICLE BOMBARDMENT OF 


processed, and examined under a Bausch and Lomb 
microscope fitted with a 45x objective and 15X 
eyepieces. 

The cyclotron beam energy calibration was in terms 
of the ground-state group from the N“(a,p)O" reaction, 
taking the Q-value for this reaction to be — 1.198 Mev.® 
The bombardments ranged from 3000 to 5000 micro- 
coulombs of alphas at an average beam current of 0.3 
microampere. Two plates were exposed with the 
chamber filled with enriched A**, four each with natural 
argon and with air (i.e., N“), and three with the 
chamber evacuated. Two observers measured a total 
of about 2700 tracks for each of the A**(a,p)K® and 
A“ (a,p)K* reactions, and 1100 tracks for the N“(a,p)O"” 
calibration. 

RESULTS 


Typical histograms for the A**(a,p)K® and A“(a,p)- 
K* reactions are shown in Figs. 1 and 2, respectively, 
with the results shown in Table I. It is important to 
note that the histograms are plots of dn/dl vs /—the 
number of tracks per unit track length in the emulsion, 
plotted against the length. A more usual way of pre- 


Taste I. Energy levels in Mev. 





Reaction Excitation 


A*(a,p)K® 


Level E>» QO 


5.25 —1.28+0.03 0 
2.83 —3.78+0.06 2.50 
2.45 —4.15+0.04 2.87 





—3.36+0.03 0 
—4.01+0.04 0.65 
—4.54+0.07 1.18 


A®(a,p)K* 


N"(a,p)O" —1.198 0 











senting this type of data would be a plot of dn/dE vs E— 
the number of tracks per unit energy interval, against 
energy. Because of the nonlinearity of the range-energy 
relationship (range is approximately proportional to 
E}),” the peaks in the histograms of Figs. 1 and 2 are 
distorted with respect to a dn/dE vs E plot. For the 
poorly resolved first and second excited states of both 
reactions, the peaks must be located by fitting Gaus- 
sians; hence one is interested in the true shape of the 
peak. Since most of the contributions to peak width 
(cyclotron beam energy spread, target thickness, and 
range straggling in the emulsion) are symmetric with 
respect to energy, the plot must be transformed to a 
dn/dE vs E plot. Gaussian curves of width approxi- 
mately equal to the calculated width (knowing all of 
the above factors) were thus fitted on a transformed 
histogram, with results as indicated in Figs. 1 and 2. 
This gives the mean proton energy for each energy 
level as measured in the emulsion itself. In order to 
compute the Q-values, it is necessary to know the mean 
®F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 


1955) 
7 J. Rotblat, Nature 167, 550 (1951). 
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‘1G. 1. Proton spectrum from the alpha-particle bombardment of 
the sample containing 97.4% A** and 2.5% A®. 


proton energies at the center of the target, which means 
correcting for the loss of proton energy in the aluminum 
exit window of the bombardment chamber®” and in the 
target gas.!° These corrections give E, of Table I—the 
mean proton energy at the center of the target in the 
laboratory system. Because of these corrections, the 
proton energies as read directly off the histograms are 
all lower than the values listed under E£,. Further, since 
dE/dx is a decreasing function of energy (varying) 
roughly as E~4), the level spacings on the histograms 
appear greater than the true spacings as given in 
Table I. 

The low-intensity group at about 4.8 Mev in Fig. 2 is 
the ground-state group from the A**(a,p) reaction: 
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Fic. 2. Proton spectrum from the alpha-particle bombardment of 
natural argon—99.6% A® and 0.34% A*. 


8M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
245 (1937). 

*H. A. Bethe, Brookhaven National Laboratory Report 
BNL-T-7, 1949 (unpublished). 

1 Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663, 1949 (unpublished). 
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TABLE IT. Ground-state Q-values in Mev. 








Other nuclear 
reactions 


Mass 
spectroscopy 


—1.23+0.07 
—3.37+0.07 


This work 


—1.28+0.03 
—3.3620.03 


Reaction 


A*(a,p)K® 
A®(a,p)K* 





—1.04+0.52 
—3.49+0.27 








Although A** is present to only 0.34% in the A® sample, 
as will be shown later, the cross sections are such that 
this group appears. 

It should be noted that the rather high energy of 
the first excited state in K*® follows the trend of the 
first excited states in the other 20-neutron nuclei whose 
d; proton shell is being filled. 

Table II compares the ground-state Q-values obtained 
in this work with those computed from mass-spectro- 
scopic data" (together with the K*— Ca* beta energy”), 
and with the Q’s computed from other nuclear reaction 
data.’-™ The “other nuclear-reaction” Q’s were com- 
puted from the following chains: 


A*(a,p)K®: A36(d,p)A27; A®7(K)CP?; Cl*(d,p)CPS; 
CP#(6-)A3*; K38(g+)A8*; K®(y,n)K%, 
A" (a,p)K*: A®(d,p)A"; A*'(8-)K*; 
K"(a,p)Ca*; Ca*(d,p)Ca“; K#(8-)Ca*. 


It will be seen that the ground-state Q’s agree with 
each other to well within the experimental error. Our 
value for the A**(a,p)K® Q-value is also in perfect 
agreement with the value of 1.28 Mev recently re- 
ported for the ground-state group from the K*(p,a)A** 
reaction.!® 


CROSS SECTIONS 


The cross sections for the A**(a,p), A*(a,p) and 
A“(a,n) reactions were measured by counting the 
number of events on the plate and dividing by the 
geometry, and, in the case of the (a,m) reaction, also 
dividing by the efficiency of the emulsion for neutron 
capture. It should be pointed out that simply dividing 
by the geometry tacitly assumes an isotropic angular 
distribution ; an investigation of this particular point is 
planned. The results of the cross-section measure- 
ments are: 

Cross section 

Reaction (millibarns) 
A“®(a,p)K* 0.26 
A**(a,p)K® 8.5 
A“ (a,n)Ca® 33.0 


4 Duckworth, Hogg, and Pennington, Revs. Modern Phys. 
26, 463 (1954). 

2 R. W. King, Revs. Modern Phys. 26, 327 (1954). 

8D). M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 

4 J. P. Schiffer, Phys. Rev. 97, 428 (1955). 

oa Sperduto and W. W. Buechner, Phys. Rev. 100, 961(A) 
(1955). 
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The (a@,p) cross sections are accurate to within 35 
percent, but the (a,m) cross section may be in error by 
as much as a factor of two. 

The magnitudes of these cross sections are in semi- 
quantitative agreement with the predictions of the 
compound nucleus theory. We assume that the cross 
section (a,b) for a reaction of the general type X (a,b) Y 
is of the form o(a,b)=0.(a)G.(b), where o.(a) is the 
cross section for the formation of a compound nucleus 
c by capture of a particle a, and G,(d) is the probability 
that the compound nucleus, once formed, decays by 
emission of a particle 6. If we ignore individual proper- 
ties of the nuclei and consider that the quantities of 
interest are primarily functions of Z and A, we can 
say that ¢, is about the same for A** and A“. Therefore, 
the total alpha-bombardment yield from A*® should 
be the same as from A“. Since we are below the threshold 
for the A**(a,n)Ca® reaction, and since inelastic alpha- 
scattering makes a negligible contribution to the total 
yield, the sum of the A“(a,p) and A“(a,m) cross sections 
should equal the A**(a,p) cross section. They actually 
differ by a factor of four, which is not unreasonable 
considering that the A**(a,p) reaction goes by way of 
the doubly magic compound nucleus Ca“. 

Because of the Coulomb barrier, neutron emission 
from the compound nucleus should be highly favored, 
and hence one expects the A“(a,m) cross section to be 
much higher than that for A®(a,p). As shown in Blatt 
and Weisskopf,'* G.(b) is proportional to 


€oY 
f €30 -(€3) Wy (ey — €g)deg, 
0 


where esy is the energy of the ground-state group, ¢g 
is the energy of the outgoing particle, o,(¢g) is the cross 
section for the inverse process (i.e., formation of the 
compound nucleus by collision between 5 and the 
product nucleus), and wy is the energy-level density. 
We assume that for our case 


w(e)=0.4 exp[2(0.8e)!], 


and numerically integrate the expression for the A“ (a,p) 
and A“(a,) reactions. The result indicates that the 
cross sections should be in the ratio of 1:300. The 
measured cross sections are in the ratio 1:130, which 
if felt to be satisfactorily close. 

Finally, from the cross-section table given in Blatt 
and Weisskopf,” the absolute cross section for the 
A“(a,n)Ca® or A®**(a,p)K® reactions is expected to be 
about 11 millibarns. This is in reasonable agreement 
with our measured values of 8.5 mb for A**(a,p)K® and 
33 mb for A“ (a,n)Ca*. 
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The Li?(a,n)B" reaction has been investigated by two independent methods. In the first method the 
energies of the neutron groups were measured with a proton recoil telescope using an integral range tech- 
nique. In the second method slow neutrons were observed at the threshold energies for each level with an 
enriched BF; counter. The combined results of the two methods give energy levels in B” at excitation energies 
of 0.74, 1.31, and 1.72+0.06 Mev, with a ground-state Q-value for the reaction of —2.82+0.10 Mev. A 
comparative experiment with a Li® target was carried out so that positive assignment of the levels to B™ 
could be made. This work confirms the existence of a second excited state in B™ at 1.3-Mev excitation. The 
1.3-Mev level had been observed in an early slow-neutron threshold experiment using the Li’(a,n)B™” 
reaction, but it has not been found in other reactions leading to the same final nucleus. 





I. INTRODUCTION 


ECENT experimental investigations of the energy 
level structure of light nuclei indicate that certain 
levels are not observed with all reactions leading to the 
same final nucleus. Some such cases have been explained 
by using the theory of conservation of isotopic spin.! 
Others have been explained by using the theory of 
fractional parentage of nuclear states. 

Recently the second excited states of three light 
N=Z nuclei, B’, C!”, N", have been observed in (a,7) 
reactions.-> These levels have not been observed in 
other reactions leading to the same final nuclei.!:** The 
reactions in which these second excited states were 
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Fic. 1. Integral range curve of recoil protons from Li’(a,n)B” 
reaction. Observation at 0°. 
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observed proceeded by means of compound nucleus 
formation, while the reactions in which the levels were 
not observed were probably stripping processes. 

The Li’(a,n)B™ reaction was investigated by Haxel 
and Stuhlinger* by means of a slow-neutron threshold 
experiment. They reported the second excited state in 
B” at 1.3 Mev. This level has not been observed in any 
other reaction leading to B™. 

The purpose of the present investigation is to study 
in detail the Li? (a,7)B" reaction using two independent 
methods. 


II. EXPERIMENTAL METHODS 


Two independent methods have been used in this 
experiment. In the first method the neutrons strike a 
hydrogenous radiator, giving rise to recoil protons. The 
energies of the recoil protons were measured by deter- 
mining their range in aluminum. The aluminum foils 
were part of a two-counter telescope, with which integral 
range curves were taken. 

In the second method the reaction threshold for each 
level was determined with an enriched BF; counter. 
The pulses from the counter passed through a single- 
channel pulse-height analyzer adjusted to reject fast- 
neutron pulses. The 8.16-Mev alpha-particle beam from 
the Yale cyclotron was degraded by means of a helium 
range cell. A detailed description of the experimental 
methods used in this experiment is given by Quinton 
and Doyle.’ 

III. RESULTS 
Thin targets of Li,SO4, LiBr, and metallic lithium 


were used in this experiment. The Li,SO, was 99% Li’ 
loaned by the U. S. Atomic Energy Commission. The 


TABLE I. Telescope experiment. 


Neutron energy 
(Mev) 


Q value Excitation 
(Mev) E* (Mev) 


—2.82+0.10 
—3.54+0.10 
—4.14+0.10 
—4.5340.10 





0.72+0.08 
1.32+0.08 
1.71+0.08 








aS 8. 
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RANGE CELL PRESSURE (CM~-Hg) 


Fic. 2. Slow-neutron threshold curve for Li’(a,n)B" reaction. 


TABLE II. Threshold experiment. 








Excitation 
E* (Mev) 


Alpha energy Q value 
(Mev) (Mev) 


4.45 —2.83+0.10 
5.64 —3.59+0.10 
6.49 —4.13+0.10 1.30+0.08 
7.15 —4.55+0.10 1.72+0.08 





0.76+0.08 








Li,SO, and LiBr targets were prepared from solutions 
while the metallic lithium target was evaporated in 
vacuum. All the targets were deposited on thick lead 
backing. Similar level structure was found in experi- 
ments with the different targets. 

Several runs were made with the proton recoil tele- 
scope for each of the targets. The results of nine runs 
have been combined in Fig. 1. Two runs on a thick 
lithium metal target were made to establish the ground 
state end point. Four levels are indicated by the sharp 
changes of slope. In Table I are listed the neutron 
energies, Q-values, and excitation energies for these 
levels. 

The BF; counter was used to observe the slow- 
neutron thresholds for the same three targets. A large 
number of runs was taken with this apparatus to verify 
the level structure. A typical slow-neutron threshold 
curve is shown in Fig. 2. The results of eleven such runs 
have been averaged to give the alpha energies, Q-values, 
and excitation energies listed in Table II. 

To investigate the possibility that the 1.3-Mev level 
in B” might come instead from an anomalously high 
cross section for the Li®(a,z)B® reaction, a comparative 
experiment was carried out with the proton recoil 
telescope. Identical runs were made with similar targets 
of (Li*),SO, (99% Li®) and (Li*)2SO, (99% Li’). The 
results of these runs in the vicinity of the 1.3-Mev 
level are shown in Fig. 3. This comparison shows that 
the cross section for the Li®(a,2) B® reaction is very much 
less than the cross section for the Li’(a,7)B" reaction. 
Therefore, the 1.3-Mev level in B™” could not have 
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Fic. 3. Integral range curve . 
of recoil protons from (Li’),SO, 
and (Li*),SO, targets in the 
vicinity of the 1.3-Mev level. 
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TABLE III. Summary. 








Ajzenberg and 
Lauritsen (Mev) 


—2.79+0.04 
0.72+0.01 


1.74+0.01 
2.15+0.01 


Haxel and 
Stuhlinger (Mev) 


—3.00+0.10 
0.83+0.10 
1.31+0.10 


2.09+0.10 


Average 
(Mev) 


Q —2.82+0.10 
E;* —0.74+0.06 
E;* — 1.310.06 
E;* —1.720.06 
Ef ney 











come from a Li® reaction, or from a reaction with any 
impurity in the target. 


IV. DISCUSSION 


The results of the proton recoil telescope experiment 
are in close agreement with the results of the slow- 
neutron threshold experiment. The same four levels 
have been observed in each experiment. The compara- 
tive experiment further strengthens the assignment of 
the observed levels to B™. 

The results of the two experiments have been com- 
bined in Table III and compared with the work of 
Haxel and Stuhlinger and the assignments of Ajzenberg 
and Lauritsen.” The ground-state Q-value determined 
in the present investigation is in good agreement with 
the Q-value calculated for this reaction from known 
mass defects. The first and third excited states observed 
here correspond closely to the assignments of Ajzenberg 
and Lauritsen. The second excited state found in this 
experiment confirms the level found in the earlier work 
of Haxel and Stuhlinger with the same reaction. This 
level has not, however, been reported from any other 
reaction leading to B™. 
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The coupling of nucleon orbitals through the mediation of 
surface waves has been treated by the intermediate coupling 
procedure, considering only states with 0, 1, and 2 surfons. A 
single-nucleon description appropriate for 1.Sij; and isPy4, and a 
three-nucleon description with 7 =3/2 appropriate for .Sii7 and 
17Cleo (3 proton holes) are considered. 25,/2 and 1d3/2 orbitals are 
coupled in this mass region. (2s1/2)*(1d3/2), (2si/2)(1d3/2)?, and 
(1d3,2)° states are coupled in the three-nucleon systems. M1 transi- 
tion matrix elements between /=3/2+ and ]=1/2+ states are 
smail but not /-forbidden as they are for pure 1d;/2—2s,/2 transi- 
tions. The /-forbidden 1/2+-—+3/2+Gamow-Teller matrix element 


in the decay 1sP14—14Siis has the value 0.027 (experimental value 
0.040). The correction to the y/2 Schmidt moment in ,4Siis is 
about one-half the experimental deviation; while the correction 
to the 43/2 moment for 17Cleo is 0.788, compared to 0.552 observed. 
Similar calculations for three-nucleon systems with T=1/2 yield 
results applicable to 1sPis and 1sAi. The coupling of 1g7/2, 2d5/2, 
2d3/2, and 35s,/2 proton orbitals in 5;Sb70 and »;Sb72 is treated by a 
single-nucleon description. The electric quadrupole moments of 
both s:Sbzo and 5;Sb72 are accounted for and an appreciable M1 
matrix element is found for the ‘/-forbidden” transition 5/2-++ 
—7/2+ in s15b72. 





1. INTRODUCTION 


OUPLING between nucleon orbitals of the same 
parity, differing by no more than two units of 
angular momentum, is provided through the mediation 
of collective surface oscillations of a spheroidal nuclear 
core. The Hamiltonian for the coupled system is! 
H=H,+48aotHin, (1) 


where 


H,= ” (h?/2M)>: » V+.» V(rp), 
Hso= (Hha/2) © (by*by-+b,b,"), 


p=——2 


Hint= — (h/2Bw)'"DR Yb, + (—1)*b_,*] 


(1a) 
(1b) 


XVau(Op,6p)6(R—ry). (1c) 


V(r,) is assumed to represent a rectangular potential 
well of depth D. The summation ? is over all nucleons 
in unfilled shells; 6 and 6* are destruction and creation 
operators for m,, the occupation number of surfons 
having z-component of angular momentum equal to u: 


b*5,/ (n) = (n’— 1)"?8 +4 i(n), 


bby (n) = (n’)"75y-_1(n). (2) 


B is a moment of inertia parameter of the core, and 
w= (C/B)'*, where C is a function of Coulomb energy 
and surface tension measuring the rigidity of the 
nuclear surface. 
The eigenfunctions of H,+H, are 
®(yJK;1I,;TT:3)= YL U(yJJ,TT3) 
JetKemls 
XV(vKK,)(JJ,KK,\II,). (4) 


J, K, and I are the angular momenta of the nucleons 
in unfilled shells, the nuclear core, and of the coupled 


* Assisted in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1E. Feenberg, Shell Theory of the Nucleus (Princeton University 
Press, Princeton, 1955). 

2A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 


system, respectively. T is the total isobaric spin, y 
represents the type of configuration of the nucleons is 
unfilled shells (i.e., three nucleons in 1d3,2 orbitals), and 
vy is the number of quanta of surface oscillation. 
V(vKK,) represents the state of the core. Explicit 
formulas for the V(vKK,) are given by Feenberg.! In 
the present investigation, an intermediate coupling 
wave function is employed. The interaction Hamil- 
tonian couples a linear superposition of the functions 
given by Eq. (4): 


V(I,TT;) =>. pr ®(ywJIK; IT; TT), (5) 
fr 


where {v represents the quantum numbers yv/K. The 
amplitude coefficients p;, are determined to minimize 
the total energy. The sum is taken over all y/K coupled 
by Hint, but the values of » are limited to 0, 1, and 2. 
If the determined amplitudes indicate rapid convergence 
of the wave function with increasing v, this procedure 
is justified. 
2. GENERAL RELATIONS 


Matrix elements of the interaction Hamiltonian are 
computed by the Racah formalism?: 


(yo K; 11; TT| Hint|y'v'J'K’; IT; TT) 


167 1/2 
=—ta(—P) WUKIK'; 2) oK|Z5I/K" 
5 


X(=1)Y-¥ I (yIT|Lp Y°(6p,b5) |i’), (6) 


where 
(vK||Z?||»’K’) 
= (vKK | bx_x*+(— 1)¥-*'bx_x | VERY KE) 
/ 

(yIT||Xo > ¥?(0p,5)||y'J'T) 

ai (yJJTT | Le Y2,.7~-7) (Op,bp) ly’J’I'TT)f(J,J’), 8 
(A+B+3)! (A+B—2)! 
f(A »)-| 
(2A)! (2B)! 


3G. Racah, Phys. Rev. 63, 367 (1943). 





(9) 
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TABLE I. Reduced matrix elements of Z?. 








K K’ (vK |\Z2||»"K’) 


512 
12 

= (10)!2 
(18)! 











W (JKJ'K; 12) is the Racah function, which has been 
tabulated by Biedenharn.‘ 

The parameter P measures the strength of the 
coupling and is given by 


Shh 
10 
wean / Oot si 


where & is the radial factor in the matrix element of the 
Rainwater interaction operator, equal to about 40 
Mev.*? 

The total energy of the system is 


(11) 


E= fwnw=5 Lo Age Probe, 
fe f'r’ 


subject to the normalization condition: 
L Pr? =1. 
fr 


Letting ({v| Hint| ¢’v’) = H,¢’», the relations 0E/dp;,=0 
yield: 


(11a) 


D (Aeog — Ebgegy’) Per =0 
ry! 


(12) 


Since H has nonvanishing off-diagonal matrix elements 
only between states which differ by one surfon, and we 
consider only v equal to 0, 1, and 2, it is convenient to 
eliminate the 0- and 2-surfon amplitudes from Eqs. (12) 
and obtain a form involving only the amplitudes of 
1-quantum components: 


(E— Hein) pn=CLe (E— A yox0) "A p1y0H yorip ri 
rl x0 


+30 (E— Hy2y2) A piy2H yeep}. (13) 
x2 
Since several of the determinants to be solved are quite 
formidable a simple method of evaluation was de- 
veloped to make certain that one has the lowest root E. 
One inspects Eqs. (13) to see which of the pr: is expected 
to have the greatest magnitude. One then sets all the 
other amplitudes of one-surfon components equal to 
zero, and easily finds the lowest root of the resulting 
cubic equation in E. One then lets the second largest 
pr: also be different from zero and solves the resulting 
sixth-order equation, guided by the fact that the new 
root must be lower than the first. This procedure is 


4L. C. Biedenharn, Oak Ridge National Laboratory Report 
ORNL-1098, 1952 (unpublished). 

5 J. Rainwater, Phys. Rev. 79, 432 (1950). 

6 E. Feenberg and K. C. Hammack, Phys. Rev. 81, 285 (1951). 

7S. Gallone and C. Salvetti, Phys. Rev. 84, 1064 (1951). 


repeated until all of the amplitudes are included. 
Obviously, the value of E must be lower for each 
successive iteration. When the fr: were included in the 
order of decreasing magnitude, only one new root was 
found in the calculations to be lower than the root 
derived in the preceding iteration. Consequently, the 
lowest root is finally obtained. 


3. COUPLING OF 2s; AND 1d; ORBITALS 


Coupling between 25)/2 and 1d3,2 orbitals is expected 
in the mass range 29 <¢ A <39. The energy difference 


A=E(1d32)— E(251/2)21 Mev (14) 


is neglected in the calculations since it is substantially 
smaller than fw in this mass range (Aw25 Mev). 

A single-nucleon description is appropriate for 14Siis 
and i5P,.. This problem has been treated by Feenberg,! 
and will be summarized here. Reduced matrix elements 
of Z* needed in all applications involving no more than 
two surfons are displayed in Table I. Only two reduced 
matrix elements of Y? are needed for a one-nucleon 
description: 

(2s1/2l| ¥||1ds, j= (1d3, o|| ¥?|| 1d3/2) = — (1/ /qr)1!?, (15) 


The amplitude coefficients for the 7=1/2 and J=3/2 
levels are given in Tables II and III. The value of P 
in this mass range is taken to be 0.5. The energy dis- 
placements of the two levels, measured from the level 
with zero surfons, coincide only in the approximation 
A=0. Convergence is quite satisfactory, the two-surfon 
components amounting to only 4.1% of the total wave 
function. 

Magnetic moments for the J=1/2 state are displaced 
from the Schmidt $12 line by an amount: 


M—w1y2= — (prgs?— pogo?) (412+ 3uss/2— Be) 
= —0.826 (odd Z) 


+0.656 (odd N), (16) 

TasLe II. Amplitude coefficients for a single-nucleon de- 
scription with J=3/2, E= —0.622hw. The asterisk indicates that 
in order to obtain the proper phase of /, one should take the 
negative square root of p? 








j p 
3/2 0.645 
3/2 0.157* 
1/2 0.157* 
3/2 0.015 
3/2 0.013 
1/2 0.013 











TaBLE III. Amplitude coefficients for a single nucleon descrip- 
tion with J=1/2, E=—0.622%w. The asteriks indicates that in 
order to obtain the proper phase of p, one should take the negative 
square root of p*. 























COUPLING OF 


where g,=Z/A is the gyromagnetic ratio of the core and 
the amplitudes are labeled with vJK. The odd-N 
value is to be compared with an experimental deviation 
of 1.38 for 145115. 
1sPi4 has been observed to decay into the first four 
levels of 14Sij5, as shown in Fig. 1. The value of the 
G-T matrix element for the image transition to the 
ground state is given by 
fo =3L pose? + page? + 3 (Pigs? + pays”) P= 1.57, 
HH (17) 
a substantial reduction from the value 3 obtained by 
assuming these levels to be pure 251/2 states, but still 
too large to fit the experimental value of about 0.2. 
The beta transition s;/2—d3/o is /-forbidden. With the 
mixture of orbitals provided by the surface waves one 
obtains the following: 
e| =0.027 (18) 
HoH 
compared with an experimental value of 0.040. The 
electromagnetic transition 3/2+-1/2+ in ,4Sijs is 
predicted to go very slowly by the simple shell model, 
the magnetic dipole transitions being /-forbidden and 
the electric quadrupole transition extremely slow for 
the odd neutron. Surface coupling provides the M1 
matrix element: 


Du| ($M |u.|3M)|? 


—\fel 


(uy—$g.)?=0.016, (19) 


H+ 


























Fic. 1. Decay scheme of 1sPiy— Sits. 
§ Roderick, Lonsjo, and Meyerhof, Phys. Rev. 97, 97 (1955). 
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Reduced matrix elements of 2, Y*(6,,¢,) for three 
nucleons with T=3/2. 


TaBLe IV. 





J 7 


sf 
sd? 
sd? 
std 
sd? 
sd? 
sd? 
sd? 
AY d? 
a 

sd? 
sd? 
sd? 


(yJ \|\Zp ¥2(6p,6p) |ly’J’) 
— (1/2r)!2 


+ (2/5x)!2 
+ (21/107)? 
—(1/r)'2 
— (6/Sx)'? 
— (4/59)! 

0 

0 

0 
—(1/x)!? 
+ (1/22)? 
+ (2/5x)'/2 
+ (21/102)! 





a, 


Sd a ig a - 
NNN DDN DN DN DN DD DS PbO 


NOON SNHNNSNN DH 


Ce Cn CR WU Ge Ge Gn Go 
On WUT WW Uw Un Ww 
—— : : 





which yields a mean life: 

1 TMi=5.37 X10" sec , (20) 
An appreciable £2 transition is provided by the dis- 
torted core. The necessary matrix elements are: 
A(l arn hill 5)'?, A(1/2; 20,12) 

— (4/5)'8, A(3/2; 12,22) = — (7/25)'”, 

A (3/2; 12,20) = (2 ar , A(3/2; 22,12) 
25)'/2 ) 


=—(7/2 


(21) 


: 22 
A(3 2: 2,20) = (1/5)! 


where 
A(j; vK,v’K’) 


= (vjK; 1/2 1/2|bo+bo*| v'jK’; 3/21/2). (22) 


The mean life for the £2 transition is then 


1/re2=1.06X 10" sec. (23) 


Explanations of the second and third excited states 
of ,4Sij; are not lacking. The observed level order is 
given by the present treatment, but the level spacing 
derived is too large by a factor of four. Furthermore, the 
convergence of the wave function is poor for these 
excited states. This indicates that holes in the 1d5,2 
shell and nuclear forces play an important role in the 
highly excited states, and should be included in that 
part of the calculation. 

A three-nucleon treatment with T=3/2 is applicable 
to the three odd neutrons in 14Siy7 and the three proton 
holes in 17Cleo. Here (251/2)?(1d3/2), (251/2)(1d3/2)", and 
(1d3,2)° configurations are coupled by the surface waves. 
The three-nucleon wave functions U(yJJ,) may be 
expressed as a linear combination of the functions: 


(jx, jxme, jms) 
= (1/3!)"/?| w(jm:)u(jeme)u(jyms)|. (24) 
Explicitly, the needed functions are: 
U (s*d 3/2 3/2)= (1/2 1/2, 1/2 —1/2, 3/2 3/2), (25a) 
U (sd? 5/2 5/2)= (1/2 1/2, 3/2 3/2, 3/2 1/2), (25b) 
U(sd? 3/2 3/2) = (1/5)'"[ (1/2 1/2, 3/2 3/2, 3/2 —1/2) 
—2(1/2 —1/2, 3/2 3/2, 3/21/2)], (25c) 
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TABLE V. Amplitude coefficients for three nucleons with T=3/2 
and J=3/2, E=—1.423hw. The asterisk indicates that in order 
to obtain the proper phase of » one should take the negative 
square root of ?. 








p? 
0.228* 
0.026 
0.251* 
0.061* 
0.002* 
0.033* 
0.253 
0.061 
0.016* 
0.002* 
0.017* 
0.013* 
0.001 
0.001* 
0.018 
/ 0.011* 
5/2 0.010 





NHNNHNHNHNHNNNK RK KK OOO! 
PMWM NNNHOCOCOCHNNNNOOO] FH 








TaBLeE VI. Amplitude coefficients for three nucleons with 
T=3/2 and J=1/2, E=—1.350hw. The asterisk indicates that 
in order to obtain the proper phase of p one should take the nega- 
tive square root of p*. 








? 


0.500 
0.081 
0.120* 
0.180 
0.042* 
0.031 
0.004 
0.001 
0.001* 
0.037 





NWNWNNOHHNHNO!] FH 


¥ 
0 
1 
1 
1 
1 
2 
2 
2 
2 
2 


3/2 








U (sd? 1/2 1/2) = (1/2) (1/2 1/2, 3/2 1/2, 3/2 —1/2) 
— (1/2 1/2, 3/2 3/2, 3/2 —3/2)], (25d) 


U (@ 3/2 3/2)= (3/2 3/2, 3/2 1/2, 3/2 -1/2).  (25e) 


Reduced matrix elements of >>, Y*(6@,,¢,) for these 
functions are given in Table IV. 

Amplitude coefficients for the J=3/2 and J=1/2 
states are given in Tables V and VI. The signs of these 
coefficients are given for a three-particle system. To 
obtain the coefficients for three holes one need only 
reverse the sign of the one-surfon components. The 
energy displacements indicate a ground state spin equal 
to 3/2, with a low first excited state of spin 1/2. This 
corresponds to the experimental level order in both 
14Si17 and 17Cloo. Magnetic moments of the ground 
states are displaced from the Schmidt lines by 


Mh B3/2> 0.788 for 17Cloo 


= —0.497 for 149117. (26) 


Matrix elements needed for this calculation are given 
in Table VII. The experimental deviation in 17Cloo is 
0.552, quite large compared to the Schmidt value 
u3/2=0.124 for an odd proton. The magnetic moment 
of s4Sii7 has not been measured, but the deviation is in 
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the expected direction compared with other d3,2 neutron 
states where the present description is not complete (for 
16517 the deviation is about —0.6). The electric quad- 
rupole moment of ,4Sii7 in the ground state is given 
entirely by the surface oscillations: 


(Q/R?)..0.= —0.921. (27) 


The matrix elements needed to compute Eq. (27) have 
been tabulated by Feenberg.’ If the three odd nucleons 
are protons, one has the small correction 


(Q/R?) ,= —0.062. (28) 


The derived moments are too large compared with the 
experimental values 


(Q/R)exp= —0.26 for 17Clao, (29) 

(Q/R*)exp= —0.36 for 16917. (30) 

The electromagnetic transition 1/2+-—>3/2+ may 
go by M1 or £2 radiation. The M1 transition is /-for- 
bidden in the simple shell-model interpretation [ (2s1/2) 
X (1d3/2)*+(251/2)?(1d3,2) |, but the mixture of nucleon 


orbitals provided by the surface waves yield the non- 
vanishing matrix elements: 


Earl (3/2 M|us|1/2 M)|2=0.028 for Sinz, 
=0.190 for 17Clep. 


(31) 
(32) 


TABLE VII. Matrix elements of u, for 7=3/2, 7=3/2. 








(yeIK ; 3/2 3/2; 3/2 3/2 1m) y vJ'K 


Y 3/2 3/2; “32 3/2) 


std 
sd? 
a 


std 
s 





M3/2 
(3/5) (— 12+ 2us/2) 


43/2 

(1/5) (us/2+6ge) 

63/S)(—" 1/2uuat 3e0) 

(3/25) (—mry2+ua2+10, 

(13/25) [uv2+ C/s lant 15/13)¢e] 
(1/5) (us/32+6ge) 

IAT ar aa oi 
€4/25)(21 "Las (1/3)as 


0 


sd? 


NHK PKYVNNHNHNHOCOCOS! 








TasLe VIII. Nonvanishing matrix elements of u, needed for 
the M1 transition J=1/2+-+/=3/2+ (three nucleons with 
T=3/2). 








(yvJ2; 3/2 1/2; 3/2 3/2 Lael ved’ 25 

1/2’ 1/2; 3/2 3/2) 
(2/5)L(5/3)uare+ (5/2) ge) ] 
(2/5)C(2p3/2— 12+ (5/2) ge) ] 
(2/5)C(5/3)usi2+(5/2)ge] 
(56/225)'"*[(—4/3 )usy2—wrs2t (5/2) g6] 
+ (216/13125)'[ (1/3)use— v2) ] 
— (50/252) (1/3)u3:2—1/2) ] 


Y J tas 


std 3/2 3/2 
sP = 3/2 3/2 
d 3/2 3/2 
sf? 5/2 5/2 
sf 3/2 5/2 
sd 5/2 3/2 











%E. Feenberg, reference 1. Note: The signs of two of the 
matrix elements in this treatment “ be corrected. On . 158, 
Eq. (IX. 40) .should read: |Q./R?| ++ +) 
~~ (32/7x)h/(BC)"ny (ut— 2)2—0. i “I? sok ca. 120, 
Eq. (IX. 41), one should have: 


(00000 | Q./R?|01010)2— (32/7)h/ (BC), 








COUPLING OF NUCLEON ORBITALS 


Matrix elements needed in this calculation are displayed 
in Table VIII. The mean lives are*: 


1/ri=3.645X 10"W* sec for 17Cleo, 
1/rmi=5.373X10"W8 sec for 14Sirz, 
1/re2=6.614X 10"W*® sec™ for 17Cleo, 
1/rz2=6.594X 10"W* sec for 14Sirz, 


(33) 
(34) 
(35) 
(36) 


where W is the energy of the emitted y ray in Mev. The 
relative phase of the matrix elements for the M1 and 
£2 transitions is positive for both y4Siy7 and 17Cleo. 
Next, we consider three nucleons with isobaric spin 
1/2, applicable to 1sPig and isAi9. The needed three- 
nucleon wave functions are U(s* 1/2 1/2), U(s*d 5/2 
5/2), U(s*d 3/2 3/2) (twice), U(s’d 1/2 1/2), U(sd? 7/2 
7/2), U (sd? 5/2 5/2) (twice), U(sd? 3/2 3/2) (twice), 
U (sd? 1/21/2) (twice), U(d* 7/2 7/2), U(d 5/2 5/2), 
U (@ 3/2 3/2), and U(d 1/2 1/2). Several configura- 
tions have two independent functions with a definite J, 
J, and y. A total of thirty components are coupled by 
the surface waves. The resulting energy displacement 
is quite excessive (E=—4.558%w22.8 Mev), and 
convergence of the zero (11.6%), one (52.3%), and 
two (36.1%) quantum components is poor. The inter- 
mediate coupling procedure is therefore found to be 


TABLE IX. Reduced matrix elements of ¥?(6,6) for 1gzj2, 2dsv2, 
2d3/2, and 351/2 orbitals. 








(v5 ¥2(@.¢) llv9”) 
0 


—(1/r)'2 
(3/2) 
0 
po (1/3)! 
— (3/7r)2 
(18/77)!/2 
ane (12/7x)!/2 
— (2/7r)'2 
— (50/214)! 











TABLE X. Amplitude coefficients, energy displacements, mag- 
netic moments, and electric quadrupole moments for a single- 
nucleon description with J/=5/2. Q/R? and u—ys52 may be com- 
pared with the experimental values for 5:Sb70: u—j5/2= 1.434 and 
Q/R?=—2.5. The asterisk indicates that in order to obtain the 
proper phase of /, one should take the negative square root of p?. 








P 1/2 1 1/2 1 1/2 1 

e/hw «© © 1 1 ) 

E/hw —0.438 -—0.773 -—0.751 -—1.389 -—0.980 —1.714 
p? 


0.592 
0.176* 
0.027 
0.038* 
0.084 
0.019 
0.001 
0.008 
0.000 


x 
~. 





~~ 
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TABLE XI. Amplitude coefficients, energy displacements, mag- 
netic moments, and electric quadrupole moments for a single- 
nucleon description with J=7/2. Q/R? and u—y7/2 may be com- 
pared with the experimental values for s:Sb72: w—y7/2= +0.831 
and Q/R?=—3.2. The asterisk indicates that in order to obtain 


the proper phase of , one should take the negative square root 
of p*. 








. 


1/2 
a 
—0.482 


1 
ao 
—0.871 


1/2 
1 
—0.707 


p? 


1 
~1.282 


1/2 


) 
—0.903 


1 
0 
—1.569 





NNNKNKNYKK KK O 


Gd I a ne 
NNONNSNNOSNNNNN 


0.666 
0.245* 
0 
0.046* 
0.010 
0.008 
0.005 
0 


0.019 
0.001 
0 
0 


PPP ENMNMNONNNO! FH 


0.532 
0.310* 
0 
0.073* 
0.019 
0.016 
0.010 
0 


0.038 
0.003 
0 
0 


0.628 
0.189* 
0.098 
0.024* 
0.017 
0.000 
0.006 
0.005 
0.026 
0.000 
0.005* 
0.002* 


0.494 
0.207* 
0.161 
0.023* 
0.036 
0.002* 
0.010 
0.009 
0.044 
0.001* 
0.013* 
0.006* 


0.495 
0.127* 
0.264 
0.008* 
0.019 
0.007* 
0.006 
0.010 
0.026 
0.002* 
0.019* 
0.017* 


0.371 
0.126* 
0.331 


0.030% 





| 
5 
= 


0,139 
—3.429 


0.358 
—3.785 


—0.111 —0.163 


—3.028 


—3.016 


—0.165 
—2.290 


—0.209 
—2.139 


RVNKKRKOKKKK KKK O 


NNNOSNSNNNNN 
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invalid for this example. This failure may be due in 
part to taking the energy difference of the 1d3,2 and 
251/2 orbitals equal to zero. It is also possible that the 
parameter P (here taken as 0.5) has been overestimated. 
The introduction of a positive excitation energy of one 
or two Mev for the 1d3,2 orbital does not appear to be 
sufficient to remedy the matter, and it appears that a 
reduction in P is required. Furthermore, nuclear forces, 
which are neglected here, may play an especially im- 
portant role. 

Although the intermediate coupling procedure fails 
here, the wave function derived yields physical proper- 
ties of 15Pis which are in reasonable agreement with 
experiment. Deviations from the Schmidt s;;2 moments 
are: 

b—b1j2=—1.490 (odd Z) 


=1.164 (odd N). 


(37) 
(38) 


The experimental deviation for 1sPi. is — 1.8, while the 
theoretical shift for odd V may be compared with 
deviations observed in heavier nuclei in which the odd 
neutron is assigned to a 351/2 orbital (coupling 2d3,» 
orbitals) : 
UU L1/2= 1.14 for 54X65 

=1.18—1.03 for 52Tee¢:, 63 

= 1.26 for asCde3 

= 1.05—0.87 for 505N¢s, 69- “ 9) 


The Gamow-Teller (G-T) matrix element for the image 
transition 1691515 16 is given by” 


fe = (2/T)L| I,m’, T, +T|S.—Sp|I,m,T,+T)|? 


=12|[1/2 1/2] (S,—S,).|1/2 1/2]|?=0.032, 
(40) 


a substantial reduction from the value of 3 obtained 
1” M. Bolsterli and E. Feenberg, Phys. Rev. 97, 736 (1955). 
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TABLE XII. Matrix elements of yu, for a single-nucleon description 
with J=5/2. 








(x K ; 5/2 5/2 | us| o’K; 5/2 5/2) 





M5/2 

(23/35 \usret+ (6/7)ge 

(27/49) urzj2— (1/7 ge 

(23/21 )usr2+ (11/7 ge 

bu2t2ge 

(1/7) (—ps/2+20g.) 
(1/7)(—Sps2+25ge) 

(9/49 \urret (13/1 1 ge 

(31/130) (v2)[ (2/5 usre— (5/3 \use] 
(8/21)[(2/5)us2— (5/3) us/2] 


WP POD DHNO] A 








TaBLe XIII. Matrix elements of u, for a single nucleon-description 
with J=7/2. 








j’ (vjK ; 7/2 7/2 |us|vj’K; 7/2 7/2) 





7/2 
7/2 
5/2 
3/2 
7/2 
5/2 
3/ 

1/2 
3/2 
3/2 


M7/2 
YS he ney 
(1/9) (37/5)usi2-+13ge 
uy2t2ge 

(1/9)[ (23/21 )uz/2+20ge] 

(1/5 )us2+32e6 

(1/9)[(—1/3)usi2+32ge] 

(1/9) (7u1/2+28¢-) 

(4/15)[(2/Sus/2)— (5/3) use] 

(232/225) (1/11)""[ (2/5 )usre— (5/3)us/2] 


Rhy SP PP RDO DDH O 








if one assumes the odd nucleons to be in pure 251/2 
orbitals, and in qualitative agreement with the experi- 
mental value of about 0.18. 


4. COUPLING OF 1g;/2, 2d}, 2d), AND 3s; ORBITALS 


Close competition between 1g7/2 and 2d5,2 proton 
orbitals is expected in s:Sb7o and s:Sb72. J=5/2+ for 
515b79 while 5;3Sbzz2 has J=7/2+. The reason for this 
difference is not evident. Identical discrepancies occur 
for the isotope pairs ssl 74,75 and 55Cs76, 73. 2d3/2 and 3512 
proton orbitals are also assumed to have equal energies. 
The energy difference between the two pairs is desig- 
nated by e: 


e= E(2d3;2, 351/2)— E(1g7/2, 2ds/2). (41) 


Reduced matrix elements of Y? for these single nucleon 
orbitals are given in Table IX. 

A single-nucleon description is not strictly applicable 
to siSbz_72 because of the 20-22 neutrons in unfilled 
shells. A complete analysis is hardly feasible here, and 
a single-nucleon treatment will be employed to give an 
indication of the importance of the surface waves for 
these nuclei. Tables X and XI give the amplitude coef- 
ficients, energy displacements, magnetic moments, and 
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electric quadrupole moments of the J=5/2+ and 
I=7/2-+- states for various values of P and e. Matrix 
elements of uw, needed for the magnetic moments are 
given in Tables XII and XIII. In this region, hw is 
about 2 Mev. The sign of the difference between the 
energy displacements for the 5/2+ and 7/2+ states is 
a function of e, and hence no insight into the question 
of which state should be the ground state is provided 
by the calculation. 

In both nuclei, the quadrupole moment is accounted 
for by the surface waves. For the 5/2+ state, the 
deviation of the magnetic moment from the Schmidt 
line is consistently in the correct direction and equal 
to about 1/2 of the observed shift. The deviation 
—w7/2 is small but in the correct direction if one 
couples only 1g7/2 and 2ds,2 orbitals, but the addition 
of 2d3/2 and 3s1/2 orbitals gives a small shift in the wrong 
direction. 

The first excited state of 5:Sb72 has spin 5/2+ with 
an excitation energy of 153 kev. An investigation of the 
electromagnetic transition 5/2+—+7/2+- is therefore of 
interest. The magnetic dipole transition 2d5;2—1g7/2 is 
l-forbidden, but a substantial M1 matrix element is 
provided by the coupled system along with a strongly 
reinforced £2 transition. The mean lives for these 
transitions are given in Table XIV. 


TaBLE XIV. Reciprocal mean lifes for the electromagnetic 
transition 5/2+->7/2+ (applicable to s:Sb72) given in sec™. 








P 1/2 1 1/2 1 1/2 1 





t/he re) Pd 1 ey 
1/rmi 7.00105 1.50107 4.53 X108 
1/re: 9.56108 9.37 X10*® 7.65 X10* 


0 
4.92 X108 
4.62 X108 


6.34 X108 5.36 X108 
6.40 X10® 5.78 X108 








A major deficiency of the procedure applied here is 
that nuclear forces have been neglected. In particular, 
the tensor force couples nucleon orbitals of the same 
parity which differ by no more than two units of 
angular momentum. Hence the tensor force to some 
degree may produce effects similar to those of the 
surface oscillations. A detailed treatment involving 
nuclear forces and collective oscillations may therefore 
yield better agreement with experiment than the 
present description. 
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Angular Correlation of Gamma Radiations from Oriented Nuclei* 
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The angular correlation between the cascaded gamma rays following the decay of Co nuclei oriented at 
low temperatures has been determined. Comparison with the directional anisotropy of the individual gamma 
rays affords a test of the theory of Cox and Tolhoek largely independent of hyperfine interaction details 
and temperature determination. The theoretical predictions are confirmed. 





INTRODUCTION 


N 1952 Cox and Tolhoek! published results of 
calculations predicting the manner in which the 

angular correlation between cascaded gamma rays 
should depend on spatial orientation of the parent 
nucleus. These first results were restricted to the 
special but physically interesting cases of two dipole or 
alternatively two quadrupole photon emissions, with 
maximum nuclear spin change for each transition; 
subsequent work? has expanded and generalized the 
treatment to cover other combinations of multipole 
emission and to account for the effects of preceding 
undetected radiation.’ Steenberg® has developed expres- 
sions for the expected vopulation distributions for 
some of the practicable orientation methods. The 
result, in the case of Gorter-Rose orientation used in the 
present experiments, is substantially more complicated 
than the Boltzmann distribution. Since it appears 
doubtful whether enough is known about the structure 
of the crystal employed to justify use of the more 
refined expressions for the population distribution, 
we utilize the Boltzmann distribution for making 
numerical estimates in the present paper. 

Lemmer and Grace’ have recently measured the 
angular correlation of the gamma rays in Ni®™, in a 
mixed Tutton salt, at 20°K and at 288°K. The corre- 
lation at 20°K was found to be identical with that 
observed at room temperature, establishing the absence 
at this temperature of any significant perturbation of 
the intermediate state in the gamma cascade, and 
giving confidence that none would be encountered at 
lower temperatures. 

Currently available techniques for producing nuclear 
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fulfillment of the requirements for the degree of Doctor of 
Philosophy at Ohio State University. Present address: The Rice 
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®N. R. Steenberg, Proc. Phys. Soc. (London) A66, 399 (1953). 
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orientation through hyperfine interaction*-” in a para- 
magnetic salt cooled by adiabatic demagnetization 
yield appreciable degrees of polarization or align- 
ment," but introduce a number of obstacles to the 
measurement and interpretation of angular correlation 
distributions. The general purpose of the present 
experiment was to determine, first whether such 
measurements are feasible; and if so whether the 
results confirm the theoretical predictions; and second, 
whether the results will yield new information con- 
cerning either nuclear or crystalline structure. 

We have determined the angular correlation between 
the cascaded gamma rays in Ni® following beta decay 
of Co nuclei polarized at low temperatures in cerium 
magnesium nitrate. As will be seen, the results are in 
good agreement with the predicted distributions, and 
confirm the theory upon which they are based. Calcu- 
lations and experimental procedures, together with 
the results, are given in the present paper. A discussion 
of the sensitivity of the results to the details of the 
hyperfine interaction (at best, imperfectly known for 
the salt in question), will be given in a forthcoming 
article. 

I. THEORY 


Angular Correlation and Distribution 


For a gamma-ray cascade following decay of nuclei 
partially oriented with respect to some axis in space, 
the angular correlation function depends not only on 
the angle 6 between the emission directions of the two 
photons, but also on the angles @,,02 of each with respect 
to the orientation axis. For the case of present interest, 
two quadrupole radiations, each with maximum nuclear 
spin change, the expression for the angular correlation 
(apart from a normalizing factor) is* 


4 
W (01,02; 0)= > NoxforGex (01,02; 0). (1) 
k=0 


The coefficients V2, depend on the spin J; of the initial 
state in the gamma-ray cascade. In the present notation 


8 C. J. Gorter, Physica 14, 504 (1948). 

°M. E. Rose, Phys. Rev. 75, 213 (1949). 

1B. Bleaney, Proc. Phys. Soc. (London) A64, 315 (1951); 
Phil. Mag. 42, 441 (1951). 

4 Daniels, Grace, and Robinson, Nature 168, 780 (1951). 

12 Ambler, Grace, Halban, Kurti, Durand, Johnson and Lemmer, 
Phil. Mag. 44, 216 (1953). 


1381 





JASTRAM, 





44 Fic. 1. Relevant 
part of the cobalt- 
60 decay scheme. 
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the general form given by Cox and Tolhoek*: becomes 
No (I) = 2*1**(27—2k)!/(21)!, k=0,1,2,--- 


The functions f, describe the state of orientation of 
the initial state; they depend upon the even moments 
of the population distribution over the nuclear mag- 
netic sublevels, suitably weighted by expressions 
containing the nuclear spin. A general formula for 
fx is given in reference 13 (p. 107), as well as explicit 
expressions for f,---f, in terms of the population 
moments. The functions fs and fs appear in reference 4 
(page 1184). The products N2.f2; characterize the orien- 
tation of the initial state for subsequent gamma 
emission. The factors Gj, contain the dependence of 
the angular correlation on the three angles which 
describe the direction of the two photons with respect 
to each other and to the axis of orientation. The explicit 
expressions are given in reference 4 (p. 1183), in terms 
of cosines of the various angles. 

For random orientation, the parameters f; all vanish 
except fo; Eq. (1) then reduces to the well-known 
correlation 


W (6) = (constant)Go(6) = 1++4 cos’6+ (1/24) cos@. (2) 


Nuclear orientation will cause the radiation pattern 
of each gamma ray to be anisotropic.*"*—"® For quadru- 
pole radiation with a nuclear spin decrease of two units 
the angular distribution is'*:16 


F(6)=1—(15/7)N2feP2(cosd)—5NafsPs(cos), (3) 


where the parameters WV and f have the same significance 
as before, and P2,P, are Legendre polynomials. The 
distribution (3) has been well verified by experi- 
ments!!!2.17.18 on oriented Co. 

The results (1) and (3) for the angular correlation 
and distribution are derived on the assumption that 
the oriented system has axial symmetry, and that the 
pertinent angles are measured with respect to the axis. 

18H. A. Tolhoek and J. A. M. Cox, oo 19, 101 (1953). 

4 J. A. Spiers, Nature 161, 807 (1948). 

16 N. R. Steenberg, Proc. Phys. Soc. (London) A65, 791 (1952). 

16H. A. Tolhoek and J. A. M. Cox, Physica 18, 357 (1952). 

17M. A. Grace and H. Halban, Physica 18, 1227 (1952). 


18 Poppema, Beun, Steenland, and Gorter, Physica 18, 1235 
(1952). 
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If there are two orientation mechanisms with non- 
parallel axes then the resulting patterns must in general 
be expressed as the sum of two distributions of the form 
(1) or (3), suitably weighted and projected along the 
directions of measurement. 

The most satisfactory test of the predicted effect of 
orientation on angular correlation would be a com- 
parison between measured coincidence rates and values 
of W (6,,02; 8) computed for various known temperatures 
and applied magnetic fields, which in principal deter- 
mine the orientation parameters f,. Unfortunately the 
details of the hyperfine interaction between the cobalt 
nucleus and its environment are insufficiently well 
known to allow this approach. A somewhat less direct 
but still decisive test is available in a comparison 
between angular correlation and angular distribution 
of the individual gamma rays. Two approaches are 
possible here: (a) to find the orientation parameters 
fe and f, empirically from the radiation patterns, 
inserting the values in the expression for the angular 
correlation ; and (b) to assume some physically reason- 
able population distribution from which both correlation 
and angular distribution can be computed. Method (a) 
has the advantage of by-passing the (unknown) 
hyperfine interaction, except for the assumption of 
axial symmetry. It is subject to possible error in 
neglecting the contribution of f, and fg to the angular 
correlation; however, at the moderate orientations 
observed these are expected to be small. Method (b) 
entails no approximations in the calculation of either 
the angular distribution or correlation, but in order to 
carry any conviction requires a careful study of how 
sensitive the computed relations are to the specific 
population distribution assumed. Here we have chosen 
the second approach, assuming for the parent nucleus 
a Boltzmann population distribution with equally 
spaced magnetic levels: 


= Ceo, (4) 


This distribution would indeed hold for a system of free 
nuclei in a uniform magnetic field, with 


B= guyB/kT, (5) 


in the usual notation. A major convenience of the ex- 
ponential distribution is that the degree of orientation 
is determined by a single parameter ; although in general 
we will not expect that it correctly describes the popula- 
tion distribution over the nuclear magnetic sub-levels in 
Gorter-Rose orientation,'® we may still look upon it as 
an approximation, and a useful tool for examining 
orientation effects.” 

Since it is not experimentally feasible to determine 


Under certain conditions both the Bleaney and Gorter-Rose 
methods result in a Boltzmann population distribution over the 
nuclear magnetic sublevels. For Bleaney alignment the require- 
ment is A>>B in the hyperfine part of the Hamiltonian 
H=AI,S,+B(1,S:+1,S,); for the Gorter-Rose method, the 
applied magnetic field must be strong enough so that the spacing 
of the ionic levels is large compared with that of the nuclear levels. 








ANGULAR CORRELATION 


the angular correlation in detail at a number of differ- 
ent angles, we determine the coincidence rates at 90° 
and 180°, and use the ratio W (6,,0.; 180)/W (6;,02; 90), 
for which the effect in the present case is expected to be 
greatest. This ratio is plotted against the anisotropy 
in the individual gamma-ray distribution defined by 


e=1—[F(0)/F(90)]. (6) 
The angular correlation axis defined by the two counters 
placed on opposite sides of the source may be fixed at 
any desired angle 6; with respect to the orientation 
axis. The choice is of some interest: For 6,=0 (referred 
to subsequently as “Geometry I’’) the predicted Ni® 
correlation decreases with increasing orientation, and 
appears to be comparatively sensitive to the detailed 
orientation mechanism. For @,=90° (Geometry II), 
the expected correlation increases rapidly, and at 
moderate degrees of orientation is quite insensitive to 
the type of population distribution assumed. The ex- 
pressions for the angular correlation function reduce in 
the two cases to: 

Geometry I: (6:=0) 
W (0,90 ;90) =0.1525—0.208N ofs 

—1A7TN a fs—O.10Nofe+1.5N ofp, 
W (0,180 ;180) =0.1780—0.554V of. 
—0.532N a fst+3.7 No fet4.0N fs. 
Geometry IT: (@,=90°) 
W (90,180 ;90) = W (0,90 ;90), 

W (90,270 ;180) =0.1780+-0.277.Nofs 

—0.200N ¢fs—1.2Nefe+1.18N sf. (10) 


The angular distributions are always measured with 
respect to the orientation direction: 


F(0)=1—2.14N2f2—5.00N 4 fi, (11) 
F (90) =1+1.07N 2 fo—1.88N fs. (12) 


Effect of Preceding Radiation 


Usually the first gamma-emitting state is not the 
radioactive parent, but is reached by a transition such 
as beta decay in which the emitted quantum goes un- 
detected. Co™ is an example; the relevant part of the 
decay scheme is shown in Fig. 1. Since it is the com- 
paratively long-lived parent nucleus that is subject to 
orientation, one must know what effect the beta transi- 
tion has on the Nf products appearing in (1). This 
problem also has been treated by Cox and Tolhoek,® 
who give relations connecting the orientation param- 
eters fx(Jo), f.(7:) belonging to the parent and initial 
daughter state respectively, both for beta and for 
gamma transitions.” For the case of Co™, numerica] 

* A result of particular significance for the present work is 
that for any transition involving maximum change in nuclear 
spin consistent with the degree of forbiddenness, each Nifx 
product remains unaltered. As Cox and Tolhoek point out, the 


result in the case of Ni® is that both gamma rays have the same 
directional distribution, 
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Fic. 2. Theoretical anisotropy of the gamma radiation pattern 
for quadrupole transitions with AJ=2. The ratio of emission 
probabilities parallel and perpendicular to the orientation axis 
- plotted upward at the left and the anisotropy e=1—[F(0)/ 

*(90)] is plotted downward on the right, both as functions of 8. 
The curves correspond to three possible choices of Co™ spin and 
mode of allowed beta decay. 


values of quantities proportional to Nof, and N4f, 
computed on the assumption that the parent nuclear 
substates are exponentially populated, are tabulated 
as a function of the parameter 8 by Cox, deGroot, and 
Hartogh.”" Despite the comparatively high value of 
log ft (7.4), the allowed shape of the beta spectrum and 
absence of beta-gamma angular correlation”? indicate 
that the beta decay of the Co™ ground state to the 
Ni® second excited state is probably allowed. This, 
together with the low intensity of the beta transition 
to the first excited level?® in Ni®, restricts the Co™ 
ground-state spin to the values 4 or 5. 

Curves of anisotropy versus 8 are shown in Fig. 2 
for three choices of the Co spin and type of allowed 
beta decay: Jo=5, (Gamow-Teller only); Jo=4, 
(Fermi); and J>=4, (Gamow-Teller). For the choice 
Iy>=4, a mixture of Fermi and Gamow-Teller contri- 
butions produces a curve that lies between those for 
pure transitions. A similar plot, for angular correlation 
as a function of 8 is shown in Fig. 3. In principle a meas- 
urement of either anisotropy or correlation, combined 
with knowledge of the temperature and hyperfine 
interaction (which determine 8) would permit deter- 
mination of the mode of beta decay; but unfortunately 
in the present case neither the temperature nor (especi- 
ally) the hyperfine structure are sufficiently well known 


21 Cox, deGroot, and Hartogh, Physica 19, 1123 (1953). 


2 Deutsch, Elliott, and Roberts, Phys. Rev. 68, 193 (1945). 

%C. Y. Fan, Phys. Rev. 87, 252 (1952). 

*R. L. Garwin, Phys. Rev. 76, 1876 (1949). 

2 G. L. Keister and F. H. Schmidt, Phys. Rev. 93, 140 (1954). 
Their work strongly favors spin 4 for the Co™ ground state but 
does not appear to exclude 5 completely. 
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Fic. 3. Predicted dependence of angular correlation for the 
gamma-gamma cascade 4(2)2(2)0, on the parameter 8. The upper 
curves correspond to geometry II, the lower curves to geometry I. 


to distinguish among the three cases.*® Although the 
unknown parameter 8 may be eliminated by plotting 
correlation against anisotropy, the resulting curves for 
the three modes of beta decay, throughout the range 
of feasible orientation, precisely coincide. 


Observed Quantities and Corrections 


We consider in this section the relation between the 
measured counting rates and the theoretical distribu- 
tions. The coincidence counting rate, exclusive of 
accidental background, between counter 1 at 6; and 
counter 2 at #2=6,+8 is approximately 


Cr= 2vW (61,02 0) [mQinQ |, (13) 


where v is the source decay rate via the gamma-ray 
cascade, » the counter efficiency, and the solid angle, 
expressed as the fraction of a sphere, which the counter 
subtends at the source. Equation (13) holds provided 
(a) the efficiency-solid angle product 2 for each counter 
is the same for both gamma rays; and (b) the correla- 
tion function W (6,0. ;@) is symmetric in 6;, 62. Condition 
(a) holds very well for photons as close in energy as 
those in Ni®; and (b) is satisfied wherever, as in Ni®, 
_ the two photon transitions have the same multipolarity 
and entail maximum nuclear spin change. 

Provided the cascade is the only significant part of the 
decay scheme in which either gamma ray occurs (no 


26 The case of Co®*, in which the disparity among the possi- 
bilities is much greater, has been studied by J. M. Daniels et al. 
[Phil. Mag. 43, 1297 (1952) ] who find an anisotropy correspond- 
ing to AJ=0 (G.T.), 
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important competition leading either to or from the 
intermediate level), the corresponding singles rates also 
contain the factor pv: 


C= 2vF (6;)9Q, C.= 2vF (82)nQe. 
For random orientation (@=0), F(@)=1: 
C= 2ymQh, Ci= 2ynQe. 


(14) 


(15) 
The following ratios eliminate the solid-angle efficiency 
factors of the individual counters, and at the same time 
yield the desired anisotropy and correlation function: 
In Geom. J, with counter 2 at 90° and counter 3 at 
180° with respect to both counter 1 and the polarization 
direction, 


C3/C F(180) 

C:/C? F(90) 
C1:/C W(180) 
Cu/C? W(9) 


1—e, (16) 





Account must be taken of the effect of counter solid 
angle and source extension, in relating the distributions 
measured with counters of finite size to the inferred 
rates at the counter centers. If reasonably small, both 
effects may be combined and expressed in terms of a 
set of attenuation coefficients J; in the Legendre poly- 
nomial expansions for the angular distribution and 
correlation?’—® ; 


F(6) =2,°A ond okP ox (cos@), (18) 

W (61,02 0) =e? Bor J ox? P 2x (cos). (19) 

The functions F and W are the measured quantities 

that appear in Eqs. (16) and (17), reducing to the 

theoretical forms (1) and (3) only for point sources and 

infinitesimal counters (Jy,—1). For our geometry we 

estimate: J.=0.943, J,=0.80; using these values, 

the theoretical distributions (7)-(12), corrected for 

counter solid angle and source extension, become 
W (0,90 ;90) =0.1533—0.226N 2 fo 

—1.34N4f,—0.26N ofe+0.97 Nfs, 
W (90,180 ;90) W = (0,90 ;90), 


W (0,180 ;180) =0.1755—0.544N 0 fe 
—0.421N sfit+2.7Nofot2.7Nofs, 
W (90,270 ;180) =0.1755+0.267N of 
~0.158N 4 fs—0.88N ofo+0.71N sfs, 
F(0)=1—2.02N 2fo—4.00N sa, (23) 
F(90)=1+1.01N2fe—1.50N afi. (24) 


The net effects on the ratios W(180)/W(90) and 
F(180)/F(90) are 1 to 2% and less than 1%, respec- 
tively. 

37S. Frankel, Phys. Rev. 83, 673 (1951). 

28M. E. Rose, Phys. Rev. 91, 610 (1953). 


*® Walter, Huber, and Zunti, Helv. Phys. Acta 23, 697 (1950). 
*® A, M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 
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II, EXPERIMENTAL METHODS 


Cobalt ions including a few microcuries of Co were 
introduced as divalent impurities in cerium magnesium 
nitrate, a procedure used by Ambler et al.” in the first 
successful attempt at Gorter-Rose orientation. Relevant 
thermal and magnetic properties of this salt at low 
temperatures have been studied by Cooke, Duffus, and 
Wolfe* and by Daniels and Robinson,” who have 
carried out a detailed calibration of cerium magnesium 
nitrate to determine the relation between the Kelvin 
and magnetic temperatures near the Curie point. This 
salt offers two important advantages for orientation 
work: it has a sufficiently low Curie temperature 
(~0.003°K) to permit appreciable orientation at 
moderate values of applied field, and, in addition, the 
electronic g-factor of the cerium is highly anisotropic, 
so that the orienting field, directed along the axis of 
minimum susceptibility, may be applied without 
significantly raising the crystal temperature. 

The sample mounting is shown in Fig. 4. Eight single 
crystals with a total mass of about 2.5 grams, con- 
taining in all between 10 and 20 microcuries of Co™ 
were glued with Cutex lacquer to a mica sheet. The 
crystals were all mounted in the same spatial orienta- 
tion, with axes parallel. The mica sheet was supported 
by a thin-walled Pyrex tube, which in turn was fastened 
to a guard salt composed of ten grams of iron ammon- 
ium alum. The entire assembly was attached with 
Araldite 101 to a glass pedestal of thin-walled tubing. 
The sample was brought to about 1°K in a field of 
24 kilogauss, and adiabatically demagnetized to about 
0.003°K. 

The magnetic temperature of the specimen was 
determined from susceptibility measurements at 150 
cps, carried out with a Hartshorn mutual inductance 
bridge. Some contribution from the guard salt was 
detected, but was significant only in the calibration 
range between 4° and 1°, and, with sample absent, could 
be measured with sufficient accuracy to correct the 
calibration. The susceptibility at low temperatures 
could be obtained by using the calibration curve deter- 
mined in zero field, then correcting analytically for the 
effect of the applied magnetic field.“ In the present 
work the anisotropy in the radiation pattern of the 
individual gamma rays forms the most useful index of 
the state of the nuclear spin system, the temperature 
playing an essentially corroborative role. 

The gamma rays are detected by means of scintil- 
lation counters, shown in place around the cryostat in 
Fig. 5. Each counter employs a 1-inch by 1-inch thal- 
lium activated sodium iodide crystal coupled by a 7- 
inch lightpipe of cast Lucite to a Type 6199 multiplier 


31 Cooke, Duffus, and Wolfe, Phil. Mag. 44, 623 (1953). 

3 J. M. Daniels and F. N. H. Robinson, Phil. Mag. 44, 630 
(1953). 

%D. DeKlerk and R. P. Hudson, J. Research Natl. Bur. 
Standards 53, 173 (1954). 

4 FE. Ambler ‘(private communication). 
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Fic. 4. Detail of the sample mounting. 


phototube. The latter is protected from the orienting 
magnetic field by a mu-metal shield surrounded by an 
outer shield of }-inch soft ion. The orienting field is 
produced by two coaxial opposed pairs of Helmholtz 
coils (Fig. 5) with exciting currents chosen so that the 
dipole moments of the two pairs just cancel. This 
arrangement caused the fringing field to fall off rapidly 
enough to have no detectable effect on the photo- 
multiplier tubes, even along the field axis, where the 
cylindrical magnetic shield is least effective. In the 
sketch three counters are shown mounted at 0°, 90° 
and 180° with respect to the polarizing field—the 
arrangement designated “Geometry I.” Counters and 
Helmholtz coils are fastened to separate ring-shaped 
platforms which may be independently rotated about 
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Fic. 5. Scintillation counters and Helmholtz coils 
in position around the cryostat. 


the vertical axis; the combined assembly is mounted on 
a table which rolls on accurately placed rails with a 
preset stop at the cryostat. After demagnetization, the 
24-kilogauss magnet (not shown) is rolled away, the 
counter table moved in place, the counters and Helm- 
holtz coils rotated to the correct positions and the 
orienting field applied ; this operation can be completed 
consistently within thirty-five seconds. 

A block diagram of the circuitry for two counter 
channels is shown in Fig. 6. The linear amplifier and 
discriminator® in each channel select the photoelectric 
absorption lines of the appropriate gamma rays in the 
scintillation counter. Quanta scattered from the 
paramagnetic crystal or cryostat, being degraded in 
energy, are rejected, so that only unscattered photons 
are counted; this is of particular importance here, 
since the angular correlation is especially sensitive to 
scattering in the vicinity of the source.2’..#6 Counter- 
to-counter scattering, which would otherwise result in 
spurious coincidence counts, is also eliminated. The 
fast amplifiers are designed to provide amplitude limited 
pulses of short rise time at the fast coincidence circuit. 
The coincidence resolving time of the system, including 
counters, is approximately 20 millimicroseconds. At 
typical counting rates—one to five coincidences per 
second and 1500 to 4000 single counts per second—the 
correction for accidental coincidence background 


35 P. S. Jastram (to be published). 
86H. Frauenfelder, Ann. Revs. Nuclear Sci. 2, 149 (1953). 
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amounts to between 4 and 6%, and in the ratio of 180° 
to 90° coincidence rates to less than 2%. 

The warm-up time, from demagnetization to the 
point (~0.1°K) of vanishing radiation anisotropy, 
varied from ten to twenty minutes. Single counting 
rates were recorded at fifteen-second intervals, (with 
five seconds off for reading the scalers) and coincidences 
every twenty seconds. Several counting runs were 
required to accumulate a sufficient number of coin- 
cidence counts in any given interval of the warm-up 
period to be statistically significant. The coincidence 
rates in different runs were then correlated according 
to corresponding ranges of anisotropy (rather than 
temperature). Ten demagnetizations yielded approxi- 
mately 3% precision in an anisotropy interval of 0.05. 

In order to eliminate efficiency and solid-angle 
parameters of the individual counters, both the coin- 
cidence and single counting rates must be normalized 
by dividing by the single rates in the absence of orienta- 
tion (see Eqs. (16), (17)). These rates were determined 
at the end of each warm-up period over three successive 
100-second intervals. The normalized rates 


F;=C,/CP, W=Ci,/CP, (25) 
and the corresponding anisotropy and correlation values 
e=1—(F;/F2), x=Ws3/We2, Geom. I, (26) 


are quantities from which, as far as is possible, de- 
pendence upon instrumental factors peculiar to a given 
run have been eliminated, and the values of which from 
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ANGULAR CORRELATION 


different runs may be compared and combined. This 
treatment offers no protection against drift in counter 
sensitivity during a given warm-up period. One may not 
normalize the coincidence rates by the low-temperature 
singles rates, for the crux of the experiment is to deter- 
mine the relation between correlation and anisotropy. 
The best checks available against drift are intercom- 
parison of the final three long singles counts at the end 
of each run, and requiring a reasonably consistent 
relation between magnetic temperature and single 
counting rate in each channel. 


III. RESULTS 


The CO® angular correlation is shown expressed as a 
function of the anisotropy, for an applied orienting 
magnetic field of 200 gauss, in Fig. 7. The experimental 
points are compared with the relations (solid lines) that 
hold for an exponential population distribution of 
parent-nucleus magnetic sublevels, which were ob- 
tained using Eqs. (20) to (24). In Geom. I (lower 
curve) the angular correlation decreases with increasing 
nuclear polarization ; W (90) and W (180) both decrease, 
but the latter more rapidly at low degrees of polariza- 
tion. In Geom. IT (6,;=90°), W(90) is the same as in 
Geom. I, but W (180) increases, with the result that the 
angular correlation rises rapidly with anisotropy, so 
that even with the moderate degree of orienta- 
tion obtained the correlation increases from the 17% 
“room temperature” value to over 50%. Figure 8 shows 
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Fic. 7. Measured correlation as a function of anisotropy at 
corresponding temperatures in a polarizing field of 200 gauss. 
The upper points are for geometry II and the lower ones for 
geometry I. The curves for a Boltzmann distribution over equally 
spaced nuclear magnetic levels, corrected for finite geometry of 
source and detectors, are plotted from Figs. 2 and 3 at corre- 
sponding values of f. 
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Fic. 8. Measured correlation versus anisotropy in a 330 gauss 
polarizing field for geometry II. The theoretical curve is identical 
with that given in Fig. 7. 


similar results for Geom. II only, corresponding to an 
orienting field of 330 gauss. Except for the two high 
points in Fig. 8, the experimental results are in excellent 
agreement with the predicted values, and confirm the 
theory of angular correlation for oriented nuclei. A 
number of comments are still needed to support the 
generality of this conclusion. 


IV. DISCUSSION 


1. Spin of Co and mode of beta decay.—For the 
assumed exponential distribution over parent substates, 
all the possible choices of Co™ spin and allowed beta 
decay (Jp=5, Gamow-Teller; Jo>=4, Fermi; Jo=4, 
Gamow-Teller) yield curves of correlation vs anisotropy 
that are identical within the thickness of the lines on 
the graph. That a more pronounced divergence may be 
expected at higher degrees of orientation is probably 
largely of academic interest: the corresponding curves 
of anisotropy and correlation versus orientation (Figs. 
2 and 3) diverge much more rapidly, indicating that 
hope for determining the parent spin and beta-decay 
mode of Co and similar cases by orientation methods 
lies mainly in combining angular distribution meas- 
urements with improved knowledge of the nuclear 
environment. 

2. Hyperfine interaction—Some calculations based 
on more refined estimates of the parent ground-state 
population distributions in Gorter-Rose orientation!® 
than the simple exponential distribution lead to the 
result that within the experimental range of orientation 
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the correlation-anisotropy relation in Geom. II is 
largely insensitive to specific assumptions about the 
hyperfine interaction, over a considerable range of 
reasonable choices. Accordingly, within the experi- 
menta! statistics, comparison between theory and ex- 
periment in Geom. II suffers from no ambiguity re- 
sulting from the present lack of information on the 
hyperfine spectrum of the cobalt ion in cerium mag- 
nesium nitrate. In Geom. I, on the other hand, the 
theoretical curve is comparatively sensitive to the type 
of ionic structure assumed, and it is in fact somewhat 
puzzling that the exponential population distribution 
appears to give as good a fit with experiment as it does. 

3. Perturbation of the intermediate state —If the inter- 
mediate state in a cascade of two successive radiations 
has a lifetime comparable with the Larmor precession 
time of the nucleus in the field of the atomic shell, the 
angular correlation may be disturbed, usually in the 
direction of decreased anisotropy,*’** In terms of the 
hyperfine splitting Av, the critical time is 


te= (2rcAv). (27) 


Cobalt ions (in other salts) are found to have hyper- 
fine level separations of about 0.01 cm~, which, as- 
suming a g-factor of the order of unity for the first 
excited state in Ni®, leads to an estimated critical 
time of approximately 10~® second. On this basis no 
detectable attenuation of the angular correlation is to 
be expected, for both room-temperature angular cor- 
relation measurements with a metallic source in a 
strong magnetic field® and direct lifetime measure- 
ments® place an upper limit of 10-" second on the mean 
life of the first excited state in Ni®. Moreover, in Geom. 
I one of the coincident gamma rays is always directed 
along the axis of orientation; the component of a per- 
turbing magnetic field in this direction can cause no 
attenuation of the correlation.’ The most pronounced 
effect is to be expected in Geom. II, where the 180° 
coincidences occur in the plane normal to the axis of 
the applied field“'; however, it turns out that in the 
present case the attenuation is not expected to increase 
appreciably with orientation; the curves correspond- 
ing to maximum attenuation cannot be distinguished, 
within our statistical precision, from the unperturbed 
correlations plotted in Figs. 7 and 8. 

The results of the coincidence measurements of Bay 
el al. include an upper limit to the mean life of the 2.50- 
Mev level in Ni®—also 10~" second—ensuring neg- 
ligible perturbation of that state by extranuclear fields. 

A question on which the present experiments throw 
some light but cannot presume to settle is whether 


37 G. Goertzel, Phys. Rev. 70, 897 (1946). 

% K. Alder, Phys. Rev. 83, 1266 (1951). 

® Aeppli, Frauenfelder, Heer, and Ruetschi, Phys. Rev. 67, 
379 (1952). 

# Bay, Henri, and McLernon, Phys. Rev. 97, 561 (1955). 

41K. Alder, Phys. Rev. 84, 369 (1951). 

 C. J. Tsao (private communication). 
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angular correlation measurements can be expected to 
yield information beyond that given by the technically 
simpler observation of angular distributions of indi- 
vidual gamma rays. That they should in principle give 
additional information about the radioactive parent 
and initial mode of decay follows from the more de- 
tailed dependence on the initial population distribu- 
tion: in the case of two successive quadrupole radia- 
tions the angular correlation depends on the sixth and 
eighth moments (through f¢ and fs), while the angular 
distributions contain nothing higher than the fourth 
moment. The contributions of the higher moments are 
too small, however, at moderate orientation, to be of 
any use. It is not by any means clear whether the in- 
sensitivity of the correlation—anisotropy relation to 
the mode of prior decay will persist for decay schemes 
that differ materially from that of Co; calculations 
of the dependence of correlation on orientation are 
needed for other commonly occurring special cases, 
notably the gamma cascade between successive states 
with spins 2,2,0. 

As in certain cases the angular correlation may be 
substantially increased by practicable degrees of 
orientation, we may reasonably expect that details of 
the correlation where one of the gamma transitions 
comprises a mixture of two different multipoles will 
also be usefully enhanced. 

Angular correlation measurements on oriented nuclei 
are found to be feasible in favorable cases, and the 
predicted dependence on polarization is confirmed. At 
present it remains an open question whether correla- 
tion measurements will in practice be of sufficient 
advantage over angular distribution observations to be 
worth the additional technical complexity. 
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The focusing atomic beam apparatus has been used to measure the spins and hyperfine structure sepa- 
rations of Au (2.7 days) and Au (3.15 days). The observed spins are 2 for Au! and 3 for Au. Observed 
Av for Au’ is 21 8002150 Mc/sec, assuming yu; to be positive, or 22 500+150 Mc/sec, assuming pu; to be 
negative. Ay for Au™ is 11 110+130 Mc/sec, assuming yu; to be positive, or 11 180-130 Mc/sec, assuming 
uz to be negative. The high Av for Au* made it necessary to study that element by observation of multiple 


quantum transitions. 





I. INTRODUCTION 


HE application of atomic beam techniques to 

radioactive atoms yields information which may 
be difficult to obtain by other means. Beam experiments 
determine the spins of nuclear states unambiguously, 
whereas spin assignments from 8-decay systematics and 
y-ray work are not necessarily unique. Furthermore, 
beam methods permit the determination of nuclear 
moments. Such measurements have been carried out 
on radioactive elements by other methods only in 
rare cases (€.g., y~y angular correlation in a magnetic 
field). 

These considerations have special significance for 
atomic nuclei having an odd number of neutrons and 
an odd number of protons. Since only four such nuclei 
are stable, any systematic study of odd-odd behavior 
must be based on results obtained from elements that 
are unstable to 8 decay or K capture. 

As part of a general program to obtain information 
about radioactive nuclei, we have determined the 
spins and magnetic moments of the ground states of 
Au (2.7 days) and Au (3.15 days). The apparatus 
used was the focusing atomic beam apparatus designed 
and built by Lemonick, Pipkin, and Hamilton! (here- 
after referred to as LPH) and used by Lemonick and 
Pipkin? in their study of Cu™ and Ag". No detailed 
discussion of the equipment will be given here since it 
has been described in LPH. As a general source of 
information and bibliography on atomic beam work 
we refer the reader to the review article by Ramsey.’ 


II. REVIEW OF THEORY 


The interpretation of atomic beam resonance experi- 
ments’ is found in the theory of the hyperfine structure 


+ This work was supported by the U. S. Atomic Energy Com- 
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report was presented at the April, 1955 meeting of the American 
Physical Society in Washington, D. C. [Phys. Rev. 99, 613 (A) 
(1955) ]. 
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1Lemonick, Pipkin, and Hamilton, Rev. Sci. Instr. (to be 
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2 A. Lemonick and F. M. Pipkin, Phys. Rev. 95, 1356 (1954). 

3N. F. Ramsey in Experimental Nuclear Physics, edited by 
E. Segré (John Wiley and Sons, Inc., New York, 1953), Part IIT. 

4Kusch, Millman, and Rabi, Phys. Rev. 57, 765 (1940). 


of atoms which we review briefly here. In this paper, 
we will discuss only atoms for which J (the total 
electronic angular momentum in units of #)=}. 
According to the theory, in zero external field, the 
electronic state of the atom being studied is split into 
two substates (of different energy) characterized by 
the total angular momentum quantum numbers 
F=I+ 3 and F=I—} depending on whether J and J 
(the nuclear spin) are mutually parallel or anti- 
parallel. Each state labeled by a number F consists of 
2F+1 degenerate states which are conventionally 
labeled with quantum numbers m, (hereafter called 
simply m) running in integral steps from F to —F. 
Application of an external magnetic field removes this 
degeneracy. The energy of these states, as a function 
of external magnetic field H, is given by the Breit-Rabi 
relation®:®: 


AW oz 
W (Fm) = —————_——Hm 
2(2r+1) I 


AW 4m ; 
2— (14 +3") a 
2 2I+1 


AW is the separation of the two F levels at zero mag- 
netic field. It is the difference in the energy of interaction 
of the nuclear magnetic moment with the electronic 
magnetic moment for J and J parallel and antiparallel. 
ur is the nuclear magnetic moment in Bohr magnetons 
and x is a magnetic field parameter defined by 


1 
2-—( + (2) 
AWX\ J 


where yy is the electronic magnetic moment in Bohr 
magnetons. We further recall the definition of the 
hyperfine structure splitting Av= AW/h. 

The only dependence on F in Eq. (1) is given by the 
+ sign. + or — is used depending on whether F=/+3 
or [—} respectively.® 

5G. Breit and I. I. Rabi, Phys. Rev. 38, 2072 (1931); Millman, 
Rabi, and Zacharias, Phys. Rev. 53, 384 (1938). 

6 This discussion assumes that y; is positive. The modifications 
for negative mu; are obvious. 
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Fic. 1. Magnetic field dependence of W(F,m) [see Eq. (1)] for 
I =2, J=}. In a very small field each of the states, F=7+J and 
F=I—J, exhibits a normal Zeeman pattern. In a very high field 
there are two main groups of levels corresponding to the two 
possible alignments of J relative to H. The separation of levels 
within either of the main groups at high field is due to the various 
possible orientations of J relative to J. 


Figure 1 is a plot of Eq. (1) for 7=2.’ For small 
values of H (uoH/hKAv, where uo is one Bohr magne- 
ton), F is nearly a constant of the motion and for each 
set of magnetic sublevels labeled by a value of F, one 
has a normal Zeeman pattern. The Zeeman intervals 
at sufficiently low field are all equal and their spacing 
is given by 

v= 1.400H/F ax, (3) 


where » is the frequency (in Mc/sec) corresponding to 
the energy difference between levels m and m+1 and 
H is given in gauss. In a very high magnetic field 
(uoll/h>>Av) there is a so-called Back-Goudsmit 
region (analogous to the Paschen-Back region of fine 
structure theory) in which there are two main sets of 
levels, one corresponding to J aligned parallel to H 
and the other to J antiparallel to H. Here the effect of 
various alignments of J relative to J is to introduce a 
comparatively small splitting (into 2/++1 components) 


of each of the main levels, my=+}3 and my=—}. 


III. EXPERIMENTAL PROCEDURE 


The use of atomic beams to measure nuclear quanti- 
ties (when J=4) is based on the properties of Eq. (1). 
We review here the application of Eq. (1) to the present 
experiment as described in LPH. The apparatus 


7 The general features illustrated by Fig. 1 and described in this 
paragraph are independent of J. In particular, all states having 
F=I[++4 except the one for which m= —(J+}4) will have positive 
effective magnetic moments in a high field. All states for which 
F=I-—+4 as well as the one for which F=J+43, m= —(I+4) will 
have negative effective magnetic moments in strong field. 


consists basically of: (1) an oven for producing a beam 
of radioactive atoms, (2) a focusing A magnet which 
acts on the effective magnetic moments of the atoms 
and transmits only those atoms for which m;=+3 
(we assume for the present that atoms in the A and 
B fields are well out in the Back-Goudsmit region of 
Fig. 1) (3) a homogeneous magnetic field (C field, the 
intensity of which we hereafter denote by H,) in which 
the passing atoms can by subjected to electromagnetic 
radiation, (4) a focusing B magnet which allows only 
those atoms to pass for which my=—}4, (5) a copper 
button upon which are deposited those atoms which 
have succeeded in traversing (2), (3), and (4). The 
number of atoms collected by the copper button can be 
measured by radioactive counting. From the foregoing, 
it will be seen that, in principle, only those atoms will 
get through the apparatus and be detected which have 
undergone a transition from a state which in a strong 
field has my=+} to one which in a strong field has 
m = —}4, i.e., transitions such as a, 8, y--- in Fig. 1. 
By varying the frequency of the applied radiation in 
the C field one observes a resonance behavior in the 
amount of collected radioactivity on the detector 
button. Curves of such resonances are shown in subse- 
quent sections. Some atoms get through the apparatus 
without satisfying the conditions (2), (3), (4) and are 
seen as a constant background. 

The value of H., which determines the rf frequency 
(for given F and Av) necessary to induce transitions in 
the element being studied, is measured by first ob- 
serving the frequency required to produce the transition 
a (Fig. 1) in K® (for which J and Av are known). 

Equation (3) provides a method for nuclear spin 
determination.’ Let v be the resonant frequency in the 
C field for atoms of unknown F and let »*® be the 
resonant frequency in the same field for K*® atoms 
(which are used for calibration purposes and for which 
F=2). Substitution in (3) gives 


y= 2y9/P, (4) 


This determines a discrete set of frequencies (corre- 
sponding to the fact that F is integral or half-integral) 
at which one need search to determine J= F—}. 

The condition for (4) to be valid is only that H in the 
C field should be low enough that both the K* atoms 
and the atoms under investigation are in the Zeeman 
region. 

Determination of Avy involves observing the fre- 
quency necessary to induce transitions when H, is 
high enough that the atoms are no longer in the Zeeman 
region. Given v, J, and H, (the latter being obtained 
from the observation of a transition in K*) one: can 
calculate Av from Eq. (1). 

The preceding discussion must be modified if Av 
is so high that practically obtainable values of H 
in the A and B fields do not result in an atom’s being 


§ Davis, Nagle, and Zacharias, Phys. Rev. 76, 1068 (1949). 
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in the Back-Goudsmit region while in those fields. In 
this event an atom in the state (F=5/2, m=—3/2) 
in Fig. 1 may even have a negative effective magnetic 
moment, pe, [ue=—OW/dH, where W is given by 
Eq. (1)] in the A field, resulting in its being rejected 
rather than being allowed to pass through the ap- 
paratus. The transition a would then be unobservable. 
Other transitions should, however, still be observed; 
e.g., the upper states of transitions y and 4 in Fig. 1 
always have the correct sign of u, and, if the magnitude 
of u, is great enough, these states will be focused by the 
A magnet. The transition « can always be observed. 
To satisfy the selection rule Am=-+1 it is necessary 
that all transitions shown in Fig. 1 other than a proceed 
by means of multiple-quantum emission or absorption.° 
In such a transition an atom changing from a state 
(Fm) to a state (F,m’) absorbs or emits |m—~m’'| 
quanta of the applied (monochromatic) radiation; 
ie., if v= |W(F,m)—W(F,m’)|/h, one must apply a 
frequency v= v’/|m—m’| to produce the corresponding 
multiple quantum transition. The theory of such 
transitions shows that their probability is enhanced 
by the presence of the levels m’’ which lie between m 
and m’, and the more equally the intermediate states 
divide the m—m’ interval, the more probable is the 
multiple-quantum transition. In the Zeeman region a 
single applied frequency, given by Eq. (3), suffices for 
all transitions since the energy intervals are equal; i.e., 
the spin determination in low field is unaffected by 
whether one sees only one or all of the transitions 
a, B---e. At fields for which the Zeeman splitting 
departs from normal the transitions a, 8--- occur at 
successively lower frequencies. « occurs at the lowest 
frequency and this frequency is given by Eq. (3) 
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Fic. 2. One-, two-, and three-quantum transition peaks for 
K®, 7,; is the current read by a microammeter in series with a 
germanium diode and a pickup loop which was placed near the 
transition-inducing hairpin loop. For these data J, was found to be 
proportional to the square of the rf field intensity in the transition 
region. 
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Fic. 3. Three quantum line 
intensity as a function of (/,+)8 
(see Fig. 2). Hack” has pre- 
dicted the linear variation 
shown. 
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regardless of the value of H. Let 5v denote the difference 
between the applied frequency, v, necessary to cause 
an n-quantum transition and that necessary for an 
(n+1)-quantum transition. One can show from Eq. (1) 
that, for sufficiently low x (low enough that a quadratic 
expansion of Eq. (1) is valid), 6y is independent of n 
and that 

(5) 


This relation is useful for predicting where to look for 
multiple-quantum transitions if Av is known. Alter- 
natively, observation of any two adjacent multiple 
quantum transitions in a low field (just high enough, 
say, to resolve adjacent peaks) gives a rough value of 
Av from Eq. (5). 

Figure 2 shows some experimental multiple-quantum 
curves for K®. The C field intensity is chosen so that 
the various multiple quantum peaks are resolved. 
dv is 0.27 Mc/sec and, using an average value of 
v=11.2 Mc/sec, one gets Av for K® equal to 465 
Mc/sec which is within a percent of the accepted value’ 
which is 461.723+10 Mc/sec. 

The essential experimental distinction between a 
1-quantum and an n-quantum transition is in the rf 
intensity required to produce the transition. Figure 2 
illustrates the behavior of the K® multiple-quantum 
transitions as the intensity of the applied radio- 
frequency signal is varied. J;; is the dc current read by 
a microammeter which was in series with a germanium 
diode and a pickup loop placed in the rf field. Since 
this combination behaves as a square-law detector over 
the range of J,; considered (this was verified experi- 
mentally), it follows that J,; is proportional to H,’, 
where H, is the amplitude of the applied oscillating 
magnetic field. Curve I is for a value of H, such that 
the 1-quantum transition is starting to saturate!!; no 
other transitions appear. The rf power applied to the 
atoms in curve II is 10 times that for curve I; 2 and 3 
quantum transitions have appeared. Curves III and 
IV show the further variation of the 3-quantum peaks 
with successively increasing amounts of rf power. 
Hack” has shown that for sufficiently low H,, the 
height of the m-quantum peak should vary as H,’". 
Figure 3 illustrates the experimental verification of this 


év Av=r*, 


"We regard saturation as being that situation for which 
further increase of H, results in no increase in resonance peak 
height. 
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v Se 
Fic. 4. One of the spin determining resonances for Au’. The 


table shows the frequency at which a resonance would be expected 
to occur under various assumptions for J. Spin for Au’ is 2. 


for the 3-quantum transition in K®. It will be seen that 
the 3-quantum peak height varies as H,°. 


IV. EXPERIMENTAL DETAILS AND RESULTS; Au'® 


The Au™® was prepared by irradiation of natural 
gold in the Brookhaven Pile. One oven loading of 
Au" consisted of ~7.5 millicuries. The molybdenum 
oven described in LPH was heated to ~1150°C as 
determined by observing it with an optical pyrometer. 
This oven temperature gave a counting rate back- 
ground of 50-100 counts/min for a five-minute exposure 
of the collecting buttons. Of this background, about 
20 counts/min were present when no exposed button 
was being counted, i.e., counts due to cosmic rays and 
naturally occurring radioactivity in the counter housing. 
Rather than the Geiger counter described in LPH, 
the counter used in this experiment consisted of a 
2}-in. diameter, 1-mm thick piece of trans-stilbene 
mounted in a Lucite cylinder and viewed by a Dumont 
3-in. photomultiplier tube (type 6363). The pulses from 
the photomultiplier went to a conventional amplifier 
and scaler. 

Observation of resonances at low values of H, 
showed the spin of Au™* to be 2. Figure 4 shows one of 
these resonances. In this particular case H, was high 
enough that Eq. (3) was not applicable to the K® 
resonance. H, was therefore calculated from »” and 
Eq. (1). Equation (3) did apply, however, to the Au’ 
resonance. 

Attempts to measure Av by observing resonances at 
higher values of H, (static C field intensity) were at 
first unsuccessful. Application of amounts of rf power 
comparable to those which had been sufficient to give 
strong resonance peaks in Cu“ and Ag™ in the experi- 
ment of Lemonick and Pipkin,? gave no observable 


transitions in Au", The possibility was recognized that 
Av might be very high thus making the ordinarily 
observed one-quantum transition, a, unobservable 
(see Sec. III). In this case the spin determining reso- 
nances would have consisted only of some or all of the 
transitions 8, , 6, «. This would explain the disappear- 
ance of the resonance for high H, since the amount of 
power necessary for a given multiple-quantum transi- 
tion goes up rapidly as x increases." 

To determine whether the situation described above 
existed, a higher rf field intensity was applied” in the 
C region. The resonance shown in Fig. 5(a) was then 
observed. Subsequent runs with higher values of H, 
yielded the resonance curves of Figs. 5(b) and 5(c). 

If one neglects yw; in Eq. (1) and expands the radical 
keeping only terms up to order 2’, the frequency for a 
transition between levels m and m’ (see Sec. III) 
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Fic. 5. Set of Avy determining resonances for Au'®*. These 
resonances do not determine Av uniquely since m, the order of the 
multiple quantum transition involved, is not yet known. The 
high rf intensity necessary to give these peaks makes it unlikely 
that »=1. 


2A surplus jammer type AN/APT-2 was used. Hewlett- 
Packard oscillators type 608A and 650A were ordinarily used in 
observing one-quantum transitions. 











SPINS AND 


H H\? m+n’ 
v(mm’) = 1.4—— (14) (—), 
F F Av 


which gives 


Av= (145) (mtn / (142). 


Let H; and »; be the C field strength and frequency at 
which a resonance is observed. Substitution in Eq. (7) 
gives a value of Av which can be used in Eq. (6) to 
determine v2, the frequency at which a resonance should 
be observed for a field H2: 


H, He 3 Ay 
ve—14—= (—) (n-14—). 
F A, F 


In this approximation, then, v2 is independent of m 
and m’. It was found that, within experimental error, 
Eq. (8) was satisfied by the three resonances of Fig. 5. 
Thus the curves of Fig. 5 determine Av uniquely only 
if one knows what m and m’ are. This is illustrated by 
Table I which shows the calculated [from Eq. (1) 
neglecting wy and not taking the anomalous g, of Au 
or K into account] values of Av for the data of Fig. 5 
assuming the observed transition to be a, 8, or y 
(Fig. 1). It will be seen that any of the three assump- 
tions for m and m’ in Table I gives an equally consistent 
set of Av’s from the experimental data. 

It may be noted that for certain ranges of x there 
are other transitions than the set a, 8---« which meet 
the requirements necessary for a resonance (as described 
in Sec. ITI). In particular, if Av is such that x corre- 
sponding to the A and B field strengths is low enough, 
transitions between any level with positive m and any 
level with negative m could be detected. Any transition 
other than one of the set a---e would, however, occur 
at a frequency Jower than 1.4H./F and hence need not 
be considered in analyzing the resonances of Fig. 5 
(all of which occur at frequencies greater than 1.4H,/F). 
That is to say, that the observed transition must be 
one of the set a---e. 

To determine n=m—m’, and thus uniquely fix Av 
the data shown in Fig. 6 were taken. The resonance of 
Fig. 5(a) was repeated and in addition a search was 
made at lower frequencies with successively increasing 
amounts of rf power applied to the C region. As shown, 


hfs 


becomes 


(8) 


TABLE I. Values of Av from Fig. 5 on various 
assumptions for m and m’. 








Av(Mc/sec) for transition (m++m’) 
a B 
vl98(Mc/sec) v®(Mc/sec) (—3/2+4—5/2) (—1/2++—5/2) 


71.13 154.00 26 659 19 932 
124.89 352.67 27 944 20 801 
148.16 450.22 28 509 21 196 


¥ 
(1/2++ —5§/2) 





13 166 
13 658 
13 884 
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¥%q * 70.44.03 


%q* 70.652.02 
(From K**) 


(pp *10.0ma) 


¥%5q*70.882.02 
(igg=4.0 ma ) 


Veg *7112t.02 
(Ige* L6 ma ) 


COUNTS yan 








70.7 708 70.9 71.0 Ti 72 
me 
v (Sec) 


70.4 705 70.6 


Fic. 6. Resonances observed to determine nm. The C field 
intensity was reset to the value used in Fig. 5(a). The resonance 
of Fig. 5(a) was repeated and with successively increasing amounts 
of rf power two more resonances were observed between 71.1 and 
70.4 Mc/sec. The latter frequency was calculated from the known 
C field as being that for which the 5-quantum transition in Au 
would occur. The resonances of Fig. 5 are thus identified as 
2-quantum transitions. 


two more resonance peaks were found between 71.12 
Mc/sec and 70.4 Mc/sec. The latter frequency corre- 
sponds to the transition ¢ in Fig. 1 and was obtained by 
calculation from the K® resonant frequency in this 
same H,. (Since this calculation was possible no attempt 
was made to observe the transition e). For spin 2 this 
would be the frequency at which a 5-quantum transi- 
tion would appear. The observed peaks of Fig. 6 are 
thus identified as being due to 4-, 3-, and 2-quantum 
transitions (compare Fig. 2). From the average spacing 
of the peaks of Fig. 6 one calculates, using Eq. (5), 
Av= 20 890 Mc/sec which upon comparison with Table 
I further verifies the assignment »=2 for the data 
of Fig. 5. 

Additional verification of the multiple-quantum 
identification of the resonance of Fig. 6 may be found 
from rough data which were taken on the variation of 
peak height with rf intensity for each of the 3 reso- 
nances. Figure 7 is a plot of these data. The counting 
rate at the peak of each resonance is shown as a function 
of rectified rf current in the pick-up loop. The solid 
lines are drawn™ on the assumption that R« J* (which 
means that R«H,’") in agreement with Hack’s 
predicted variation” of R with Hg. 

The final determination of Av based on the curves 
of Fig. 5 plus the knowledge that for those curves n= 2 
is summarized in Table II. In making the calculations 
for Table II, gy and u; for K*® were taken to be 2.00228 
and 0.39097 (nuclear magnetons) respectively.’ 
From the work of Wessel and Lew,!* on Au’, g; for 
Au"® was taken to be 2.00412. A first approximation 
for ur was taken to be 0.46 nm as calculated from the 
Fermi-Segré formula assuming Av'**= 20000 Mc/sec 
and using Wessel and Lew’s values of Av’? = 6107.1+1.0 


3 Note that only the slopes of these lines are significant. In 
each case the theoretical curve was translated to give the best 
fit to the corresponding data. 

“4 Brix, Eisinger, Lew, and Wessel, Phys. Rev. 92, 647 (1953). 

18 Eisinger, Bederson, and Feld, Phys. Rev. 86, 73 (1952). 

16 G. Wessel and H. Lew, Phys. Rev. 92, 641 (1953). 
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Fic. 7. Verification of the multiple-quantum order n of the 
resonances of Fig. 6. R is the detector counting rate taken at the 
peak of the various resonances. The solid lines are predicted by 
theory (reference 10); only their slopes are of significance. 


Mc/sec and yu"*7=0.13+40.01 nm. The estimated errors 
of Table II are standard deviations. 

The uncertainties arising in calculating uw; from Ap 
using the Fermi-Segré formula in the case of Au 
(see Wessel and Lew,'® Sec. V) are at present consider- 
ably greater than our experimental uncertainty in Av. 
Uncertainties in the Bohr-Weisskopf correction, which 
is itself about 10%, can be quite appreciable. An even 
more important source of uncertainty comes from 
inability to evaluate the electronic wave functions at 
the nucleus accurately. Consideration of these effects 
has led Wessel and Lew to place an uncertainty of 
about 8% on their value (quoted above) of u for 
Au’, Taking either average of Av from Table II and 
using the above-quoted value of Av'®’ gives (by use of 
the Fermi-Segré formula) 


|u| =0.50+0.04 nm, 


for the magnetic moment of Au™*, Here the uncertainty 
is taken to be the same (percentage-wise) as for Au’. 


V. EXPERIMENTAL RESULTS; Au™ 


An oven loading of Au™ usually consisted of 0.5 g 
of natural Pt which had been irradiated for a week 
(giving about 9 mC of activity) in the Brookhaven 
pile. With this much activity the oven temperature 
necessary to give a background counting rate of 50-100 


TABLE II. Av of Au, 








Av(Mc/sec) Av(Mc/sec) 
assuming assuming 
ut + <- 


21 390 22 630 
21 650 22 330 
22 030 22 630 


Av=21 800 Av=22 500 


Estimated 
error 
+810 
+260 
+190 
+150 


v98 (Mc/sec) 


71.13 
124.89 
148.16 


v®®(Mc/sec) 


154.00 
352.67 
450.22 











counts/min for five-minute button exposures was 
1200-1300°C (as read by an optical pyrometer). 

In this case no difficulty was experienced in observing 
the transition a. Observation of resonances at several 
values of H, determined the spin of Au’ to be 3/2 and 
gave the values of Av summarized in Table III. Again, 
as in Table II, the estimated error of +130 Mc/sec 
for the average values of Av is to be regarded as a 
standard deviation. 

The calculations for Table III took into consideration 
the anomalous gy for both K and Au as well as yw; for 
K*® and an approximate yw; for Au™. 

Application of the Fermi-Segré formula assuming 
Av'=11 150 Mc/sec and referring to Sec. IV gives 


|u| =0.24+0.02 nm. 
for the Au magnetic moment. 
VI. DISCUSSION OF RESULTS 


The observed spins are consistent with predictions 
of the nuclear shell model. According to the model!” 
the shells being filled in the vicinity of Au are 2d; for 
protons and 3p; for neutrons. Thus the spin of Au”? 


TABLE IIT. Av of Au™. 








Av(Mc/sec) Av(Mc/sec) 
assuming assuming 
ar + aI — 


11 460 
11 330 


Estimated 
error 


+540 
+540 
+110 
+71 

+130 


v® (Mec /sec) 


114.24 
114.22 
355.09 
487.19 


v1 (Mc/sec) 


73.05 
73.07 
160.87 
202.24 





11 300 
11 180 
11 030 11 100 
11 130 11 180 


Au=11110 Av=11 180 








may be regarded as due entirely to the odd d, proton. 
Nordheim’s “weak” rule predicts that the angular 
momenta of the two odd nucleons in Au! should add 
to a value greater than the minimum possible value of 1. 
The observed J=2 is consistent with this rule and 
with the assignments d, and ; for proton and neutron 
respectively. 

The observed |u| for Au™ indicates that for this 
element » is probably positive. A negative yw of 
the observed magnitude would be well outside of the 
lower Schmidt limit (which for 7=3=/—} is +0.12). 
Thus far the magnetic moments of odd-Z nuclei 
(except the triton) have been found to be bracketed 
by the Schmidt lines.!”? Further measurements are being 
made to determine the signs of the moments of Au'®* 
and Au™, 

The observed || of Au" is consistent with the odd 
group" model. Assuming the odd proton group to have 
the properties of Au’ (J=$; »=0.130.01)'*> and 


17M. G. Mayer and J. Hans D. Jensen, Elementary Theory of 
Nuclear Shell Siructure (John Wiley and Sons, Inc., New York, 
1955), see Table VI. 1. 

18 Eugene Feenberg, Shell Theory of the Nucleus (Princeton 
University Press, Princeton, 1955), see Chap. III. 
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the odd neutron group to have the properties of 
Hg™ (J=4; 1=0.499),” one calculates from Feenberg’s 
equation (III. 43) w=0.54+0.01 nm, for Aw’, This 
agrees in magnitude with the observed value. The 
agreement is not good, however, if one uses Au'™ 
to obtain uw for the odd proton group. In this case the 
calculated u for Au is 0.66--0.01 nm. 

Of interest in connection with Au is the work of 
Elliott, Preston, and Wolfson”:*! who have studied the 
decay of Au'®’, Their proposed disintegration scheme 
is shown in Fig. 8. On the basis of spin-parity assign- 
ments in Hg"®* and the shapes and lifetimes of the Au’ 
8 spectra, Elliott et al. originally” concluded that the 
spin of the ground state of Au'®* was 3 with odd parity. 
The main reasons for the assignment J=3 were the 
shape of the 1371-kev 8 spectrum and its high ft value. 
Subsequent reanalysis of the data” using a more 
accurate calculation for determination of the shape 
factor results in the conclusion that the 1371-kev 
spectrum shape is consistent with 2— (or 3—) for the 


19 W. G. Proctor and F. C. Yu, Phys. Rev. 76, 1728 (1949). 

®” Elliott, Preston, and Wolfson, Can. J. Phys. 32, 153 (1954). 

21 Elliott, Preston, and Wolfson, Can. J. Phys. (to be published). 
Numerous workers have contributed to knowledge concerning the 
decay of this isotope. We refer the reader to reference 20 for a 
complete bibliography. 
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of Au’ (reference 20). 
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Au’ ground state, in agreement with the results of the 
present experiment. _ 

Assuming for the ground state of Au" an odd parity, 
on the basis of the p,d; shell model configuration 
assigned to it, and given the measured value of the spin 
reported here, the high-energy beta component is first 
forbidden and is about 10* times slower than typical 
observed transitions of this type. 
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Scintillation Spectrometer Study of Cosmic Radiation at Great Depths 


S. STANDIL AND R. W. PRINGLE 
Physics Department, University of Manitoba, Winnipeg, Canada 
(Received September 6, 1955) 


A scintillation spectrometer has been used to observe cosmic-ray events at depths down to 10000 feet 
in an oil well. The observed intensity-depth relationship can be explained in terms of the u-meson com- 
ponent and associated showers. The shower to u-meson ratio increases by a factor of 4in going from sea level 


to a depth of 1000 meters water equivalent. 


HE nature of cosmic radiation underground has 
been investigated in the past with the aid of 
G-M counter telescopes, ionization chambers, cloud 
chambers, and photographic emulsions.! The observa- 
tions have been made in tunnels or mines and most of 
the experimental results are explained primarily in 
terms of the very penetrating u-meson component. 
We have recently measured cosmic-ray events with 
a scintillation spectrometer lowered to various depths 
in an oil well near Houston, Texas. The spectrometer, 
which made use of a 2 in.X1} in. diameter Nal(TI) 
crystal, was housed in a y-ray well-logging tool? and 
the amplified pulses from it traveled to the surface 
1For a summary of underground work see E. P. George, 
Progress in Cosmic Ray Physics (North-Holland Publishing 


Company, Amsterdam, 1952), Chap. 7. 
2 McCullough Tool Company, Los Angeles and Houston. 


through a 12 000-foot line. The instrument could easily 
be lowered to any desired depth. At the surface the 
pulses were again amplified, lengthened, and displayed 
on an Esterline-Angus recorder. The use of a pulse 
generator and oscilloscope permitted the calibration of 
the displayed pulses on the recorder in terms of the 
2.62-Mev gamma ray from thorium. 

For a given depth of the spectrometer the differential 
energy distribution of events leaving more than 9 Mev 
in the crystal was obtained. This level eliminates all 
natural gamma-ray background effects but is well 
below the energy (~25 Mev) left by a singly charged 
relativistic passing through the crystal. These measure- 
ments were repeated at various depths down to 10 000 
feet. With a limited total time of ten days available for 
this experiment, it was soon evident that results 





S. STANDIL AND R. W. PRINGLE 





ES 3 


4 


COUNTS PER MINUTE 











100 7000 
DEPTH, Meters of Woter 


40 
SEA LEVEL 


Fic. 1. Curve A: Observed intensity-depth relation for events 
leaving more than 9 Mev in a 2 in.X1} in. diameter NaI(T1) 
crystal. Curve B: Expected intensity-depth relation for » mesons 
leaving more than 9 Mev in this detector. Curve C: Difference 
curve, attributed to showers. 


with any reasonable statistical validity could not be 
attained at depths below 1000 feet. Thus most of the 
available time was spent at depths down to 1000 feet. 
The differential energy distributions, with the occasional 
rare event up to 100 Mev, show no significant change 
in shape with depth. We have, therefore, plotted as a 
function of depth in Fig. 1, curve A, the counting rate 
for all events which leave >9 Mev in the crystal. The 
depth has been converted on a density basis to meters 
of water equivalent. 

Curve B is the estimated counting rate vs depth 
curve to be expected for relativistic 1 mesons with this 
detector. The curve was obtained by using Kraushaar’s 
value® of 1.71X10~ particle cm~ sec for the inte- 


8 W. L. Kraushaar, Phys. Rev. 76, 1045 (1949). 


grated intensity of the hard component at sea level, and 
the experimental depth-intensity relationship as given 
by George! for particles travelling vertically. As our 
single detector registered particles in all directions, it 
was necessary to correct this relationship for the 
changing angular distribution of the penetra:ing 
particles with depth. We have assumed that this 
angular distribution changes from a cos’@ function at 
sea level to a cos‘@ function at 1000 meters water 
equivalent (m.w.e.)' The net effect of applying this 
correction is a very small one. 

Curve C is the difference curve between A and B. 
We believe the most likely explanation of curve C is 
that it represents primarily the variation with depth of 
soft underground showers in equilibrium with the 
u-meson component. Such underground showers have 
been little studied. Wilson,’ using a horizontal G-M 
telescope, found a depth curve somewhat similar in 
shape to curve C, which he interpreted as due to 
showers. Because of differences in the methods of 
detection it is difficult to compare the absolute ratio of 
soft component to hard component at any given depth 
for these two experiments. However, the change in the 
ratio (soft/hard) can be compared and agreement here 
is very good. Our results indicate that this ratio in- 
creases by a factor of 4 between sea level and 1000 
m.w.e. The same factor is obtained from Wilson’s 
observations. 

These experimental results are in agreement with 
the theoretical results of Hayakawa and Tomonaga,° 
who have taken into account ionization, pair production, 
and bremsstrahlung in the production of underground 
showers by » mesons. 

We wish to acknowledge the kind assistance of the 
McCullough Tool Company of Houston, its employees, 
and in particular Mr. G. Fryer, without whose willing 
cooperation this experiment would not have been 
possible. We also wish to acknowledge the support 
of the National Research Council of Canada. 


*A. M. Thorndike, Mesons (McGraw-Hill Book Company, 
Inc., New York, 1952), p. 222. 

5 V. C. Wilson, Phys. Rev. 53, 337 (1938). 

6S. Hayakawa and S. Tomonaga, Progr. Theoret. Phys., 
Japan 4, 496 (1949). 
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Solar Origin of Cosmic-Ray Time Variations 


P. Morrison 
Laboratory of Nuclear Studies and Department of Physics, Cornell University, Ithaca, New York 
(Received October 20, 1955) 


The sun is known to be responsible during at least some solar 
flares for sharp increases in the cosmic-ray intensity on earth. In 
contrast to the flare pulses, the other principal changes in cosmic- 
ray intensity are all smaller in amplitude, less steep in energy de- 
pendence (extending perhaps to 30 Bev/c), much slower in time 
scale, and very much more isotropic (worldwide). These latter 
changes are not correlated sharply with any conspicuous solar 
event. A common cause for all of the nonflare cosmic-ray changes 
is here proposed: time (and energy) modulation of the incoming 
cosmic-ray beam by the random diffusion of the particles through 
turbulent clouds of magnetized plasma emitted from the sun. The 
sporadic cosmic-ray storm decreases (Forbush events) occur when 
the earth is immersed in a strong fresh cloud following a solar 
flare. The eleven-year variations in intensity and low-energy 


I. INTRODUCTION 


HE cosmic-ray beam incident upon the earth is 
grossly time-independent and isotropic. Such a 
property is natural for any galactic phenomenon, and 
is more or less necessary if a galactic origin for the cos- 
mic rays is to be believed. But there are, albeit rarely, 
large variations, and continually there are smaller ones, 
in the cosmic-ray beam. Until these are explained, no 
theory of galactic origin remains safe. 

The clearest and most marked example of cosmic-ray 
variation, which must be attributed to the sun, is the 
sharp intensity increase seen at low cosmic-ray mo- 
menta, below 5 Bev/c, in the hours following a few 
great solar flares, and perhaps after all solar flares.’ 
These remarkable events are characterized by their con- 
centration in low energy (they are unseen at the geo- 
magnetic equator), their lack of isotropy, and their 
large effects, increasing the beam as they do by a factor 
of five or more at low energy. The strongest arguments 
have been given to show that they represent actual 
injection of cosmic rays into space from the approxi- 
mate direction of the sun. Though there are data to 
show that the matter is not quite so simple, the motion 
of newly produced low-energy cosmic-ray particles from 
the solar neighborhood to the earth’s dipole field region 
in nearly straight trajectories is surely the main feature 
of these events. The sun then is the only known source 
of cosmic-rays. But it is certain that these events by 
themselves do not give rise to any considerable fraction 
of the cosmic-ray beam, so that a wholly different 
mechanism must be postulated, if the cosmic-rays are to 
be ascribed fully to the sun or to solar system processes. 

These unusual flare variations, however, by their very 
differences, strongly suggest an interpretation of many 
other time variations. The main types of variation to 
be discussed in the present paper are the sporadic 


1J. W. Firor, Phys. Rev. 94, 1017 (1954). 


spectrum arise from the combined effect of much weaker and more 
diffuse clouds which travel across the solar system to the region 
of the outer planets. The recurrent 27-day effects depend on the 
presence near the earth of a region of longer diffusion mean free 
path, which punches a channel into the pre-existing clouds. The 
origin of the clouds in active centers and the channels in magnetic 
monopole regions of the sun is discussed, and parameters obtained 
which describe the clouds, and their motions, adequate to produce 
the observed effects and quantitatively, astrophysically plausible. 
The small but complex diurnal cosmic-ray variations are not 
discussed in detail, but appear to fit in naturally. The observed 
variation of all these effects throughout one solar cycle agrees 
with the picture presented. 


cosmic-ray storms (Forbush events) the 27-day re- 
current maxima in the cosmic beam, and the eleven- 
year variations in intensity (and in the low-energy 
spectral shape). All of these effects, broadly speaking, 
form a single class, quite distinct from the flare spikes. 
In contrast to the flare pulses, these variations are all: 
(1) much smaller in amplitude, amounting to some 5 or 
10% in the meson beam at sea level in middle latitudes, 
or perhaps 20-30% for particles from some 1-5 Bev; 
(2) much more slowly energy-dependent, showing a 
considerable effect all the way up to 20 or 30 Bev/c, 
clearly visible in the mu-meson beam both at the 
magnetic equator and at the pole; (3) much slower in 
time scale, taking days to perhaps weeks for important 
initial changes, and persisting for years in some cases; 
(4) at best loosely time-correlated with known solar 
phenomena; (5) mainly isotropic, being worldwide in 
effect. (We will nowhere discuss the complicated but 
rather small diurnal effects, which do reflect some ani- 
sotropies of these various phenomena.) 

Since by all means the most violent phenomena of the 
solar “climate” are the great flares, it seems physically 
at least improbable that particles of higher energy 
should be accelerated in the much less spectacular and 
slower variations of the present class. Since the slow 
increases and also decreases of the beam are never 
major, with no indication of manyfold increases as in 
the sudden flare events, it is plausible to ascribe them to 
a modulation of a generally constant cosmic-ray beam, 
rather than to an additional injection. Since the effects 
are worldwide, and not strongly longitude-dependent 
as are the flare events, it is necessary to ascribe them to 
causes less well-defined in direction than is the sun 
itself, and indeed to a nearly isotropic modulation of the 
cosmic-ray beam. 

The possibilities for modulation are not very nu- 
merous. A slow change of the earth’s dipole field, or of 
the sun’s or of some similar symmetrical and essentially 
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time-constant field will modulate the beam around its 
asymptotic value by shifting the set of accessible direc- 
tions for a given magnetic rigidity. Such a change will 
be strongly energy-dependent, for at a point where 
accessible directions have been reduced so much that 
atmospheric or instrumental absorption, or the original 
spectral distribution, causes an apparent cutoff, no 
further decrease is possible. This general argument? has 
excluded the geomagnetic theories earlier favored. 
Electric fields, near the earth or far out in space, cannot 
be so generally excluded, but they require such large 
potential drops, or such extended fields, that they seem 
implausible. Specific’ models seem to give again rather 
too steep energy dependence. Energy modulation 
rather flat over the whole range from a few to 20 or 30 
Bev is hard to produce, especially when nearly isotropic. 

The statistical magnetic modulation here proposed 
can be understood physically from a simple account. It 
is plain that deep within the convective mantle of the 
sun the cosmic-ray flux is zero, absorption having 
prevented access. If a magnetized volume of gas rises 
to the solar surface, it will come to a point where the 
external cosmic-ray flux can enter. But if the field in 
question extends, with some roughly dipolar shape, 
over a typical distance with strength as observed (few 
gauss, 0.1K), the slowly moving magnetic region will 
contain much volume nearly inaccessible to the cosmic- 
ray flux, and may be considered as empty of cosmic rays. 
Now suppose that such a cloud of ionized hydrogen is 
expelled from the sun into space, bearing with it mag- 
netic fields (produced by net currents flowing in the 
neutral mass of plasma). Because of Liouville’s theorem, 
the cosmic-ray flux will eventually reach its asymptotic 
value at all points accessible to the particles of a given 
rigidity. Without the solidity of the earth, or the com- 
pressive strength of the inner solar layers, the gas cloud 
is very unlikely to maintain any particular shape and 
field distribution. It will possess a chaotic and not a 
coherent field. At each point within it, there will in 
time be plenty of accessible directions for the external 
cosmic-ray beam at any energy. It has, moreover, no 
absorption to shield some volumes from certain direc- 
tions. Eventually it must fill to the full cosmic-ray 
flux almost everywhere. But this filling takes time and 
during the time taken for random diffusion of the 
cosmic-rays through the chaotic field of the turbulent 
cloud, the cosmic-ray flux will be below its asymptotic 
value. The cosmic rays which do not penetrate are 
reflected away from the cloud, which has thus a certain 
albedo for cosmic rays of any energy. We regard the 
observed variations as samples taken when the earth 
passes through such clouds. The intensity increases 
as the cosmic rays diffuse into the originally more or less 
empty clouds of magnetized gas as the clouds move out 
from the sun, and in the end the flux within approaches 
the asymptotic value. As new clouds cross a point in 


2S. B. Treiman, Phys. Rev. 89, 130 (1953). 
3K. Nagashima, J. Geomag. Geoelec. 5, 141 (1953). 
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space they preserve a lower cosmic-ray density there; 
the value present at any point is set by a competition 
between the age of the empty clouds and the rate of 
diffusion of the cosmic rays into them. The scale of the 
turbulence, which will determine the scale of coherence 
of the magnetic field, and the strength of the magnetic 
field, will determine the mean free path of cosmic rays 
for any energy. The whole modulation will be isotropic 
to the first approximation of diffusion theory, with an 
anisotropy measured by the mean free path compared to 
the cloud size, except at the boundaries where larger 
transient effects occur. The time scale and the amplitude 
of the modulation (which always depends upon a de- 
crease from the assumed asymptotic value) found within 
a cloud, will also be determined by the size of the 
clouds, and by the mean free path for cosmic-ray dif- 
fusion. The diffusion times are much greater than the 
straight-line transit time because of the random walk 
of the cosmic rays into the chaotic magnetic field. 

This introductory account now leads into Sec. II, 
a discussion of the several observed time variations, 
in an effort to obtain for each some estimate of the cloud 
sizes and magnetic properties which would account for 
the observed changes. These necessary parameters are 
then to be discussed, in Sec. III, in the light of the 
present rather slight knowledge of the corpuscular 
emission from the sun and the physics of a turbulent 
magnetized gas, to test their astrophysical plausibility. 

It is convenient to list a few magnitudes which will 
be of importance: 1 astronomical unit (a.u.)=earth-sun 
distance=1.5X10" cm; solar radius=Ro=7.0X10"; 
earth’s radius= R,=6.4X 108 cm; radius of curvature 
Rz in magnetic field of B gauss, for particle charge e 
and momentum p Bev/c: 


Rze=3.3X10%p/B cm 


equipartition magnetic field By: pv?=By,?/4r, so that 
By =4.6X 10a gauss for a particle density of p hydro- 
gen atoms per cm* and a mass velocity of v thousand 
km/sec. 

Il, TYPES OF TIME VARIATION 


A. Cosmic-Ray Storms 


Loosely associated with nonrecurrent and moderate 
to severe geomagnetic storms, there have long been 
noticed worldwide decreases in cosmic-ray intensity. 
These have been called cosmic-ray storms by the 
Japanese workers, and have also been known as Forbush 
events. It is quite certain'* that the geomagnetic effects 
cannot of themselves cause these decreases. They tend 
to follow strong flares of class 3 and 3+-, showing about 
twenty hours delay before the cosmic-ray decline, as 
before the sudden geomagnetic commencement when it 
occurs. This relation is not an invariant one; flares can 
fail to cause cosmic-ray storms as they can fail to cause 
geomagnetic storms. Since 1936, 33 type 3+ flares have 


4R. L. Chasson, Phys. Rev. 96, 116 (1954). 
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been seen, of which 23 were followed by marked cosmic- 
ray storage with about a day or two delay. Only one 
flare was definitely not so followed; for 7 flares, over- 
lapping effects prevent a clear decision. The storms 
produce about a 5% decrease in the meson beam, 
reaching up to a momentum of some 30 Bev/c, as seen 
from the small latitude effect, and typically a five or 
six times larger decline in the nucleon component, at 
energies from 2-5 Bev. These declines are never matched 
by any similar increases.° They set in rather rapidly, in 
a day or so, and slowly relax, taking about five or ten 
days to return to the background level in typical cases. 
Longer durations are seen, and a slight recurrence has 
been observed over perhaps one or two solar rotations, 
or even longer.* The isotropy of these storms is high, 
unlike the solar flare cosmic-ray peaks. A typical strong 
cosmic-ray storm displays an anisotropy which reaches 
at most a fifth of the total decrease, showing a maximum 
in the local forenoon. But appreciable anisotropy is 
generally of much shorter duration than the intensity 
decline. The separation of the storm anisotropy from 
the rather complex diurnal variations is beyond the 
scope of the present discussion. 

Nagashima’ has sought to give an explanation of the whole 
phenomenon in terms of a varying electric field in space which 
modulated the energy of the beam. We take here the view that 
the not very well-known spectral changes do not agree with the 
rather specific predictions of Nagashima, and that the needed 
fields in space are implausible. The theory of Nagashima is not 
yet disproved by experiment; what both Nagashima and the 
present arguments do exclude is a terrestrial effect, whether 
magnetic or electric. The present model is offered as an alternative 
to Nagashima’s; it lacks the specific detail of his proposal, but 
this weakness perhaps allows better experimental agreement. 

We interpret the cosmic-ray storm as the result of the 
passage of the earth into a cloud or beam of magnetized 
plasma, emitted from the sun in a wide cone beginning 
at or near the time of great solar flares, and perhaps at 
other times. The sharp decline represents the passage 
of the earth into the cloud; the relaxation time is the 
time required for the earth to pass through the beam, 
which occupies a fair fraction of the earth’s orbit. 
Taking ten days for the decline, we get a diameter for 
a large cloud of about 1-2 a.u. The cloud persists 
throughout this time, and may be weakly effective 
from the same emitting source on the sun even after 
several solar rotations. Now diffusion theory predicts 
for a flux j(¢) at the center of a spherical region, 
initially empty, into which an external flux 7, diffuses 
in a time ¢, the value 


jO=j(*~)[1-2 (—)"— exp(—n°x*dct/3R?)], 


where R is the radius of the region, \ the transport 
mean free path, ¢ the particle velocity (velocity of 


5A. R. Hogg, Canberra. Commonwealth Solar Observatory 
Memoirs, 10 (1949). 

6 Communication to International Association for Terrestrial 
Magnetism and Electricity Meeting, Rome, 1954. Working 
Association of Primary Cosmic-Ray Research, Japan. 
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light). The intensity decline at full immersion is the 
result of the cosmic-ray diffusion into the empty cloud, 
in a time a little greater than the transit time from sun 
to earth, say 10° seconds. Using the diffusion expression, 
the mean path satisfies the relation 


1—[j(p,t)/j(p,©)]=2 exp(—2*Act/3R?), 


for a given momentum #. The results, for a radius 
R=1 a.u., become 


p j(b,1)/9(0, 2) 
30 Bev/c 0.95 6X10" cm 
4 Bev/c 0.75 3X10" cm. 


The order-of-magnitude estimates are of course not to 
be relied upon literally. The slow variation of the mean 
free path with momentum suggests diffusion through 
a medium in which rather highly fluctuating magnetic 
fields are present. If knots of strong field were separated 
by a region of very weak field, the mean free path 
would in the limit be constant with momentum, until 
the Larmor radius in the strong fields became larger 
than their dimensions. A slow variation in free path, 
in the expected sense, is plausible, but the theory 
really makes no prediction about the energy depend- 
ence. It is important to observe that the maximum 
fields need be no larger than that given by Re<i, 
which fixes a field in the scattering part of the magnetic 
cloud of about 1.5X10~* gauss. The event discussed is, 
in fact, a rather strongly marked one, by no means a 
commonplace happening; such fields would not be 
inconsistent with the observed terrestrial magnetic 
variations in times of disturbance. A marked anisotropy 
at entry is to be expected from this picture, as well as 
its later decline, but the question of small anisotropies 
goes beyond such a simple model of homogeneous and 
isotropic diffusion. Only considerations on much smaller 
scale will allow clear conclusions about short-time 
anisotropy. 

The cosmic rays which do not reach the earth during 
the presence of the diffusing cloud are of course re- 
flected away, out into space. Since the mean free path 
of the outer space may be taken as quite a good deal 
larger, no appreciable rise of intensity due to the 
albedo of the moving cloud will precede its arrival. 
Some small anticipatory effect ought to be present; 
along these lines some tests of the model can be 
developed. 

The weak correlation with geomagnetic storms is 
plausible on this picture. Some clouds, presumably those 
which for some reasons of internal structure or relative 
motion set up strong ring currents around the earth, 
produce marked magnetic storms. But the cosmic-ray 
storm is due to a long-range phenomenon, and need 
not invariably accompany a much more local cloud, 
which can yet produce a ring current with dimensions 
of a few R,. Large clouds, following great flares which 
are aimed past the earth, will on this picture always 
produce cosmic-ray storms, and usually magnetic ones 
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as well. This is consistent with experience (one exception 
was mentioned above), but it is to be emphasized that 
the cosmic-ray storm does not directly imply any marked 
geomagnetic one; the two have a common cause in the 
solar beam, but the spatial and magnetic paramenters 
involved are wholly different. 


B. Eleven-Year Variations 


The recent work on the low-energy cutoff’* and the 
long-term series of meson intensities published by the 
Carnegie Institution? leave no doubt that there is an 
important variation in the cosmic-rays over the solar 
eleven-year period. The Forbush series of monthly 
means shows a 3% change in the meson intensity 
from the maximum in 1944, the time of sunspot 
minimum, to the minimum of late 1947, about the 
epoch of greater solar activity. The cut-off data indicate 
a considerably greater effect for momenta below 1-2 
Bev/c, but quantitative information over a full cycle is 
still not at hand. It is likely” that the cut-off changes 
affect particles of a given magnetic rigidity, and not of 
a given velocity, making a magnetic origin of these 
changes entirely plausible. 

Inspection of the meson intensities shows that the 
decline of the cosmic-ray beam during solar activity is 
not a slow, regular effect. On the contrary, most of the 
decline from the maximum was due to two sharp falls, 
each followed by a long, slow partial relaxation back 
upward towards the mean. One of these drops amounted 
to about 23%, in February, 1946, and relaxed away to 
about half that decline by the end of the year. It was 
followed by a somewhat less abrupt fall, lasting from 
March to July of 1947, relaxing back in turn toward 
the rather constant values of 1948-1952. This behavior 
is so analogous to the behavior of the cosmic-ray storms 
that the same general model is suggested. The model, 
moreover, accounts qualitatively for the weak latitude 
dependence, for the dependence upon magnetic rigidity 
alone, and for the stronger effects shown at the lowest 
rigidities, i.e., the variation of the cutoff. 

Again the effect is considered as a screening of the 
earth by the scattering effect of a turbulent magnetized 
cloud in which it is immersed. The empty cloud again 
leaves the sun, and the cosmic rays diffuse slowly into 
it. But the time scale is very different. It takes the cloud 
not a day but weeks to become well established. We 
will defer to the next section a discussion of the reason 
for assuming a velocity for this type of cloud which is 
on the average smaller than the flare-emitted cloud of 
the cosmic-ray storm. In any case, the velocity is taken 
only a factor of five smaller. Indeed, in the February, 
1946 drop, the clouds may well have been the same. 
But now we shall postulate that the cloud, bearing 
usually lower density and field than the cosmic-ray 

7H. V. Neher and E. A. Stern, Phys. Rev. 98, 845 (1955). 

8 P. Meyer and J. A. Simpson, Phys. Rev. 99, 1517 (1955). 


®S. E. Forbush, J. Geophys. Research 59, 525 (1954). 
Ellis, Gottlieb, and Van Allen, Phys. Rev. 95, 304(A) (1954). 
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storm beams, and traveling slower, finally fills up, not 
merely the neighborhood of the earth’s orbit, but a 
volume with a radius of tens of a.u., to the orbits of the 
outer planets or beyond. Into this whole volume, 
cosmic-ray diffusion must now take place. The large 
size of the region means that the rather erratic but 
continual emission of clouds from various parts of the 
sun will in the end build a more or less uniform diffusing 
cloud far away, though it may well be filled with holes 
and channels in the interior, especially in distances 
within a couple of a.u. from the source. The diffusion 
time is now perhaps a hundred times as long, but the 
diameter of the diffusing region is larger by a similar 
factor, and the effect smaller (for the higher momenta), 
so that the diffusion relation 


A\=2R?/ct (for p=30 Bev/c) 


now implies a considerably longer mean free path, and 
hence a smaller maximum magnetic field. A value of 
A\=3X10" cm, and thus B=3X10-* gauss, would be 
fully consistent. Such a small field would still have a 
considerable transient effect on really low-energy cutoff, 
perhaps preventing particles with only a fraction of 
one Bev/c from ever diffusing to the earth during a 
normal solar cycle. It is not possible to estimate at what 
momentum this cutoff will appear without a model of 
the turbulent field. But the possibility of such a cutoff, 
maintained purely statistically, is clear. 

The sun then presents to the distant isotropic cosmic- 
ray beam a reflecting surface, probably a disk rather 
flattened towards the solar equatorial plane, because 
of the concentration of solar activity at low solar 
latitude. That this disk is not very strongly flattened 
is at least suggested by the wide range of flare positions 
from which the cosmic-ray storm beams can come to 
earth. One may picture an ellipsoid about a hundred 
a.u. in radius, and perhaps a third or a half that thick at 
middle distances from the sun, tapering to a narrower 
volume towards the center. This model suggests an 
anisotropy at low energy across the solar equatorial 
plane, rather difficult to observe in the presence of other 
diurnal effects. The outer boundaries have a high albedo 
for low-rigidity particles. This volume, constantly re- 
newed by new solar clouds, may very well be limited 
by fields of galactic origin, against which the solar 
clouds in part may bounce, and into which they may 
eventually flow, to add to the interstellar gas. The 
limiting fields of some 10~-* gauss suggest such pos- 
sibilities. The whole picture loses meaning for particles 
above 10’ ev, for such particles cannot be scattered 
seriously by magnetic fields of the strength here con- 
templated in the distances available. 

The fact that long-term periods of greatest solar 
activity coincide with the minimum of cosmic-ray 
intensity and the sharpest low-energy cutoff, strongly 
argues for a modulation, and against a solar production 
of the cosmic rays. The trapping fields here described 
require no special structure or much coherence, op- 





COSMIC-RAY TIME VARIATIONS 


erating by purely diffusive mechanisms. On the picture 
here described, the solar trapping time at most amounts 
to a small fraction of one solar cycle, perhaps 0.1 year, 
and the flare-emitted flux can contribute less than one- 
thousandth of the observed low-energy intensity,'! 
which would be a small effect compared to the modula- 
tion of the beam. If these considerations are correct, the 
solar contribution to all cosmic-ray phenomena is 
limited to a very minor sporadic production in flares, 
and a continual and important modulation of the over- 
all beam, acting in opposite senses as solar activity 
changes. High-energy cosmic rays are affected by 
neither solar phenomenon. 

The “blowing away” of the cosmic rays and of the 
external magnetic fields by the sun’s particle emission 
guarantees that any large-scale fields present in inter- 
stellar space will be wholly changed in the solar neigh- 
borhood. This helps make clear how it is that, at least 
at times, a field-free region exists between earth and 
sun, occupying an appreciable solid angle, in which the 
field is less than a microgauss, averaged over distances 
comparable with 1 a.u. Local but small-scale fields of 
higher strength are not excluded by the evidence, 
which rests wholly on the fact that the flare spikes can 
in part come more or less directly to the earth. The fact 
that there are also scattering regions in the neighbor- 
hood is made equally clear in the very same events, as 
Schliiter and Firor have emphasized, because of the 
“ringing” (slow decay) of the flare cosmic-ray pulse 
and the evidence that at high latitudes some scattered 
beam is received.!? 


C. 27-Day Recurrent Variations 


The sporadic Forbush-type cosmic-ray storms are 
well-marked in many cases by the sharp decline and 
slow relaxation of the cosmic-ray intensity. However, 
even more important but less well-marked rises and 
declines in the cosmic-ray beams have been shown to 
recur with the solar rotation period, about 27 days from 
the earth’s point of view. The onset of a recurrent 
event is not easy to pick up, but the fully-developed 
sequence has been much studied (especially by the 
Chicago group"). More or less jagged, but broadly 
symmetric maxima and minima recur with the 27-day 
period. Interlacing sequences occur, with different 
amplitudes. A strong sequence may persist for quite a 
few rotations, as can be seen by inspection of the 
Carnegie Huancayo meson data from April to Septem- 
ber of 1952, for example. The slow spectral dependence 
up to 30 Bev/c or so, increasing in effect at low mo- 
menta, and the over-all isotropy, are very similar to the 
cosmic-ray storms. Like the cosmic-ray storms, and un- 
like the long-run intensity, the recurrent effects are 
highest in amplitude at the time of solar activity 


1 Firor, Simpson, and Treiman, Phys. Rev. 95, 1015 (1954). 
12 J. W. Graham and S. E. Forbush, Phys. Rev. 98, 1348 (1955). 
13 P, Meyer and J. A. Simpson, Phys. Rev. 96, 1085 (1954). 
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TABLE I. Time of 27-day recurrent effects compared 
to cosmic-ray maximum. 








Effect 1952 1953 





K, minimum 
Cosmic-ray maximum 
K, maximum 
Meridian passage of 
coronal intensity 
maximum (active 
center) (16) 
Meridian passage at 
monopole region 


—1.5 days 
0 days 
+3 days 


—4 days 


—2 days 
0 days 
+24 days 
+64 days 


not observed —1 day 





maximum, though they are not so obvious in the much 
more irregular intensity curves of such year. The 
amplitude of the intensity change varies from about 
3 to 1% in 1944 to above 23% in 1947, using meson 
data. The nucleonic (low-rigidity) effect is three or 
four times larger. 

It is already clear from these purely cosmic-ray data 
that the cause of the 27-day change is related to some 
persistent structure on the sun. The magnetographic 
studies at Mt. Wilson have shown that during the 
well-marked recurrent changes of the summer of 1953, 
the cosmic-ray maxima occurred within about a day of 
the central meridian passage of a magnetic monopole 
region in the chromosphere (called a UM region by 
those authors). We identify this region with the cosmic- 
ray maxima, because of the time coincidence, and from 
plausible hydromagnetic arguments, which we defer to 
the next section. 

The identification of such a relationship by time 
coincidence alone is, of course, risky. Earlier efforts'® 
to relate the cosmic-ray maximum to active centers also 
showed persistent correlation. Table I indicates why 
the active center is excluded. Calling the time of the 
cosmic-ray maximum day 0, we list the times for various 
recurrent phenomena, found by averaging superimposed 
values over a good many months (April—October, 1952; 
June-October, 1953). 

The table shows that for two years, at least, the 
recurrent geomagnetic effects and the cosmic-ray maxi- 
mum showed the same relationship, familiar as well at 
least roughly from available earlier data. But the 
active center, as marked by the coronal intensity maps 
of the Climax High Altitude Observatory'® shows no 
constant relationship to either. Since only one monopole 
study has been published, it is not possible to be sure 
that here too there is not a false identification, but 
(i) the physical arguments do make the connection 
plausible, (ii) the likelihood that a monopole cannot 
coincide in solar position with an active center makes it 
reasonable that the cosmic-ray maximum should dodge 


4 Simpson, Babcock, and Babcock, Phys. Rev. 98, 1402 (1955). 

18 J. C. Parker and W. O. Roberts, J. Geophys. Research 60, 33 
(1955). 

16 Dorothy Trotter and W. O. Roberts, Reports of the High 


Altitude Observatory, Boulder. Solar Activity Summaries 


(unpublished). 
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the active center 1s it does, and (iii) it is in any case 
sure that by now unpublished data on 1954 and 1955 
events have settled the matter observationally. We 
here assume, then, that the monopole meridian passage 
is the cause of the cosmic-ray maximum, with perhaps 
a day delay or so. 

Accepting this connection, it is now evident that the 
cosmic-ray phenomenon is very different from that of 
a cosmic-ray storm, though it shows a similar spectral 
and time behavior. The recurrent effect is a maximum 
when the solar beam (assumed from the monopole) 
envelops the earth, and not a minimum as before. 
Moreover, the amplitude of the effect becomes largest 
when the cosmic-ray over-all intensity is smallest, at the 
maximum of the solar activity cycle, and conversely. 
During active times, however, a single monopole region 
does not persist for many rotations. The longest lasting 
sequences of some importance appear to occur in years 
just before sun-spot minima, as in 1940-1941, 1951-1952. 
This property is well-known for recurrent geomagnetic 
storms, too. 

The cosmic-ray maximum can be explained if the 
monopole region is taken as the origin of a volume of 
space within which the cosmic-ray diffusion is easier 
than within the average magnetic cloud. The cosmic 
rays will diffuse into this region from the interstellar 
beam, the flux density will rise, and a maximum will be 
visible as the earth traverses the volume. The height of 
the maximum will be limited by the degree to which the 
outer clouds are reflecting the cosmic-ray beam away 
from the sun, and will thus show its maximum ampli- 
tude when the cosmic-ray intensity is lowest over all, 
and the converse. The earth stays in this “hole” some 
eight or ten days in a typical case, making the dimen- 
sions around 1 a.u., or a little less. The hole is not fully 
accessible from outside, for the 27-day maxima do not 
completely destroy the long-term decline of the cosmic- 
ray intensity. 

The 11-year change is about 3% (meson beam), but 
the 27-day amplitude is smaller. This may be a purely 
geometrical matter, the hole not extending entirely out 
of the solar excluded volume. It may as well mean that 
there is still some turbulent magnetic matter streaming 
out of the monopole, but material in which the cosmic- 
ray mean free path is much longer than in the ordinary 
clouds. 

In September, 1944, the cosmic-ray intensity was 
higher than at any other known time. The 27-day re- 
currence component (the “tracking” component of 
Meyer and Simpson") was less than one-eighth of its 
maximum amplitude. Two separate factors contribute 
to this reduction: the over-all intensity is little reduced 
from the asymptotic value, so that cancelling this 
average reduction can have little effect, and the solar 
structures which are responsible for the cancellation 
are small and rare. It is not possible to separate these 
two simply, but study of the low-energy cutoff and of 
the associated solar conditions will probably enable the 
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separation, and an estimate of what the asymptotic 
flux and spectrum really are. The data give the impres- 
sion, based on rough extrapolations and comparisons, 
that the cosmic-ray intensity at 30 Bev/c reached 
within perhaps }% of its true asymptotic value in 1944. 
At energies low compared to 1 Bev there is no reason to 
expect such a close approximation to the distant values. 
The total cosmic-ray energy input to earth, however, 
presumably does not change by more than 10% over 
the solar cycle, since the mean energy is some 10 
Bev, and the main cut-off changes occur below a fraction 
of a Bev. 


III. NATURE OF THE SOLAR BEAMS 


Only a very tentative account can be given of the 
mechanisms and conditions on the sun which could be 
responsible for the sort of cosmic-ray diffusion we have 
here sought to infer from the cosmic data and a very 
few solar observations. What information we can work 
from is mostly very new, inadequately studied and only 
partially published. The most significant contributions 
come from the magnetograms of Babcock, and the 
general solar picture as described, say, in the Kuiper 
symposium.!? 

We recognize two types of solar structure which can 
be associated with the various cosmic-ray effects. 
They are: 


1. The classical active center, with enhanced coronal 
emission, radio noises, plages, flares, spots and spot 
groups, filaments, and the rest. With these are associ- 
ated the large regions of magnetic dipole fields seen by 
Babcock, and called by him BM; we will call them D 
regions. The lines of force in these structures arch 
across perhaps 0.1Ro to pass from N to S magnetic pole. 

2. The large regions of monopole field seen by 
Babcock, and called by him UM; we will call them M 
regions. (The term “M region” has been reserved for 
twenty-five years for those unknown features of the 
solar surface which are responsible for the typical re- 
current geomagnetic storm. Since we here identify 
geomagnetic storms with the boundary of the beams 
sent out from Babcock monopoles, no important con- 
fusion can be caused by this notation; if it is confusing, 
it is also wrong, and best forgotten.) Here the lines of 
magnetic force leave and return, if at all, only after so 
diverging that at their points of return no visible 
magnetic field perturbations are seen on the sun. 

The cosmic-ray effects can now be attributed as 
follows: To an active center, (1), we ascribe the flare 
event which emits the sun’s quota of cosmic rays. The 
cosmic-ray emission is not understood; it has very 
likely something to do with the emission of a fast 
magnetically turbulent beam, which may accelerate 
cosmic-ray particles in the statistical way as discussed 


17 G. P. Kuiper, The Sun (University of Chicago Press, Chicago, 
1953), Vol. 1 Chap. 5, 6. 
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TABLE II. Properties of a cloud accompanying a 
great optical flare. 








At sun's surface At 1 a.u. 





Bry 

Lo (typical dimension) 
v (streaming velocity) 
particle density 


10-?-5 gauss 
10 cm 
nearly same 
1/cm? 


108 gauss 
10” cm 

2X 108 cm/sec 
107-5/cm? 





by Fermi,'* or by some other process effective within an 
hour after the optical flare, and probably within a few 
R of the solar surface. The long exponential tail in time 
of the cosmic-ray emission may be a feature of the statis- 
tical origin, and may also, since in part it does not come 
along the same trajectory as the main spike, reflect 
some diffusion in local diffusing clouds, present in space 
in the first a.u. and not directly associated with the 
active center. When the cloud which the active center 
sends out with the optical flare reaches the earth, in 
about a day, we have a cosmic-ray storm, which persists 
for a week or so until the earth has crossed the diffusing 
region. The center spends itself inside a few solar 
rotations, and breaks up entirely. 

The D regions are closely connected with active 
centers; indeed, it seems probable that the relation is 
genetic. The D region is the earliest magnetic mani- 
festation of the active center, which may locally de- 
velop fields strong enough to give actual sun spots, 
and all the characteristic active center phenomena. A 
widespread D field is visible only with the magneto- 
graph; a concentrated dipole or multipole field eventu- 
ally becomes visible even in white light by its effects on 
solar convention, and hence temperature. 

From the D fields proper, large-diameter and low- 
field strength regions, (measured in gauss and not in 
kilogauss), we may expect that any corpuscular emission 
from the sun will carry out a turbulent magnetic field. 
The particle beam will be ejected roughly radially, and 
thus crosses the lines of force near the sun, where the 
field is rather strong. The beam can leave the sun, 
then, only if the kinetic energy density exceeds the 
magnetic energy density, and if so, then the motion 
would surely result in a highly turbulent magnetic 
field. The clouds bearing these fields, moving and 
expanding as they go, leave the sun, to penetrate to 
the other solar system, where they collide with and 
perhaps merge into interstellar gas currents. 

We list in Table II plausible properties for the clouds 
emitted from a small concentrated dipole field, both at 
the time of a flare and for the general corpuscular emis- 
sion, using the parameters established from geomagnetic 
and auroral studies, and from the study of the corona, 
comets, and zodical light. Here the original streaming 
energy was much above the magnetic energy. The cloud 
passes out, with a high Reynolds number, and twists 
the magnetic field up, expanding and thus stretching 


18V. L. Ginzburg, Doklady Akad. Nauk. S.S.S.R. 92, 727 
(1953); National Science Foundation translation (NSF-tr-207). 
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TABLE III. Properties of a cloud emitted from a D region. 





At sun's surface At 1 a.u. At 30 a.u. 





10~* gauss 
105 cm 

less by 1 order of mag. 
10~*/cc 


3 gauss 
10” cm 
4X 108 cm/sec 


107/cc 1/cc 





the lines of force. Very roughly,'® for a free isotropic 
expansion, if the density ratio 


Pinitial/Ptinal= €, 
then 
B/B;= e. 


We take the final dimensions and density from the 
cosmic-ray effects and from the astronomical data, and 
the internal field follows. This gives the curvature 
Rzg(30 Bev/c)=3X10" cm, not far from what is re- 
quired for cosmic-ray diffusion. 

We may repeat the same considerations for the larger 
and slower clouds being emitted, on our picture, from 
various D regions during the whole history of the re- 
gions, but with increased frequency at times of high 
solar activity, when many active centers are present. 
These are the clouds which drift out to large distances, 
forming eventually the diffusive barrier to the incoming 
cosmic-ray flux. The results are given in Table III. 
Here the low fields extend over such a large distance 
that again diffusion is adequate to explain the facts; 
R3(30 Bev/c)=10" cm.” 

The monopole fields appear to give rise to very 
different clouds. This is indicated by the cosmic-ray 
data ; it is also plausible because the emitted gas streams 
will follow the monopole lines of force, not having to 
cross them until rather far from the sun, where the 
field becomes very much weaker by divergence, per- 
haps by a factor 10? or even more. So the magnetic 
fields carried off by such monopole-emitted clouds will 
be much smaller, and the kinetic energy will remain 
high. These well-ordered and not very magnetic streams 
(they must indeed have a small-scale turbulence since 
the Reynolds number is certainly very high) can sweep 
the space free of the less energetic but more magnetic 
clouds already surrounding the region of a few a.u. 
Then the external beam leaks in, diffusing and re- 
flecting as it goes, and when the earth is immersed in 
such a volume we see the intensity maxima of the 27-day 
recurrences. 


9G. K. Batchelor, in Gas Dynamics of Cosmic Clouds (Inter- 
science Publishers, Inc., New York, 1955), p. 118. 

Note added in proof.—Professor L. Biermann has kindly in- 
formed me that the cloud densities p widely cited (e.g., in reference 
17) as derived from his work are misinterpreted. In fact, the 
densities he finds are larger by perhaps one or two orders at 
magnitude in a case like that of Table ITI, and by as much as 10° 
in a case like that of Table II. This implies values for Ba, corre- 
spondingly higher (Bay~p*) and \ smaller. Such a change appre- 
clably relaxes the requirements of size and field shape here im- 
posed, and makes still more likely the assumed cosmic-ray effects 
of the solar streams. 
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The origin of the ordinary recurrent geomagnetic 
storm, or M-type storm, is associated with the M 
streams. From the times in Table I, it can be seen that 
the geomagnetically most disturbed days are those 
which follow by a few days the earth’s arrival in the 
central part of the M stream. It may be taken that the 
M streams have a high stream velocity, about 1-2 
thousand km/sec, because the cosmic-ray maxima do 
not lag the central meridian passage of the M region by 
much more than a day. The most disturbed days, 
measured by high values for the worldwide disturbance 
index K,, are days when the earth is leaving an M 
stream (and perhaps entering a D one). The quietest 
days are those preceding M stream central passage, 
which presumably is a time when the earth is far from 
such a boundary region. How the earth’s field, and the 
ring current, interact with these streams is outside the 
scope of cosmic-ray physics; the matter may be very 
complex. Cosmic-ray diurnal variations, which show 
both 27-day effects and solar cycle effects, seem to be 
related to such complicated interactions. 


IV. TESTS OF THE THEORY 


The most sensitive means yet suggested for detecting 
weak magnetic fields extending over sizeable portions 
of the solar system with very low matter density is the 
study of cosmic rays. Tests of the present model are 
therefore almost of necessity difficult. Many more 
cosmic-ray data, such as spectral changes with time 
during all the types of events here studied, will be of 
some help. Other means, perhaps using radio-plasma 
interactions of “‘whistlers,” to sample space a few R, 
away, are possible; it is hard to go further. Comets may 
help, if they ever come back. Particular attention ought 
to be paid to superpositions of the cosmic-ray effects. 
The sun emits cosmic-ray particles at times of flares; 
study of their arrival or nonarrival as a function of the 
kind of magnetic regime around the earth expected 
from this picture, for the epoch of the flare, should 
allow a more or less direct test as soon as flares become 
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frequent enough. If, as it seems likely, flares avoid M 
regions on the sun, the test becomes more complicated. 
It should also be pointed out that superposition of the 
processes here considered is by no means linear, a cloud 
may well change the medium in which it travels. Indeed, 
this is the assumed nature of the M streams. 


Vv. CONCLUSION 


The picture, for it is more a picture than a quantita- 
tive theory, here suggested cannot claim to have been 
demonstrated. Yet, it seems to describe the matter in 
a plausible way, without the assumptions of special 
structures or processes, or of any physical parameters 
which are quantitatively absurd. A look at the many 
years of cosmic-ray data with these ideas in mind seems 
to make rough order out of the differences among the 
years, and out of almost all the kinds of wiggles in the 
curve of mean daily meson intensity. It is hard to ask 
more at this stage; but it is still very far from a real 
physical theory. The empirical tests of the theory are 
still unmade; and a quantitative theory is, with many 
other astrophysical theories, far away. The close re- 
lationship of the physical picture to that of the Fermi- 
type mechanism for galactic origin of cosmic rays is 
plain, and equally plain is the way in which the solar 
modulations fit into a galactic picture of cosmic-ray 
origin, as they have not been fitted consistently into a 
picture of solar origin. It is a challenge to the solar 
theories of cosmic-ray origin to describe plausibly the 
variations in the cosmic rays, even at low energies. For 
energies above 10''—" ev it would seem impossible. 
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Influence of the Earth’s Magnetic Field on Air Showers 


R. J. NoRMAN 
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Cocconi has estimated that the deflection of air shower particles in the earth’s magnetic field should 
produce some ellipticity of shower structure, with the major axis in the E-W direction. Experimental 


evidence is advanced to show that the variation in shower structure at sea level is less than 4%, 


which 


compares favorably with Cocconi’s theoretical value of ~2% and proves that, at low altitudes, the displace- 
ment of particles from the shower axis produced by the earth’s magnetic field is negligible in comparison 


with Coulomb scattering. 


T has been estimated by Cocconi! that the influence 
of the earth’s magnetic field on the electrons (+) of 
an extensive air shower may not be negligible in com- 
parison with the displacement of these particles from 
the shower axis due to Coulomb scattering. The cal- 
culations indicated that the lateral distribution of elec- 
trons around the shower axis should be not circular but 
elliptical, with the major axis in the east-west direction 
and, at sea level, twice as long as the minor axis. The 
earlier calculation of Cocconi was subsequently cor- 
rected? and the effect at sea level was re-estimated to be 
about 2%. However, in a recent investigation at 2634 
meters (where the effect is considered to be larger) 
Chaloupka,’ using counter telescopes inclined at 45°, 
found approximately 20% more shower particles ar- 
riving from E-W than from N-S directions. Since any 
ellipticity of shower structure at sea level would have 
complicated the interpretation of a shower experiment 
which we are performing in this laboratory at present, a 
preliminary analysis of our results was undertaken to 
assess the magnitude of this effect at sea level. 

The experimental arrangement consisted of three 
proportional counters,‘ 0.05 square meter in area, 
arranged radially at the corners of a 5-meter equilateral 
triangle, one side of which was in the E-W direction, 
where the ellipticity is expected to be greatest. The 
remaining two sides lay in directions 30° E of N and 
30° W of N, thus recording substantially the effect in 
the N-S direction. Triple coincidences from the counters 
were amplified and displayed on cathode-ray tubes 
where they were registered by a recording camera. The 
counters have been checked continually with the 46.7- 
kev y-ray line from Ra D+E-+F and have held their 
calibration over the course of the experiment. 

The integral burst ratio distribution A in Fig. 1 was 
constructed from the ratios of the pulse sizes (shower 
densities) in counters 1 and 2 lying in the E-W direc- 
tion. The slope of such a distribution has been shown® 
to be independent of the shower size-frequency ex- 


1G. Cocconi, Phys. Rev. 93, 646 (1954). 

2G. Cocconi, Phys. Rev. 95, 1705 (1954). 

3P,. Chaloupka, Phys. Rev. 96, 1709 (1954); and Czechoslov. 
J. Phys. 4, 508 (1954). 

4R. J. Norman, Australian J. Phys. 8, 419 (1955). 

5T. D. Campbell and J. R. Prescott, Proc. Phys. Soc. (London) 
A65, 258 (1952). 


ponent y, and dependent only upon the lateral structure 
function. The burst ratio distributions for pairs of 
counters lying in the three different directions are given 
by curves A, B, C in Fig. 1, and the departure of each 
from the average distribution (full curve) may be 
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Fic. 1. Experimental distributions A, B, and C, obtained from 
counter pairs lying in different directions, are compared with two 
distributions D and E calculated for shower lateral structures of 
r)© and r~-®, which are more or less steep respectively than the 
average experimental lateral structure of r~°-*. 
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judged in relation to the two dashed curves. These were 
calculated on the basis of an electron density at a dis- 
tance r from the shower axis varying as r~!-° for D and 
as r~-™ for E, representing structure functions which 
are more or less steep respectively than the average 
experimental value of r~-*°. The lateral shower struc- 
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ture is the same in each of the three directions, within 
the experimental error of 4%. This places an upper 
limit of error on Cocconi’s second calculation of approxi- 
mately 2%, and shows that the effect of the earth’s field 
on shower structure at sea level is negligible compared 
with Coulomb scattering. 
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Analysis of the Small-Angle Elastic Scattering of High-Energy Protons by Carbon* 


WARREN HECKROTTE 
Radiation Laboratory, University of California, Berkeley, California 
(Received November 14, 1955) 


The usual treatment of the high-energy elastic scattering of protons by nuclei has been extended to 
include relativistic Coulomb corrections and a complex nuclear spin-orbit potential. With these additions 
it is possible to obtain a good fit of the experimental results on the polarization of high-energy protons 
scattered elastically by carbon for small scattering angles. In addition, it is possible to deduce the sign 
of the nuclear spin-orbit potential from the high-energy data alone. The significance of the imaginary spin- 


orbit potential is discussed. 


INTRODUCTION 


HE elastic scattering and polarization of high- 

energy protons by nuclei has been studied pre- 
viously by several authors.!* In this note the small- 
angle polarization is examined somewhat more closely. 
In particular, relativistic effects arising through the 
Coulomb interaction are calculated and, in addition, 
the nuclear spin-orbit potential is generalized to be 
complex. The relativistic correction manifests itself as a 
spin-orbit potential, and it will appear that this 
additional potential has a noticeable effect on the 
polarization of the proton for small angles of scattering.* 
This, together with the generalization of the nuclear 
spin-orbit potential as complex, makes possible a good 
fit of the small-angle polarization data for carbon and a 
deduction of the sign of the nuclear spin-orbit potential 
from the high-energy data alone.‘ By limiting our con- 
siderations to small angles, we minimize model- 
dependent features (e.g., the shape of the potential 
well), which tend to be more marked at larger angles. 


COULOMB SPIN ORBIT POTENTIAL 


To order (v/c) the relativistic corrections to the 
Hamiltonian® arising from the Coulomb potential are 


* This work was performed under the auspices of the U. S- 
Atomic Energy Commission. 

1 Fernbach, Heckrotte, and Lepore, Phys. Rev. 97, 1059 (1955). 

2 R. M. Sternheimer, Phys. Rev. 97, 1314 (1955). 

5 This particular point was discussed with reference to neutrons 
by J. Schwinger, Phys. Rev. 73, 487 (1948). 

‘ The sign of the polarization has of course been deduced by the 
measurements of L. Marshall and J. Marshall, Phys. Rev. 98, 
1398 (1955). 

5L. Rosenfeld, Nuclear Forces (Interscience Publishers, Inc., 
New York, 1949), p. 315. 


given by 
he 
+——(u—})e-(VV-XP), (1) 


2m?c4 


where V,, represents the Coulomb potential and y is the 
magnetic moment of the proton. The nonspin-de- 
pendent term makes a small contribution and will be 
ignored. The spin-dependent terms arise from the 
magnetic-moment interaction and the Thomas preces- 
sion. The contribution of a similar term from the 
potential will be ignored since it can be considered as 
being included with the usual nuclear spin-orbit poten- 
tial. Similarly we can neglect the contribution of Eq. (1) 
coming from the Coulomb potential inside the nucleus. 
The additional spin-orbit potential obtained from Eq. 
(1) is thus given by 


Ze (u-}) 


r>R=radius of charge distribution 
r<R. 


With the inclusion of this term in the Hamiltonian, 
the scattered amplitude will have the form, 


fQ)=A.+B.o-n+C.o-n+A,+B,o-n. 


The vector n is the unit vector normal to the plane of 
scattering and is taken to be positive for scattering 
to the right. The amplitude (A.+B.oe-n) represents 
the Coulomb scattering of a proton from a point charge; 
(A,+B,o-n) represents the nuclear scattering modified 
in the usual way by the presence of the charge distribu- 
tion. C, is the spin-dependent correction to the 
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Fic. 1. Polarization of 300-Mev protons scattered elastically 
from carbon, (a) for the sign of the nuclear spin-orbit potential 
the same as the shell model assignment; (b) for the opposite sign 
of the nuclear spin-orbit potential. The sign of the polarization 
in (b) is the negative of the scale. The experimental points give 
the polarization of 315-Mev protons elastically scattered from 
carbon.” 


Coulomb-scattering term to account for the charge 
distribution. A, and B, can be calculated in the usual 
manner.'” To find the Coulomb-scattered amplitudes 
we obtain the WKB phase shifts! for the Coulomb 
central and spin-orbit potentials. These are 


m=nlin(l+3); n=mZe/hk, 


l 
J+, @ 
— (1+1) 


where 7; is the usual Coulomb phase shift, &,* is the 
spin-dependent part of the phase shift, and £ is the 
energy of the incident proton. Since +m, we neglect 
the contribution of the Coulomb spin-orbit potential 
to A., which is then just the usual Coulomb scattering 
amplitude, and calculate B, to first order in ¢;*. By 
converting the sum over / to an integral and making 
the small-angle approximation to P;(x),* one obtains 
for B,, 


() s E 2 
B=-—-2(n—u-1)) f y2™17,05)4y, 


k me? 


E 
£*=n—(u—}) 
mc? 


0 


where @ is the angle of scattering. This integral can be 
evaluated from a formula given by Watson.’ One 
readily obtains 


1 
9 
mc” 


c 


n exp[ix—in In(6/2)?+2ino lf E 
Ran meceton-cnced : E ue, (5) 


2k (0/2)? 
where no=argl'(1+in). 


6 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
7G. N. Watson, Bessel Functions (University Press, Cambridge, 
1944), second edition, p. 385. 
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Fic. 2. Polarization of 300-Mev protons scattered elastically 
from aluminum, (a) for the sign of the nuclear spin-orbit potential 
the same as the shell model assignment; (b) for the opposite sign 
of the nuclear spin-orbit potential. The sign of the polarization 
in (b) is the negative of the scale. 


For small angle scattering such that sind~@, one has 
then 
n exp[im—in In(6/2)?+2ino | 
448 44—-———. sa 


E 
x| 1444 Dae-a (6) 


9 
mc* 


This result, it may be noted, is what one obtains from 
the solution of the Dirac equation to the first order in 
n and (v/c).8 Also it is a curious fact that, if one evalu- 
ates A, by this method, the usual Coulomb scattering 
formula as given above [ Eq. (6) ] is obtained. Similarly, 
C, is given by 


(+1) E ae 
6 masters 2(n—u-) f ytintD-17,(Oy)dy. (7) 
k mc? 0 


For small-angle scattering (kR@=2), the integral may 
be evaluated by expanding J;(@y) and using the first 
few terms. 

It should be noted that this Coulomb spin-orbit 
potential can influence the small-angle scattering only. 
This simply follows from the uncertainty principle and 
the circumstance that the Coulomb spin-orbit potential 
is limited to the exterior of the nucleus. 


CALCULATIONS 


The polarization of 300-Mev protons scattered from 
carbon and aluminum was first calculated in the WKB 
approximation, assuming a parabolic-shaped central 
potential, and a real-gradient-type spin-orbit potential,® 
for both signs of the nuclear spin-orbit potential. The 
results of this calculation are shown in Figs. 1 and 2. 

8A. Garren, Ph.D. thesis, Carnegie Institute of Technology, 


1955; Phys. Rev. 101, 419 (1956). 
® The parameters are given in reference 1. 
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Fic. 3. Polarization (for a complex spin-orbit potential) of 300- 
Mev protons scattered elastically from carbon, (a) for the sign 
of the real part of the nuclear spin-orbit potential the same as 
the shell model assignment; (b) for the opposite sign of the real 
part of the nuclear spin-orbit potential. The sign of the polarization 
in (b) is the negative of the scale. The ratio of the imaginary 
part of the spin-orbit potential to the real part is (—0.5). The 
experimental points give the polarization of 315-Mev protons 
elastically scattered from carbon.” 


The curve labeled (a) in each figure shows the expected 
polarization for the sign of the spin-orbit potential 
that corresponds with the choice of the shell model; 
curve (b), with the opposite choice. That the polariza- 
tion for case (a) should be generally greater in magni- 
tude than for case (b) follows from the sign of the 
Coulomb spin-orbit potential, which increases the total 
spin-orbit potential in case (a) and decreases it for 
case (b). 

Accurate small-angle scattering data at this energy 
exist for carbon and not for aluminum, so that the calcu- 
lations as they apply to carbon will be our chief con- 
cern. The experimental results” for the polarization of 
315-Mev protons elastically scattered from carbon 
for angles running from 2.5° to 9° is plotted in Fig. 1. 
Two points stand out in the comparison of the experi- 
mental and calculated results. First, the differences in 
polarization between between cases (a) and (b) in 
the relevant range are as large as or larger than the 
experimental errors associated with the measurement. 
Second, and more important, neither curve fits the 
experimental points over the range of angles being 
considered. This discrepancy is quite marked and 
cannot be removed by changing the magnitude of the 
spin-orbit potential, which while changing the magni- 
tude of polarization at any given point, will not materi- 
ally change the shape of the curve over the considered 
range of angles. Neither, for instance, does any reason- 
able change in the charge radius effect a material 
difference. Also, if one refers to Sternheimer’s calcula- 


% Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 100, 947 (1955). 
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Fic. 4. Polarization (for a complex spin-orbit potential) of 300- 
Mev protons scattered elastically from carbon, & for the sign of 
the real part of the nuclear spin-orbit potential the same as the 
shell model] assignment; (b) for the opposite sign of the real part 
of the nuclear spin-orbit potential. The sign of the polarization in 
(b) is the negative of the scale. The ratio of the imaginary part of 
the spin-orbit potential to the real part is (—1.0). The experi- 
mental points give the polarization of 315-Mev protons elastically 
scattered from carbon.” 


tions,? where another and markedly different form of 
the spin-orbit potential was also considered, one con- 
cludes that the difficulty cannot be resolved in this 
fashion. This leaves practically no other choice than 
to introduce another parameter. This was done by 
allowing the numerical coefficient of the spin-orbit 
potential to be complex. This is not unreasonable, since 
it merely implies that a spin dependence exists for the 
inelastically scattered nucleons, which has been ex- 
perimentally verified." 

In Figs. 3 and 4 are plotted the expected polarizations 
for both cases (a) and (b) and on the assumption that 
the ratios of the imaginary to real spin-orbit potential 
are (—0.5) and (—1) respectively.” One sees in Fig. 4 
that a good fit to the polarization data is obtained in 
case (a) for the latter ratio (—1). If the opposite sign 
of this ratio is assumed, the polarization is suppressed 
in the region beyond 4° rather than enhanced. Further- 
more one notes from the behavior of the calculated 
polarization for case (b) in the region of 1° to 3° that one 
can effectively rule out this choice of sign of the spin- 
orbit potential. 

DISCUSSION 


The effect of the imaginary part of the spin-orbit 
potential is to make the total imaginary potential spin- 


1H, Bradner and R. Donaldson, Phys. Rev. 95, 1701 (1954). 

"2 The imaginary spin-orbit potential was treated as a first-order 
correction to the previous calculations (Fig. 1) in order to save a 
considerable amount of labor. This will cause a small uncertainty 
in the precise magnitude of this additional potential required to 
fit the experimental results, but not in the general conclusions 
reached. 
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dependent. For j=/+} protons, this potential is 
—iLw(r)—/f(r)], 
and for 7=/—} protons, 
—iLw(r)+ (+1) f(r) J, 


where w(r) is the imaginary central potential and /(r) 
is the imaginary spin-orbit potential. Both are assumed 
to be positive quantities, and the sign of the spin-orbit 
potential corresponds with that chosen in the previous 
section. Now one must insist that 


[w(r)—If(r) ]20 (9) 


for all 7. Otherwise the imaginary potential for 7=/+} 
protons would act as a source rather than a sink for 
these protons. Thus the form and magnitude of the 
imaginary spin-orbit potential are restricted by this 
condition. However, it is apparent that for any given 
f(r)>0 this condition is violated for / sufficiently large. 
Accordingly it would appear that f(r) must be zero 
and that there can be no imaginary spin-orbit potential. 
This difficulty can be avoided however in several ways. 
The coefficient of the imaginary spin-orbit potential 
can be chosen to be some function of ],,? such that the 
violation of Eq. (9) is avoided for large /. Or one can 
introduce an imaginary central potential which is some 
function of |,” such that for large / the violation of 
Eq. (9) is prevented. It would also be necessary in the 
latter case to give up the gradient form for the imag- 
inary spin-orbit potential. 

The numerical calculations that have been made are 
of course not consistent with the above remarks, since 
Eq. (9) is violated. One may ask, however, as a prac- 
tical matter, of what consequence this is. We take the 
potentials to be of the forms (as used in the numerical 


(8a) 


(8b) 


HIGH-ENERGY PROTONS 


calculation) 
w(r) = wop(r), 
f(r) =—pa?(1/r) (d/dr) p(r), 
p(r)=1—7/R?, r<R, 
=0, r>R, 


where wp, uw, a’, and R are constant. One finds then that 
2ua* 

@) | 

For r sufficiently close to R this quantity will be less 
than zero. Thus only the outer fringes of the potential 
region will act as a source of 7=/+} protons. It is only 
for large / that the violation of Eq. (9) becomes of any 
consequence and these few high / terms may be 
neglected without materially affecting our calculated 
results or conclusions regarding the necessity of in- 
cluding an imaginary spin-orbit potential. 

It was demonstrated in reference 1 that the gradient 
form of the spin-orbit potential followed from simple 
considerations if one interpreted the optical-model 
potential in terms of the individual nucleon-nucleon 
scattering events taking place inside the nucleus. The 
fact that such a radial form for the imaginary spin- 
orbit potential is unacceptable shows that the approxi- 
mations made in that calculation are not completely 
justified so far as the spin-dependent scattering is 
concerned. 


[w(r)—If(r) = —1/R) -i( 
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Quantum-Electrodynamical Fourth-Order Corrections for Triplet 
Fine Structure of Helium 
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The quantum-electrodynamical fourth-order corrections for the intervals of the triplet fine structure of 
helium are calculated by taking into account the one-electron Lamb-shift for the self-spin-orbit coupling and 
the effect of the anomalous magnetic moment on the mutual spin-orbit and spin-spin coupling between 
two electrons. The values of the radial integrals are taken from the author’s previous calculation. The 
calculated values of the corrections are within the range of experimental errors in the case of optical meas- 
urements but they amount to observable quantities in a microwave experiment. 





HE fine structure of atomic levels has recently 

been measured! by the microwave method with 
an accuracy of 1 Mc/sec. To such an accuracy the 
theoretical interpretation should take into account the 
quantum-electrodynamical fourth-order correction. In 
what follows, the corrections for the triplet fine structure 
of helium will be estimated. For this purpose we have 
only to consider J-dependent terms. The largest level 
shift may be the Lamb shift of the S-level type. This 
shift is, however, common for all the fine structure 
components and gives no influence on the triplet 
intervals. 

The spin-dependent Hamiltonian of the He atom 
consists of three parts, namely, the self-spin-orbit 
coupling, the mutual spin-orbit coupling, and the spin- 
spin coupling, as follows’: 

Ao? = 2wS,- (Zr PL — ng Li2) 
+2w’S2- (Zre*Le—riz Lai), 
Ho™= —4y?ri7*(Sy- Lai +S2-L1:), 

H.=4p?(Si- V1) (S2° V2)ris, 
where uw is the Bohr magneton. Each term of H,,° 
represents the coupling of the spin of an electron with 
the orbital angular momentum of the same electron 
through the Coulomb field of the nucleus and the other 


electron. Each term of H,,.™ is the magnetic energy 
of the spin magnetic dipole of an electron in the mag- 


(1) 


TABLE I. Calculated corrections and observed 
intervals of He in Mc/sec. 








1s2p 
Obs. Obs. 


interval*® Correction interval 


29620+30 52 7940+-600* 12 
2290+20 —21 658+1> — 4 


1s3p 


Correction 





3P,—*P, 
3P.— 3P; 


1s3d 
13344105 
112+60 


1s4d 
3D.—*D, 


3D;—3D, —0.5 








* See reference 7. 
> See reference 1. 


1T. H. Maiman and W. E. Lamb, Phys. Rev. 98, 1194(A) 


(1955). 
? G. Araki and S. Huzinaga, Progr. Theoret. Phys. 6, 673 (1951). 


netic field produced by the angular momentum of 
the other electron. This is not identical with the so- 
called spin-other-orbit interaction. This distinction is 
important in the present consideration. The last part 
is the magnetic interaction energy of two spin dipoles. 

As is well known,’ the fourth-order fractional correc- 
tion for H,,* is a/x. The corrections for H,,.™ and H,, 
can be obtained by considering the anomalous mag- 
netic moment of the electron,’ that is, by changing S; 
into (a/27)S,. Thus we have (a/)(H so’ +H eo”/2+H,s) 
as the fourth-order correction for (1). That this con- 
sideration is correct can be confirmed by the calcula- 
tion of Fulton and Martin.‘ They showed that there 
is another spin-dependent correction of $,-$26(x:2) type. 
Such a term gives no influence on our problem because 
the expectation value of S,-S_ vanishes in the singlet 


‘ state and that of (x12) vanishes too in the triplet state 


in which the orbital function of the atom is anti- 
symmetric with respect to two electrons. 

The matrix elements of H,,*, H,.™, and H,, can 
easily be evaluated according to the method previously 
explained.’ From these matrix elements we have the 
triplet intervals as follows: 


E(Li41)—EC@L1)= (L+1)(2¢" —35°+6(2L—1)n] 
+ (a/m)(L+1)( 25" — 2¢¢+6(2L—1)n], 
E(?L1)—E(CL1-1) = LL Zp" —3¢¢—6(2L+3)n] 
+ (a/n)L[ Zp" — 25*—6(2L+3)n], 


(2) 


where 


rr =" f [baste Lactre Le Wadd, 


pawl f fyi lit Loiz)Wntrdvidv2, 


n=w2L(2L—1)}" 


ff vane|*(0/0s,05,)rur deus, 


’ Fukuda, Miyamoto, and Tomonaga, Progr. Theoret. Phys. 4, 
121 (1949). 

4 T. Fulton and P. C. Martin, Phys. Rev. 95, 811 (1954). 

5G. Araki, Progr. Theoret. Phys. 3, 152 (1948). 
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and W,zm denotes the triplet orbital function. The values 
of the corrections calculated by adopting the previously 
evaluated approximate values of these parameters® are 
shown in Table I. They may be a little too small because 
the calculated intervals were smaller than observed 
ones, but they can indicate an order of magnitude. The 
observed values':’ of the intervals are shown in the 


°G. Araki, Proc. Phys. Math. Soc. Japan 19, 128 (1937). 
7Brochard, Chabbal, Chantrel, and Jacquinot, J. Phys. 
radium 13, 433 (1952). 
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same table. The corrections are in the range of experi- 
mental errors in the case of optical measurements 
while the microwave experiment will permit observa- 
tion of the corrections. The previous calculation of the 
intervals® is too rough to test the correction terms even 
with the accurate data. We should have vastly im- 
proved orbital functions for the He excited states in 
order to deduce the fourth-order correction from the 
accurate observations. 
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Classical Maxwell Theory with Finite-Particle Sources 
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A Lorentz-invariant finite-particle model is introduced into the Maxwell theory by extending the space 
from space-time to a! (time-like) space-time spheres. The properties of the model are examined in the classical 
theory as a preliminary to the quantized case. The space-time sphere radius ) is the parameter of finiteness; 
it has the effect of smearing point particles into bell-shaped bounded distributions which go over into the 
6-function point-particle distributions in the limit \=0. The smeared particles give rise to fields in which 
the Coulomb infinity no longer exists. It is shown that the finite-particle 4-current has various indispensable 
formal properties: that charge is conserved ; and that, in interaction with its field, momentum and energy are 
conserved, the integrals representing the electromagnetic self-energy and self-force being convergent for 
+0. This replacement of point by finite particles results in corrections to calculations which are probably 
negligible where the classical theory is valid, but which might be appreciable in the quantum domain at 


distances comparable to 2. 


1. INTRODUCTION 


LASSICAL field theories suffer from infinities due 
to the use of a point model of the particle sources 
of the fields.! These same infinities carry over, multi- 
plied in number and variety, into quantum field theo- 
ries,? (which suffer as well from other infinities of a 
strictly quantum-mechanical nature). What is needed 
to eliminate this type of infinity is a finite-particle 
model. Moreover, it is not unreasonable to suppose 
that a particle model which eliminated this kind of 
infinity from a classical theory would do the same in a 
quantized theory built from it by the correspondence 
principle, especially if the finite-particle model were a 
kinematical (i.e., geometrical) element of the theory, 
independent of whether the classical or quantum in- 
terpretation of the fields were used. Accordingly, the 
study of a finite-particle model in the classical theory 
should serve as a useful preliminary to its eventual 
introduction into the quantized theory. That is the 
spirit in which a finite-particle model in the classical 
Maxwell theory is examined in this paper. 
The next question is, what sort of a model shall it be? 


* At present at Johns Hopkins University, Baltimore 18, Mary- 
land. 

1L. Landau and E. Lifschitz, The Classical Theory of Fields 
(Addison-Wesley Press, Cambridge, 1951), Sec. 5-2. 

2'V. Weisskopf, Phys. Rev. 56, 72 (1939). 


The finite-sphere model runs into group-theoretical 
troubles.* Moreover, the idea that an elementary par- 
ticle has a definite volume and boundary in 3-dimen- 
sional space seems to be interpreting the phrase “finite 
particle” in too literal and naive a sense. Another 
method of avoiding the infinities is the admixture of 
unphysical elements like advanced fields, which, be- 
sides defying causality, leads to unphysical behavior.® 
Yet, undoubtedly, elementary particles are finite in 
some sense. One might demand of a finite-particle 
model, discarding some of the prejudices carried over 
from macroscopic intuition, at least the following: 
that there be a parameter of finiteness \ which acts 
analytically as a cutoff in formerly infinite expressions; 
that the model defined by \ be meaningful against the 
groups employed, i.e., (at least) Lorentz-covariant ; and 
finally, the demand of simplicity, that \ have a natural 
connection with, or meaning relative to, spacetime, 
that it remain not forever an ad hoc and geometrically 
inexplicable element in the theory. One could add to 
these the stronger demand that \ admit interpretation 
in some end formulas as the linear dimension of a finite 


7W. Pauli, Die Allgemeinen Prinzipien der Wellenmechanik 
(J. W. Edwards, Ann Arbor, 1947), p. 271 

*P. Dirac, Proc. Roy. Soc. (London) A167, 148 (1938). 

5 For yet other attempts, see M. Born and L. Infeld, Proc. 
Roy Soc. (London) 142, 410 (1934); 144, 425 (1934); 147, 522 
(1934); 150, 141 (1935); R. Feynman, Phys. Rev. 74, 939 (1948). 
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particle in the naive world picture inherited from 
macroscopic intuition (but certainly not necessarily 
the same geometrical quantity—e.g., the radius of a 
sphere—in all such formulas). 

A finite particle model satisfying these requirements 
is obtained by widening the domain of definition of 
physical fields in the following natural way: The point 
of spacetime 2” (m= 1, ---4) can be identified with the 
“null-sphere” (light cone) of which it is the center. 
Physical fields which are functions of z', ---2* can 
thus be said, from this viewpoint, to be defined over 
the null-spheres of spacetime. If now one extends the 
space from all the null-spheres to all the space-time 
spheres, characterized by their centers x” and (directed) 
radii A, this means that we take physical fields to be 
functions of the five coordinates x", - - -2*, \. The radius 
\ then turns out to be the parameter of finiteness. 

Because of its conformal form invariance, the form 
that the Maxwell theory, extended to this space, 
should take is especially clear.* In this paper some 
consequences of this finite particle model in the classical 
Maxwell theory are examined. The main task is to 
show that the particle has the correct formal properties, 
for example, that its charge is conserved, and that in 
interaction with its own field there is conservation of 
energy, momentum, etc. These properties are indis- 
pensable, of course, in the quantized theory as well. 
Besides cutting off infinities and making these questions 
meaningful, the presence of \ also manifests itself in 
systematic corrections to the calculated results of the 
old theory. Some of these corrections are calculated 
below, although it is expected that they are negligibly 
small for phenomena in the classical domain. On the 
other hand, the corrections brought by this model to 
quantum-mechanical calculations, which might be ap- 
preciable, could be determined just as soon as we know 
how the Dirac theory should be extended to this space. 

This finite-particle field was first proposed in 1939 
by Groenewold’ and again in 1949 by Landé*; they 
gave the potential [our (3.5)] with the new retarded 
time condition involving the finiteness parameter \. 
These authors simply postulated this potential by 
analogy with the old Liénard-Wiechert potential ; with 
them it was not a question of first having a new set of 
field equations and then verifying that their ansatz is 
a solution. Landé recognized in addition that this field 
entailed, as its source in the second Maxwell set, a 
finite, smeared-out particle [our (2.9)]. Both were 
primarily interested in the dynamics of a particle, 
especially the self-force question, a matter excluded 
from consideration here. However, we may make the 
following remarks in passing: (1) that we believe that 
a quantum-theoretical treatment is indispensable in the 
self-force question; (2) that the dynamics of the finite 


® R. Ingraham, Proc. Natl. Acad. Sci. U. S. 41, 165 (1955). 

7H. J. Groenewold, Physica 6, 115 (1939). I am indebted to 
the referee for this and the following reference. 

8 A. Landé, Phys. Rev. 76, 1176 (1949); 77, 814 (1950). 
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particle advanced here seems to us still a subject fraught 
with ambiguities (e.g., it is not at all clear how the 
integral of the force density over the whole spatial 
extent of the particle, which represents in one sense the 
total force on it, governs the motion of the single point 
which specifies completely the position of the finite 
particle); (3) that these authors see various formal 
reasons to admix advanced fields in the dynamical 
problem, e.g., because they emerge along with the re- 
tarded fields from a natural, Fokker-type variation 
principle. These seem to us to be scant reasons for using 
such unphysical entities, especially when they are no 
longer needed to cancel infinities in the retarded fields. 
On the other hand, questions like the charge distribu- 
tion of the finite particle, energy-momentum exchange 
between it and the total field, etc., untouched on by 
Groenewold and Landé, are treated here in detail. 
Finally, the difference in viewpoint should be men- 
tioned. Those authors seemed unaware of the funda- 
mental connection of the theory with the sphere 
geometry of space-time, i.e., that the extension of the 
space brings with it fifth components, leading to a 
unified treatment of field and 4-current, etc. For ex- 
ample, Landé’s “reciprocity” is a characteristic feature 


of any theory built on sphere geometry.® 


2. SURVEY OF RESULTS 


The physical effect of introducing the length d into 
the Maxwell theory as a fifth variable alongside the 
four of space-time is to smear out particle sources, 
pointlike in the old theory, into charge distributions 
spread through all space but mainly concentrated in 
regions of linear dimension \ around the old point 
sources. The bell-shaped curve of charge density against 
distance becomes higher and narrower as \ decreases, 
going into the 3-dimensional 5-function distribution of 
the point source in the limit \=0. The total charge of 
the distribution, independent of X, is just e, the charge 
on the point source. The electromagnetic field of a 
particle is just that which would be calculated in the 
old theory from such a charge distribution, and is thus 
bounded, showing a finite maximum at the position 
of the old point charge. In the limit \=0 it goes over 
into the classical unbounded field of a particle. Geo- 
metrically, X is a Lorentz invariant and might be 
identified, e.g., with the Compton wavelength of the 
particle. For a particle at rest the charge distribution 
is spherically syrametrical ; for a moving particle, how- 
ever, an anisotropy appears, depending on the velocity, 
acceleration, and hyperacceleration.! Working in the 
extended space is equivalent to working with the con- 
ventional Maxwell theory in which all point sources are 
replaced by certain continuous distributions with 
effective spreads \ (and where, for a given \+0, solu- 
tions corresponding to point sources no longer exist). 


® See R. Ingraham, Nuovo cimento 12, 825 (1954), p. 834, ff. 
” By hyperacceleration we mean d*r/dé*. 
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This effects systematic corrections to the end results 
calculated on the basis of point particles: \ appears as 
a parameter in these formulas. As an illustration, the 
correction to the total radiation flux from an accelerated 
slow electron is calculated. Incidentally, the inverse 
phase, the motion of these finite particles in a given 
field, is not treated here. 

The introduction of the fifth variable \ has as a formal 
consequence that charge-current and field are united in 
a unified description by means of a 5-force Fag (a, 8=1, 
-++5). Fag satisfies field equations formally identical 
with the old Maxwell laws for empty space. The 4- 
vector of charge-current j,=(J/c,—p) is described 


this way as 
0 1 
jam (——~) Pe (2.1) 
Or’ Xr 


It is the source of the electromagnetic field F,,, and 
satisfies a continuity equation. The second main pur- 
pose of this paper is to show that the right member of 
(2.1) may also be consistently interpreted as the 4- 
current when we come to energy-momentum considera- 
tions. It is shown that the decrease of the electro- 
magnetic energy and momentum in a region of space is 
due not only to the loss of these quantities on the 
boundary but also to the work done by the field in the 
one case—and the force exerted by the field in the 
other—on a charge distribution whose 4-current is 
exactly the right member of (2.1). There is also a fifth 
conservation equation unfamiliar from the old theory, 
whose possible significance will be discussed later in 
this section. 

To come to details, the 5-potential F, of a particle 
of charge e and velocity v is found to be 


/ 


e v/c 


F=A=— —, 
4m (R°-+X2)4— (R-v)/c 





—e 1 
F,= — g=— ———_—__,, F ;=0,,_ (2.2) 
4a (R?+ ?)!— (R-v)/c 
where A and ¢ are the vector and scalar potentials, R 
is the radius vector from the position r’ of the charge 
at the retarded time 


tree’ = t— (R?+A*)4/c (2.3) 


to the point of observation r, and vy is the velocity at 
the retarded time. The cur! of F, gives the 5-force™ 
Fg of which the components!" F,,, form the electro- 
magnetic field of the particle and the other components 
G,=Fs5, determine the particle 4-current 7, via (2.1), 
which can be conveniently written 


j 
jn=A—(AG,). (2.4) 
. an 


1 General index conventions: Greek letters go from 1 to 5; 
Roman letters m,n, p,q, etc., go from 1 to 4; Roman letters 
i, j, k go from 1 to 3. 






This 4-current, which is the source of the field F,,n, 
satisfies the continuity equation 


aj"/dx"=0. (2.5) 


wn 


From (2.2), (2.3), it is evident that we get back the 
well-known Liénard-Wiechart solution for \=0, but 
that for A¥0 these potentials, and hence the 5-force 
Fg and 4-current j,, are bounded quantities. Indeed, 
by (2.3), tree’<¢ everywhere and 


(tre max =t—X/c. 


The presence of the nonzero parameter A thus prohibits 
the instantaneous action of source on field point 
leading to infinities in the fields. If the source be pic- 
tured as a finite particle in the macroscopic sense, which 
acts, as far as the effect of its field on points external to 
it is concerned, as if it were concentrated at its center, 
then this last formula says that \ is as near as we can 
get to the center of the source, i.e., that \ is interpretable 
here as the radius of the finite particle. 

The electromagnetic field of the particle is computed 
in Sec. 3. The charge-current turns out to be 


ed? | i « en’Q 
b —v|, p= 


J=——_| b+——-a+—v]|, p=—— , (2.6) 
4rc?D 4rcD4 





+---0+ 
D D 


where v, a, and b are the ordinary velocity, accelera- 
tion, and hyperacceleration® of the old point source, and 











R-v 
D= (R?+ *)!——, 
C 
v R-a 
P= 1——+ "a (2.7) 
Ce ¢ 
3cP? R-b 3a-v 
Q-—+—- 
D 2 a 


The charge distribution thus shows an anisotropy if 
the particle is in motion. For a source moving with 
constant velocity the charge density simplifies to 


en? rvs 

ya ;) 
— C 
so that, e.g., the maximum value of p (that at the 
position of the old point source) exhibits a [1— (v*/c*) P 
velocity dependence. 


Fora source at rest at the origin, only g=e/4x(r’+-d*)! 
is nonzero, giving the 5-field 





p= 


e r 
eo ee 
4 (r?-+)?)! 
0 e nN 


Ga ——p=—— ——_.. 
dv 4 (7-22)! 


E=-—V 
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This electrostatic field is that due to the charge-current 
derived from G, G,, which by (2.6), or directly from 
(2.4), is 


te) 
=cA—(A"G) =0, 
or 


Gi) 3X? 
p= —rA—(A1G,) = — ———_. (2.9) 

ON be (r?-+-d*)5/? 
This distribution into which the old point source has 
been smeared has the following interesting properties. 
The charge is mainly concentrated in a region of linear 
dimension ~\ around r=0, attenuating rapidly (like 
r-*) for r>X. The function p(r) becomes higher and 
narrower for decreasing \, whereas for any value of \ 


its total charge is 
(=) i aw 
tae 
4a (P82 2 


exactly the charge on the old point source. Thus p/e 
is an approximation for the 3-dimensional 6 function: 


pdo= 


all space 


» (2.10) 


Lim (30*/4)(°-+22)-*7=8(0), 


so that we get back the point-particle $-function dis- 
tribution in the limit \=0. One further property, which 
ties X to a macroscopic finite particle interpretation, 
should be mentioned here. By (2.9), at r=0, 

P= Pmax = e(4rd?/3)1, (2.11) 
and this maximum charge density is just what one would 
obtain in the naive picture in which the point source 
was spread uniformly throughout a sphere of radius 
exactly X. 

In the macroscopic Maxwell theory, one replaces a 
large number of particle sources by a fictitious con- 
tinuous charge distribution. The solution due to the 
continuous spread is built up by linearity from the 
elementary Coulomb solution as an integral of the 
charge density over the appropriate volume, surface, 
or curve. By the same device the fields due to continu- 
ous source distributions may be built up from the ele- 
mentary solution (2.2), (2.3). The presence of \¥0 
smears each “point particle” of the fictitious fluid over 
all space; the charge-current j, differs thus in its de- 
tailed distribution from c,, the given continuous spread 
of sources, although they coincide in the limit \=0. 
A calculation of the dipole radiation of a current of 
atomic dimensions, for example, shows a correction due 
to \¥0. The total charge, whether given by 7, or on, 
is the same. The details, given in Part 3, are passed over 
here because we are more interested in the changes 
which this extension brings to the exact, microscopic 
theory. 
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Energetics —From the 5-force an energy 5-tensor 
Tag of the usual form can be built, except that here we 
must use the appropriate metric, that of the extended 
space, to raise the indices. The energy tensor satisfies 
a conservation law in virtue of the field equations. In 
terms of the electric and magnetic fields and the 4- 
vector G,,, the components 7'4g= —A~*T ag turn out to be 

.= — (EE+HH)+338(E’— H’)+GG+38(G2-@), 
«= — (EXH- G,G), 
u=}(E++@+Ge), 
—G,E+GXH, 
—G-E, 
}(E°— #?+G’*—G~2), 


(2.12) 


where the dots indicate suppressed 3-vector indices, so 
that, eg. T.. and 7.4 are 3-dyad and 3-vector re- 
spectively, and 6 means the unit 3-dyad. The com- 
ponents of 7’, are the quantities familiar from the old 
theory enlarged by terms in the 4-vector G,,, and the 
Ts, are new. The conservation laws written for the 


quantities T., read 


(2.13) 


ieee : 
T;= a T™3+r>—(A" T'58) +A5,°7 =0, 
ox™ Or 


where T= 17y,4+ Toot 1T33— Tut s5 and the index m 
is raised with the Lorentz metric. Further support for 
the identification (2.1) now comes from the fact that 
the integral conservation laws 


f T sdv=0, 


where V is a volume of boundary S, give for 8=4: 


a E’°+H? 
eas 
Oty 2 


=c { (EXH)-do+ ff 3-Bar, 
8 V 


(2.14) 


and for 6=1, 2, 3 
EXH 
“al ~ [——ar= fs dot f (oB+- XH )ar, 


where the charge p and current J are given by (2.1). 
(Some manipulation using the field equations to 
eliminate 9E/d\ and dH/dd has been performed.) Here 
S is the classical stress dyad of the field [the first two 
terms of 7. in (2.12)]. These are the classical laws 
expressing the conservation of the energy and mo- 
mentum of the field in a region V containing charge of 
density p and current J. 

The component 8=5 gives (after similar manipula- 


(2.16) 
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tion) the conservation law 


a7G-E 1 
Pos “tems f (-GB+GXH) de 


al V Ce 8 
1 10 
-- f{E-(-ve.t-—6) 
CYy cal 


J 
+H (VG) ~pG.—~-G la. (2.17) 
Cc 







It suggests that a mass density G- E/c* be ascribed to 
the field; then (2.17) is a conservation law for this mass 
in V, relating its decrease to certain volume and surface 
interactions with the other components of the 5-force 
and their derivatives, including the charge-current 
(2.1). G could be interpreted as an electric polarization; 
it is this polarization which gives rise to the current 
via J=c\(0/0A) (AG). 

Specializing these considerations to the elementary 
solution (2.2), one gets for a nonrelativistic electron the 
acceleration field 
















e | R-a 1 
aco = ——| ————R-—-————a, 
dec (R+2)! (RP+22)! 


e RxXa 
B32 
4c? (R?+)?) 





(2.18) 








hence the acceleration dependent part of the Poynting 
vector is 
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e 
Srco®® c( | 4 Hacc) ee 
16r°c* 


(R-a)? a’ R-a 
| e R 5 
(R?+?)5 2 (R?+ ?)! (R?+-)?)5/2 
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Integrating this over a sphere of radius r around the 
particle as center, one gets the power loss of a slow 
electron by radiation: 


2 (e’)? \?\ 4 
J S-do=-—a0, e=(1+-) » (2.20) 
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where e’=e/(4r)!. The correction factor ©, which goes 
to unity as r—, involves the square of the ratio X/r, 
presumably small for r of macroscopic size (~1 cm). 
For the field of a particle, the integrals in (2.15) 
representing the energy of the particle field and the 
work done by this field on the smeared charge spread of 
the particle itself can be calculated for any given state 
of motion of the old point source. These integrals are 
finite (A#0) as contrasted with their divergent nature 
in the classical theory. Hence we can talk meaningfully 
about the electromagnetic self-energy and _ self-force 
of a particle with this model. For a resting particle the 
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electromagnetic self-energy is 


1 e 2 dr 
é= -f F*dy= (—.) ax f aauapemayn 
2H all space 322? 0 (r°+n?)8 
1 3r\ /e 
EIQ) o» 
8x 16 r 


The classical expression, for a finite particle of radius a, 
is Edass= e’/8ra. Hence from energy considerations we 
would be led to interpret \ as 32/16 times the radius of 
the particle in the naive picture. 

Probable size of \.—The corrections to results in the 
classical domain, for example © in (2.20), cannot be 
expected to furnish an idea of the size of \, whether it 
should be taken as the classical radius, say, or the 
Compton wavelength, or something else again. In the 
quantized theory, however, the cutoff \ would yield 
finite results for quantities which today are evaluated 
by a subtraction process in a perturbation formalism. 
A comparison with experiment here could be expected 
not only to fix A but also to answer the prior question 
whether field theory built on the present extension of 
space-time is consistent with observation. 





3. DETAILS OF THE CALCULATIONS 


The extended Maxwell laws are 


C) 
1 — (vh“*y""*Fi.) =0, 
Ox 


(3.1) 


Ox* x x7 


where Fuag=—F eq is the 5-force, yag the metric in 
sphere-space, defined by 


0? =yagdx*dx®= —)-*(dr—Cdf+dr2), (3.2) 


giving the infinitesimal angle d@ between the neighboring 
spheres” of centers «”=(r,ct) and 2"+dx"=(r+dr, 
c(t+dt)) and directed radii x5=\ and x°+dx5=\+d) 
respectively; y** are the normalized cofactors of Yas, 
vy=Detyas. From (3.2), y*®=—)’g*® where g**= gas 
=(+++-—+)1 on the diagonal, g**=g.s=0, aXf; 
and y!=)~*. Hence (3.1) decomposes into 





0 eA 0 
ox™ OX Xr ox™ 
and 
0 0 te) 
—F np +—F pm+—F nn=0, 
ox™ ox” Ox? 
(3.4) 

0 0 0 

—F ,,.——F w= Fan, 


ox™ ox” Or 


12 Only time-like spheres are considered, i.e., those whose surfaces 
and centers are related time-like in space-time. This choice leads 
to the plus sign before dd? in (3.2). The inclusion of space-like 
spheres brings with it various unphysical features; see reference 5 
or R. Ingraham, Nuovo cimento 1, 82 (1955). 
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in which the indices m, n, p are Lorentz indices and are 
raised with the Lorentz metric. For the subspace \=0 
we take F;,,=0; then (3.3) and (3.4) go into the ordi- 
nary Maxwell laws for empty space. To verify that 
the 5-potential (2.2), (2.3) gives a solution of these 
field equations, it is convenient to write it in its Lorentz 
invariant form,” thus 
e te 
F,,= —— —-, 
4 Rv, 
where [y"(w),0] is the path in sphere-space of the old 
point source in terms of any Lorentz-invariant running 
parameter w; v™=dy"/dw evaluated at the retarded 
time (i.e., at the corresponding value of w), indices are 
lowered with the Lorentz metric gn, and Re=x»—y? 
is the radius 4-vector from the point source at the 
retarded time to the observation point x”. (3.5) gives 
the potential at the sphere (x”,A) and the last equation 
fixes the retarded w as a function of x” and \. The 
5-force is the curl of F,, or 


e 1 


4x (R?v,)* 


F5=0; R°R,=—)*, (3.5) 


+ 
mn 


A 
208 Wate 
(R? vp) 


X| Rat. Rata Rete] (3.6) 


€ r { 
ce 

4 (R?v,)” Rv, 
do”, A= Ray 
lowered with Lorentz metric. We have used the formulas 


where a™=d"y™ v°vp, and indices are 


OWret Bs OWret r 
—=—, , (R=R,) 
ox™: R Or” R 


(3.7) 


obtained from differentiating the last equation of (3.5). 
From these follow the formulas: 


OR,, UnRm oR” 
(@) —=tm-", (—-3), 
ox™ ( ox™ 


OV Rn 


0A (R°b,—3a?vp) 

= Og} 

ox™ R 

0A _ bp —3a?v,) 
——h. 


a R 


18 See Landau and Lifschitz, reference 1, p. 176 for the corre- 


sponding formula for \=0. 
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The set (3.4) is satisfied automatically in virtue of 
F.g=0F 3/0x*—OF,/dx*. As for the set (3.3), we verify 
first that the divergence of Fs" vanishes. We have from 
(3.6) and (3.8): 


OF 5" er A 
datos) 
Ox" ee R 
 { (Rd) A te A 
———— — + Av"? | tot Ra ) 
R R R R 


~(o.+£(R0)-3(00)}-) i 


e Xd A A 2A? 
=—— -|- 2(av)— rat tar 
4r @? R R 
A A A? 
+(Rb)-—(Ra)+—(v)*+— 
R R 


R 


— (av) — (Rb)+3(av) | (3.9) 


with the notation ( ) for the Lorentz inner product, 
e.g., (Rb)=R,b". All terms except those involving A 
and A? cancel immediately and the rest give 

OF 5" 


e \f3A? A 
, —|-—+— —[—3(Ra)+3() 2] 
2" 


oe RL AR 
e\ [3A? 3A? 
eyes 
4r fh? R 


(3.10) 


Hence our solution satisfies the last equation of the 
set (3.3). As for the first set of (3.3) we first os 


0 A Ru. A Ki Ady 
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(Rb) —3 (av) 
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Or R R KR KW R 
a —h 
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Abbreviating ®,=a,—(A/®)v,, we get from (3.6) 
and (3.8): 


OF, e 
a “|- 26 (tte) (Re, ~4"R,) 
ie 
Rn 
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From (3.11), 


ab, (R)? A 
Rn—=-——5, -—(R)*a, 
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R wR 


(3.13) 
Oop" 


R R R 
Using (3.13) and the relations 
(R®) = (Ra)—A=(v)*, (vb) = (av)— (A/R) (0)? 
in (3.12), we get 


OF™,, e A A 
= --[ —2R8 (0418) («.-—.) 
ox™ 4a R R 
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Grouping together the terms proportional to bm, Gm, Um, 
and Rp, this becomes finally 
e (R)? 


4r @ 


3A 3A? (Rb) 3(av) 
x| ont (—- + Joa} (3.14) 
R R? R R 


A(R)? 


Next we compute 
os te) 
_ (—--) Fu —A—(A“F gn) 
Or X On 
from (3.6), (3.8), and (3.11). 
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Finally, it follows that the right members of (3.14) 
and (3.15) are equal in virtue of the retarded time 
condition (R)?=—? in (3.5). Hence (3.5) is demon- 
strated a solution of the field equations. 

The statement that [(0/0A)— (1/A) JF sn is the source 
of the electromagnetic field F,,, and satisfies an equa- 
tion of continuity follows from (3.3) and (3.4). 

The fact that the field (3.6) is bounded for \¥0 can 
be seen very easily from this invariant form: an in- 
finity could occur only where R» vanished or was 
orthogonal to the timelike vector v”, in which cases we 
would have ReR,>0. But by (3.5) R? is time-like. 

The 4-current 7, for a general state of motion of the 
particle is given by the negative of the right member 
of (3.15). If we replace the invariant parameter dw by 
dt'=c~dy* [as we may do by the homogeneity of F, 
in vp, see (3.5) ], the new 5‘ and a‘ vanish, and the new 
v'=c. ® becomes —c[(R?+ *)!— (R- v/c) ]. Substitut- 
ing these into (3.15), we get the expressions (2.6), (2.7). 

In a macroscopic theory, consider the field due to 
the continuous space spread ¢,= (av, —o). Replacing e 
by odv in (2.2) and integrating, one gets the solution 


1 a(v/c)dv 


4nd (R°+22)!—(R-v/c) 





odv 


1 
| (R2-+22)!— (R- v/c)’ 





F;=0, (3.16) 


where og, v, and R are the retarded quantities. For the 
4-current (2.1) associated with this field 7,40, but it 


easily can be seen that 
limjn(*?,A)=on(%), f pav= f cdv, 
0 

all space all space 


(3.17) 


where the last equation refers to an electrostatic dis- 
tribution. As an application, the electrostatic potential 
of an infinite straight filament of charge o=const per 
unit length along the z-axis is 


of” d¢ 
PT br fat y+ (s— O40") 





—o 
=— log(r:?+)?)?, (3.18) 
2r 


where r,= (x?+-y*)#. For A=0, one gets the familiar 
result that ¢ is the potential of a point charge o at the 
origin in two dimensions. G,=— (0/dA)¢, hence the 
charge distribution p due to this field is 


° ig) =2— (3.20) 
p= —A—(A"G,) =- ——_. a 

Or mr (r?+ ?)? 
p is cylindrically symmetrical, attenuates like r;~* for 
r,;>A, and has a total charge (considered as two- 
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dimensional distribution) 
© rdr; 
(r:°-+d?)? 

= 2od*X 1/(2d) =o, 


a 
pda =-1x2r f 
0 


xy-plane us 
(3.21) 


or just the charge on the point source. Thus p/¢ is an 
approximation for the 2-dimensional 6 function: 


2 
= d(r1). 
(r?+d?*)? 
We note further that at r,=0 


o(md?)—, (3.22) 

which is just the density of a point charge o smeared 

uniformly through a circle of radius X. 
Energetics.—The symmetric energy 5-tensor is 


Tap= Fal yp— task F ys, (3.23) 
where indices are raised with the angle metric yas de- 
fined by (3.2). It satisfies 

Vi.7T%s=0, (3.24) 


where V, is the covariant derivative with respect to 
the metric ys. This is proved by a calculation formally 
identical with the same one in the conventional theory," 
using the field equations (3.1), of which the first may be 
written V.F%s=0. Equation (3.24) expanded reads 


0 


P= Pmax > 


0 0 
Ys —(1'T 45) +37 9"T ay =0. (3.25) 
ax ox8 
Using Yas=—d gag and yi=d~*, where gag are the 
constants defined after Eq. (3.2) and writing Tas 


=—) Ts, this gives the conservation laws in the 
form (2.13). 


To derive the integral conservation laws (2.15)- 
(2.17), we first set 8=4 in (2.13), getting 


-—( E2+ H?+G? +Gé “) 


2 


c ot 
o..3 

-v-(EXH-G.6)-(—--)(G-E)=0. (3.26) 
or Xr 


Write the second sets of field equations in (3.3) and 


4 See Landau and Lifschitz, reference 1, pp. 87, 88. 
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Take the scalar product of (b) with G, transform the 
first term by product differentiation, and use (a) to 
replace V-G. We get 


C46, ak 
<(— =*)- ¥-(G.G)+6-—= 
c él 2 or 


Adding this to (3.26), we obtain 


(mo 
cal 2 


which leads on integration over V to the Poynting 
Theorem (2.15). Proceeding similarly with the mo- 
mentum, (2.13) for 86=1, 2, 3 gives 


o 4] 
ae 
Or Xr 


X (—G,E+GXH)=0. 


)+y. (EXH) = 0 4G)-E=0, (3.28) 


10 2 
-—(EXH-—G,G)+V-T. 
c él 


(3.29) 


Multiply (3.27b) by G, and take the vector product of 
G and (3.27c). One gets 


1 0G dE 
~Gr—-G.—=0, 
Cm Or 


IVGe— 


oH 
Gx—-—iVG’?+-G-VG=0, 
on 


respectively. Add these, transform the last term thus 
1 0G, 
G-VG=V-(GG)—(V-G)G=V- (GG)—-—G 
c él 
and subtract from (3.29). One obtains 
EXH 
<(— -)+v: S.. - (A1G,) E 
ot c 


+.” 0G) XH=0, (3.30) 
FN 


where S.. is the classical stress dyad, which leads 
directly to (2.16). Equation (2.13) gives for B=5 


10 
-—(G-E)+V-(—G,E+GXH) 


col 


1a 
4+- —(E?— H?+ G?—G2)+-71(Ge—G2)=0. (3.31) 
2 ar 














































By using (3.27) to eliminate 0E/d\ and dH/d\ from 
this, an equivalent equation is obtained which, when 
integrated, yields (2.17). 

The acceleration field (2.18) of a nonrelativistic 
electron can be read off immediately from (3.6). We 
can replace a;, 1; by a, v, the ordinary acceleration and 
velocity and a4, 14 by 0 and —c (see the remarks earlier 
in this section). To evaluate the integral (2.20), take 
the z-axis along a at the retarded time corresponding 
to the moment in question. Then 


R-a=R|a|cosé, R-da= R*dQ, a-da= R*| a| cosédQ, 
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and therefore 


é p Ral? R? cos’é 
J Sudo=— I( -1)a0 
, 16n¢cL (REL) s\ REED? 
R*)?| a|? 
+ —— - f cosa] 
(R?+)?)5/?u 


e Rlal? 2 2 h2\-3 
= ———— f sintaan=— —o8( 14) 
lor’ (R?-+*)!4's 3 4xc3 2 


which is the right member of (2.20). 
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A unitary transformation is found which transforms the Dirac equation into two uncoupled equations. 


These involve higher orders of the time derivative than the first. In order (v/c)? the equations involve only the 
first time derivative and they are then equivalent to the Foldy-Wouthuysen transformation. While the 
equations are uncoupled and free of odd operators the functions satisfying them cannot be interpreted as 
different functions describing positive and negative energies separately, the general interpretation in the 
exact theory remaining in terms of the four-component wave function. 

The transformation is extended to quantized fields and to relativistic two-body equations. The second- 
order electromagnetic mass effects in the quantized Dirac equation appear, in the nonrelativistic limit, as the 
time derivatives of the electric terms of the nonrelativistic Hamiltonian without the radiative corrections. 
These mass effects in the nonrelativistic Hamiltonian are proportional to (1/mc)’. 

Construction of unitary transformation operators for the ps-ps meson theory and for the Bethe-Salpeter 


equation are also discussed. 


I. INTRODUCTION 


T is well known that for many physical systems the 
application of the relativistic quantum theory meets 
with some mathematical difficulties. Furthermore, the 
description of many-body systems by relativistic 
methods raises some conceptual difficulties with regard 
to the meaning of a many-body relativistic wave func- 
tion. It is, therefore, desirable to construct a general and 
systematic method for transitions from relativistic to 
nonrelativistic theories. Many methods of reductions of 
relativistic equations to nonrelativistic forms have been 
known all along, but all of these methods suffer from the 
lack of generality and from the required tedious pro- 
cedures in their executions. 

In the conventional methods of approximations the 4 
components of the wave function are not treated on an 
equal footing, and this procedure gives rise to non- 
Hermitian terms in the Hamiltonian of (v/c)? approxi- 
mation. However, there exist methods of approximations 

* This research was supported by the United States Air Force, 
through the Office of Scientific Research of the Air Research and 
Development Command. 


+ Now at Turkish General Staff Scientific Advisory Board, 
Ankara, Turkey. 


which easily remove the above defect. In connection 
with a study of the nature of nuclear interactions, Breit! 
considered the (v/c)* effects for nuclear particles. His 
method was, essentially, based on approximate Lorentz 
transformations and gave consistent results for spin- 
spin and similar interactions. 

A different treatment of the problem was given by 
Foldy and Wouthuysen.? This method involves an 
infinite sequence of successive canonical transformations 
on the Dirac Hamiltonian, for a particle interacting 
with an external field. It leads to a transformed Hamil- 
tonian in the form of an infinite series in powers of p/mc. 
For higher order approximations in p/mce, the Foldy and 
Wouthuysen development is not easy to use. Moreover, 
their method does not provide a simple way for the 
investigation of many-body problems. 

It has been found possible to derive two sets of two- 
component equations referring to positive and negative 
energy states which are free of odd operators. The 
generalization of the method to other relativistic sys- 


1G. Breit, Phys. Rev. 51, 248 (1937); 51, 778 (1937); 53, 153 
(1937). 
2L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 
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tems involving more than one field is rather straight- 
forward. 
II. FREE-PARTICLE EQUATION 


The four-component spinor wave function Wo for a 
free Dirac particle satisfies the equation 


(ypPotuvo=0, (II.1) 


where 
Pwo= —th(dpo/dx,), p= 1, 2, 3, 4 
~ih(a/al) cp, 


xa=icl, Veet Ve¥p= — Wye, Ys=18, ¥,'=—v7,, and 
u=mce. The 4-vector p, stands for the 3-dimensional 
vector p and the fourth component p4= ipo. 

We write Eq. (I1.1) in the form 


(y-P+u)vo=Bpwo 
and introduce the operator yp by 
Te (1/p)y-p, 


(II.2) 


where 
9 


v= —1. (II.3) 

By introducing the transformation 
p=u tanu, (11.4) 

and using (II.3), Eq. (II.2) can be written as 

2u exp(ypu)/Lexp(ypu)+exp(—vpu) Wo=Spopo. (ILS) 


For a free particle, the relation p,?=—y? and the 
transformation (II.4) gives 


2/Lexp(vp»u)+exp(—~v pu) ]= (p?+u?)!/u, 
so that Eq. (II.5) reduces to 
(p?+u*)! exp(ypu)yo=Bpwo. 


We can eliminate the operator exp(ypu) from (II.6) if 
we introduce the following transformations: 


go= exp(7p4/2)~o= Uolpo, 


(I1.6) 


(11.7) 
and 

po = UotpoU o= po, 
where 


Uo=exp(—v,u/2). (11.8) 
Hence Eq. (II.6) becomes 


ih(d go/ dt) = BE p¢o, (II.9) 


where 
Ey=c(p*+ui). 


In deriving (I1.9) use was made of the operator property 
BUo= UDB, (11.10) 
which is a consequence of the relation 


(8,7 ],=0. 


Equation (II.9) was derived by Foldy and Wouthuysen 
by stipulating a canonical transformation generated by 
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the Hermitian operator 
S=— (i/2u)y-pW(p/u), 


where the function W was determined by imposing the 
condition that the transformed Hamiltonian 


Hr=exp(iS)H exp(—iS) 


be free of odd operators. Equation (II.9) for the new 
wave function is free of odd operators and therefore it 
can be split up into two-component wave equations 
describing positive and negative energy states of a free 
particle. So far nothing new has been obtained in this 
section. The reason for giving the above detail for the 
free particle case lies in its extensive use in later sections 
of this paper. 

In order to separate positive and negative energy 
parts of (II.9), the use of the projection operators 


A,°=43(1+8) (11.11) 


is the usual procedure. The operators A,° can be ob- 
tained from the Casimir projection operators by taking 
p=0, but this does not mean that they are related to 
particles at rest. They differ from the Casimir projection 
operators in that they are the simplest projection 
operators formed from even matrices. The positive- and 
negative-energy wave functions are defined by 


¢o==Ax" go. (II.12) 


We may further note that the operator U» satisfies the 
equation 
HU = UBE,, (11.13) 
where 


Ho=ca-pt+ feu. 


Actually the unitary operator Uo, as shown by Foldy 
and Wouthuysen, can be written as 


Uo=[2E,(E,+Me)}4(HB+E,). 


Thus U» consists of the usual four solutions of the free- 
particle Dirac equation corresponding to positive and 
negative energy states with “up” and “down” spin 
states. The form (II.14) of the solutions of the Dirac 
equation was used by Breit and Thaler® in order to 
analyze the origin of relativistic corrections to magnetic 
moments and it also made it possible to extend it to a 
two-body system. 


(11.14) 


Ill. INTERACTION WITH AN EXTERNAL 
ELECTROMAGNETIC FIELD 


The equation for a Dirac particle interacting with an 
external electromagnetic field is given by 


(y-x+u)y=Baop, 


T= Pp— (e/c)A p» p= 1, 2, 3, 4. 
*G. Breit and R. M. Thaler, Phys. Rev. 89, 1182 (1953), 


(IIT.1) 
where 
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The simplest way to investigate the case of interac- 
tions is, first, to represent the unitary operator U of the 
free-particle case in a suitable form and, then, pass to 
the introduction of interaction just as one does in 
writing down the Dirac equation for a particle inter- 
acting with an external field from the free particle 
equation. 

In order to write the unitary operator Uo in a form 
suitable for the introduction of an external field, we 
observe that we cannot bring in the interaction with an 
external field when the momentum operator in (II.8) is 
involved both as a vector and as a magnitude of a 
vector. However, the operator ypu can be written as 


Yp4=7p tan (p/n) 
= Yel (p/u)—3(p/u)* +3 (p/u)>+---] 
=i tan”[— (iy-p/u) ]. 
Hence 
Uy=exp(—iSo), (III.2) 
where 


So=} tan“'(—iy-p/u), (IIT.3) 


and Sp is a Hermitian operator. The form (III.3) of the 

generator of the unitary operator does not involve the 

magnitude of the momentum operator, as only the 

components of p appear in So. The unitary operator U 
for an interacting particle can now be inferred as 

U=exp(—1S), (IIT.4) 

where the Hermitian generator S is given by 

S=$ tan“!(—iy-2/y). (III.5) 

The new wave function ¢ will be represented by 

g= Up. 


We may now write Eq. (II.5) for the case of inter- 
action as 


(III.6) 


2uB(U?+ U*t) p= Uta ¢, (III.7) 


where use is made of (III.6) and the operator property 
BU=U'B. (III.8) 


The right-hand side of Eq. (III.7) is not free of odd 
operators. It will be convenient to record Eq. (III.7) in 
the form 

Mgo=RetLeg, (IIT.9) 
where 
M = 2ypB(U?+ Ut), 
R=}(UtmU+UmU), 


L=}(UtmoU —UnU). 


(III.10) 


The operators M, R, and L are Hermitian. Under a 
change of sign of » the unitary operator U changes to Ut 
so that, while M and R remain unchanged, the operator 
L changes its sign. In order to see more explicitly the 
structure of M, R, and L, for small enough p/u, we can 
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write 


UtroU =mo+iLS,ro]— (1/2) (S,0S,40]] 
— (#/3))0S,0S,0S,r0}JJ+---. (T1111) 


Hence 
R=mo— (1/2!)[S,0S,90]J+---. 
L=iLS,ro]— (i/3)(S,LS,[S,roJJ]+---. 
We also have 
S=—i(y-)/(2u)—(—iy-)*/(6u*)+---. (ILL-14) 


From (III.12), (111.13), and (II1.14) it is easy to see 
that R and L consist entirely of even and odd operators, 
respectively. The expansion of S shows also that M is an 
even operator. 

Now, we can use the projection operators (II.11) and 
split up the new wave function ¢ into two-component 
functions 


(11.12) 
(111.13) 


(III.15) 


We also use the operator properties 8L= — L8, BR= Rf, 
8M = MgB, so as to record Eq. (III.9) in the form of two 
coupled equations: 


BM ¢,=Re,t+Le, 
—BM ¢_=Re_+L¢,. 


It easily follows from (III.16) that the new wave 
functions ¢, and ¢_ satisfy the equations 


(@BM—R)¢,+L(8M+R)L¢,=0, 
(8M+R)¢_+L(@M—R)“L¢_=0. 


(III.16) 


(111.17) 
(111.18) 


These equations are exact and are free of odd operators, 
since the odd operator L appears twice as a factor in the 
equations. 

Because of the unitary property of U the expectation 
values of the observables in both the old and the new 
representation are the same, provided the definition of 
an observable O in the old representation is replaced in 
the new representation by 


Or=U100. (IIT.19) 


For example, the probability density yt is conserved 
with a current density given by 


S= gtUtal ¢. (III.20) 


Thus the physical interpretation of the theory is still 
based on the use of a 4-component wave function. For 
the exact theory the functions ¢, and ¢g_ by themselves 
cannot be regarded as different wave functions, one 
describing the positive energy and the other the nega- 
tive energy particle, respectively. Although Eqs. 
(III.17) and (III.18) describe positive and negative 
energy states separately, we are not able to conserve 
probability with positive energy or negative energy 
particles alone, the only probability that is conserved 
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referring to the state 


= 94+ ¢. (IIT.21) 


This means that the possibility of reducing the Dirac 
equation to two-component equations does not prevent 
transitions to negative energy states. The physical 
meaning of the functions ¢, and g_ is now clear: 
(i) the sum of ¢, and ¢_ is a probability amplitude of 
the same kind as Dirac’s y function, (ii) in the non- 
relativistic limit the function ¢_ refers to small com- 
ponents and the function ¢, is a probability amplitude, 
(iii) the difference between the functions ¢,, g_ and 
¥, ¥— lies in the fact that, while ¢, and ¢_ are solutions 
of equations consisting entirely of even and Hermitian 
operators, the same is not true for ¥,, y_ defined by 


¥i=3(16)y. 


IV. DERIVATION OF THE NONRELATIVISTIC 
EQUATION 
Let us assume that the interaction is weak and expand 
the. operators M, R and L retaining only the terms 
proportional to (1/mc)*. We use the operator properties 


[S20 ]=— (eh/2uc)y-& (IV.1) 
and 
[S,0S,20] ]=— (eh?/4y2c)¥ - &— (eh/4y2c)o 
-(&X2)— (eh/4ycjo- (xX), (IV.2) 
where 
&=—Vo¢—(1/c)(dA/d2). 
From (IV.1), (IV.2), (III.12), and (III.13) we obtain 


R= (eh?/8yc)V - € 
+ (ch/8p?c)[o-(EXx)+e- (xX &) ], 
L=-—(ieh/2yc)y: &, 
BM =yu+ (1/2) (p—eA/c)?— (eh/2yc)o-K. 
Hence, Eq. (III.17) becomes 


ih(Og,/ dt) =[me*+eg+ (1/2m) (p— (e/c)A)? 
— (ch/2mc)o-H— (ch?®/8m22)¥ - & 
— (ch/8m*2)e-(&Xz) 


— (ch/8m'c)o- (2X &)]ye,. (IV.3) 


For a time-independent field the last two terms give the 
usual spin-orbit coupling. Equation (IV.3) is in agree- 
ment with the result obtained by Foldy and Wouthuysen. 


V. TRANSFORMATION OF THE QUANTIZED 
DIRAC EQUATION 


The wave function for a quantized Dirac field is 
defined as the matrix element of the quantized Heisen- 
berg operator w with respect to the interacting vacuum 
state Wo and an arbitrary one-particle state W, inter- 
acting with its proper radiation field and an external 
field, by 


x(1) = (Yop (1)¥). (V.1) 
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Schwinger‘ has shown that the function x(1) satisfies 
the equation 


Yom 5% (1)-+ f M(11)x(1)4(1)=0, — (V.2) 


where 
m,°=p,—eA s*/e, 
and 
M (11’) = mcd (11) +90 (11’) 


is Schwinger’s mass operator consisting of unrenormal- 
ized radiative corrections to the particle’s motion. We 
would like to remark that there are difficulties in 
regarding a function defined by (V.1) as a wave function 
of a relativistic system interacting with its proper 
radiation field. These difficulties lie in an incomplete 
analysis of the effect of vacuum fluctuations. Thus it has 
not yet been shown whether one can derive a conserva- 
tion law for | x(1)|*. After the renormalization of mass 
and charge, to the second order, a conservation law does 
exist. For higher order radiative corrections a general 
proof is needed. 

Formally however, our transformation can be ex- 
tended to quantized fields. For the sake of illustration of 
the ideas involved, let us start by considering the 
equation 

Crom tu— pe’ (¢-KH+a- &) ]x=0. (V.3) 


This equation was derived by Schwinger’ from Eq. 
(V.2), where the last two terms represent the second- 
order electromagnetic mass effects, producing a spin 
magnetic moment of a/2x magnetons. 

The required canonical transformation, in this case, is 
generated by 


S=} tan“ [—iy-2*/u—y'a- &/u], 


pu’ = (a/2m) (eh/2y), 


so that the largest contribution to the Hamiltonian 
arising from the second-order anomalous magnetic 
moment is given by 


— (u'/8u2c)h2(8/At)¥ - &— (Au’ /By2c)o-[ (88/1) Xx] 
— (u'h/8u2c)o-[x*X (98/a1)]. (V.5) 


This correction to the nonrelativistic Hamiltonian 
arising from the radiative corrections to the motion of 
an electron is y’ times the time derivatives of the electric 
terms in (IV.3), which fact shows that in the non- 
relativistic limit also the radiative corrections are as- 
sociated with the high-frequency components of the 
interaction. 

The most general canonical transformation for a 
quantized Dirac equation is generated by 


S=3 tan" —iy-2*/u—iMo/u], (V.6) 
where 3M is the odd part of the renormalized mass 
operator. 


4 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452 (1951). 
5 J. Schwinger, Phys. Rev. 82, 664 (1951). 


(V.4) 
where 











RELATIVISTIC WAVE 


VI. APPLICATION TO MESON THEORY 


We shall consider only the unquantized neutral ps-ps 
meson theory. The quantized theory can be treated in 
the same manner as in Sec. V. The Dirac equation for an 
interacting meson-nucleon system is given by 


(y-p—Gyset+u)y=Bpw, (VI.1) 


where 


Vs= 171727374, 
and 


9 


y°=—1. 


The generator of the transformation for this case is 
S=} tan“[—iy-p/utiGyse/p]. 
For simplicity we confine ourselves to a static interac- 
tion, in which case the operators R, M, and L of Sec. III 
are given by 
R= po, L=0, 


BM =p+ (p?/2u)+(hG/2n)e-Vy. —(VI.2) 


The transformed Hamiltonian is therefore 


H=Me+(p?/2M)+(hG/2M)e-V¢. (VI.3) 


This is the usual meson Hamiltonian obtained by con- 
ventional methods in the (v/c)? approximation. It does 
not contain any terms proportional to (1/mc)*, and 
nothing like a spin-orbit coupling shows up in this 
approximation. At this point a few remarks are neces- 
sary: a spin-orbit coupling term has recently been 
obtained by Klein® from the quantized meson theory in 
the fourth-order approximation. This two-nucleon spin- 
orbit coupling energy has recently been analyzed by 
Araki’ in connection with the calculation of the fine 
structure of O!”. Araki’s investigation is based on a 
phenomenological cutoff of the meson theoretical spin- 
orbit potential and therefore its success cannot be 
unambiguously attributed to the soundness of the 
meson theory. 


VII. TRANSFORMATION OF THE RELATIVISTIC 
TWO-BODY EQUATION 


The reduction of relativistic two-body equations to 
approximate forms has been studied by Chraplyvy* by a 
generalization of the Foldy and Wouthuysen one- 
particle method. 

In this paper we extend the one-particle transforma- 
tion discussed in Sec. III to two-body relativistic 
equations by using the current field-theoretical methods.* 


6 A. Klein, Phys. Rev. 90, 1101 (1953). 

7G. Araki, 1954 Glasgow Conference on Nuclear and Meson 
Physics (Pergamon Press, London, 1955). 

®Z. V. Chraplyvy, Phys. Rev. 91, 388 (1953); 92, 1310 (1953). 

9 All the arguments in this section about the two-body trans- 
formation are intended only as a sketch of the problem. 
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The Bethe-Salpeter equation” for a two-body electro- 
dynamic system, interacting by an exchange of a photon 
only, is given by 


(Y¥oPo—H)1(¥pPp—m) 2x (12) 
= — ey 1p'¥2pD r(12)x(12), 


where the wave function x(12) is defined by 
x (12) = (Yo, TY (1)p2(2))¥). 


As in Sec. V, Wo is the true vacuum state" for two 
interacting particles and WV is a two-particle state (any 
two-particle system formed from particles and anti- 
particles). The remarks made in Sec. V about the one- 
particle wave function apply in this case also, except 
that here the difficulties are not only with the radiative 
corrections. The well known difficulties of interpretation 
of x(12) as a probability amplitude connected with the 
relativistic features of the problem will be disregarded in 
the present paper particularly because no one has made 
use of the Bethe-Salpeter equation in its covariant 
form; all the calculations with it have been carried out 
with an equal-time formalism or with the so-called 
instantaneous interactions. Formally, therefore, the 
employment of the equation is just like that of Breit’s 
two-particle theory using the wave function with single 
time. 

It is hoped that a two-particle transformation may 
throw some light on these problems. We shall deal with 
two forms of the Bethe-Salpeter equation, the second 
form of which is obtained by using a transformation of 
the wave function given by 


(VII.1) 


(VII.2) 


x(12)= f Sou(11")8.0(0"2)a1" 


+ f s(228.0(1222’ (VII.3) 


This transformation can be made use of to obtain an 
equation free of the spurious plane-wave solutions of the 
Bethe-Salpeter equation and brings it into a more 
familiar form.” The function ¢(12) may turn out to 
have a normalization not corresponding to 


N= feraretararaa 


If so, then correction terms to what is obtained below 
would have to be added. In the case of a second-order 
instantaneous interaction of the particles, the functions 
g and x are the same. 

Equation (VII.1) with the transformation (VII.2) in 


0 FE, E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951) 
4M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 
2B. Kursunoglu, Phys. Rev. 96, 1697 (1954). 
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momentum space in the center-of-mass system becomes 


[Hi(p)+H2(—p)— E]}¢(p,) 


= —[2/(2") Inve ‘ Dr(ba—Dy’) 


x ((Hi(p’)—-3£—cpo' }"+[H2(—p’)—-3E 


+cpo’ P}o(p,')d*p’, (VIIA) 
where 


H;=(+ca-p+Mecs);, (j=1, 2). 


In this form the equation is similar to Breit’s equation, 
but differs from it in respect to retarded interactions. 
This form of the equation is suitable for carrying out the 
reduction to approximate forms. 

In analogy to the definition (VII.2) of the wave 
function, the unitary transformation operator will be 
defined by 


Uy.=T exp(—15S;) exp(—iS2), (VII.5) 


where T is Wick’s” covariant chronological ordering 
operator and 


S;=[4 tan“(—iy-x/u)];, (g=1, 2). (VIL6) 
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The electromagnetic field is described by the quantized 
Heisenberg operators A, and in the generators, only the 
vector part of the potential being involved. The 
operator Uj, can also be used for the reduction of Eq. 
(VII.4). 

The unitary operator Uj. is now a 16X16 matrix and 
depends on two space-time points. The new wave func- 
tion is given by 


(VII.7) 


The appropriate projection operators in this case are an 
obvious generalization of one-particle operators given 


by 


xr= UV rx. 


As4=} (1261) (162). (VIL.8) 


The evaluation of the unitary operator defined by 
(VII.5) and application of the results to various 
electrodynamic systems will be the subject of another 
paper. 
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Isotope Effect in the Spectrum of Indium 1 


D. A. JACKSON 
Laboratoire A. Cotton, Centre National de la Recherche 
Scientifique, Bellevue, Seine et Oise, France 
(Received December 12, 1955) 


HE isotope shift in five lines of the arc spectrum 
of indium has been determined from a com- 
parison by means of a Fabry-Perot interferometer of 
the wavelengths of these lines emitted by a water- 
cooled hollow cathode tube containing natural indium 
and a similar tube containing a mixture of the isotopes 
of indium enriched in In"*, obtained from the Atomic 
Energy Research Establishment, Harwell, England. 
Natural indium contains 4.1% of In™* and 95.9% of 
In", while the analysis of the enriched specimen showed 
it to contain 49.7+0.1% of the lighter and 50.3+0.1% 
of the heavier isotope. Consequently, the isotope shift 
between the lines of In"™* and In"® is obtained by 
multiplying the observed displacements between the 
lines of the enriched specimen and the natural indium 
by the factor 1/(0.497-0.041) = 2.20. 
The following table contains a list of the lines in 
which the shift was measured, with the observed dis- 
placements and corresponding isotope shifts: 


Wavelength (A) 4511 4101 
$*Psj2—-6 Sij2 SS *Pis2—6 Sis 
Displacement (mK) 5.00 +0.1 5 
Isotope shift (mK) 11.0 +0.2 11.2 +0.2 
710 


Wavelength (A) 3039 2 
§°*Piye—5°%Dsj2 5 *P 372-6 *Dsy2 
Displacement (mK) 4.32+0.2 4.0+0.3 
Isotope shift (mK) 9.5 +0.4 


3256 
5 *P3j2—5S *Ds2 
.09 +0.1 4.26 +0.2 


94 +0.4 


8.8+0.7 


The shifts are given in millikaysers (0.001 cm~); in 
all cases the lines of In"* are shifted toward smaller 
wave numbers. For the lines at 4101 and 3039 A, the 
shift given is the mean of the shifts of the four and two 
hfs components into which the lines were resolved, 
respectively. The line at 4511 A was separated into five 
components and thus was not completely resolved; of 
the six components four were resolved, while the two 
closest appeared as a blend. The shift was measured 
only for the component corresponding to the transition 
between the two highest hfs levels of the terms 
(F=5—F=6), since this component is the strongest 
and is well separated from the component closest to it. 
The hfs of the 3256 and 2710 A lines was not resolved ; 
the shift is that of the centers of the blends of four un- 
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resolved components with a total width of approxi- 
mately 120 mK. 

In order to reduce the systematic and the random 
error, a very large number of measurements was made. 
In the case of the 4101 A line, forty-eight series of 
photographs were made, the displacement of each of 
the four components being determined once or twice in 
each series. The mean deviation of each single measure- 
ment was 0.5 mK, and the probable error therefore was 
of the order of 0.1 mK. In the case of the 4511 A line, 
sixteen series were made, each series involving an 
average of five different comparisons of wavelength. 
The mean deviation in each series was 0.4mK, and 
the probable error therefore was also of the order of 
0.1mK. The displacement of the two components of 
the 3039 A line was measured in seven series, each with 
an average of eight determinations for each component ; 
the mean deviation of a single determination was 1.5 
mK, and the probable error of the order of 0.2 mK. 
The displacement of the unresolved biend of the hfs 
components of the 3252A line was measured in 8 
series, with 9 to 12 determinations in each series, the 
mean deviation of a single determination being 1.6 mK, 
giving a probable error of the order of 0.2 mK. The 
2710 A line was emitted with relatively low intensity, 
and required the use of the etalon at almost full aper- 
ture; the mean error was substantially greater, at 
3mK, for each single determination; 10 series were 
measured, with an average of 10 determinations in 
each series; the probable error is thus of the order of 
0.3 mK. 

The individual shifts for the four components of the 
4101 A line were: 


000 
4.77 
10.5 


Component (mK) 
Displacement (mK) 
Isotope shift (mK) 


281 
4.90 
10.8 


381 
5.32 
11.7 


662 
5.41 
11.9 


The amounts by which the individual shifts differ from 
the mean are well outside the probable error; the 
probable error in the difference in the shifts of the four 
components is likely to be less than that in the absolute 
value of the shifts, since any systematic error in the 
determinations in each series is approximately equal 
for all the components. The difference of 1.4mK 
between the shifts of the components 000 and 662 can 
be explained by assuming that the magnetic moment 
(and consequently the hfs splitting of the levels) is 
smaller for In"* in the ratio of [662— (1.40.2) ]: 662, 
that is, 1: (1.0021+0.0003). 

The small amount by which the shift for the 4511 A 
line is less than the average shift for the 4101 A line, 
does not exceed the probable error. It is of interest, 
however, that the above difference in magnetic moments 
requires the shift of the component (F=4—F=5) to 
be of the order of 0.2 mK smaller than the average 
shift in this line. It appears therefore that the shifts 
for the terms 5?*P3;. and 5*Pi/2 are equal, to well 
within the accuracy of +0.2 mK. 
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The similarity of the shifts for the lines 3256, 3039, 
and 2710 A indicates that any difference between the 
shifts for the terms 5 2Ds5/2, 3/2 and 6 *D5,2 is less than 
1 mK, and that the shift for these lines is probably due 
mainly to the terms 5 ?P1,/2 and 5?P3;2. The values of 
the terms 5?P3,/2 and 5*P3;2 are thus approximately 
10 mK smaller for In" while the value of the term 6 Si/2 
is of the order of 1 mK greater. 

A detailed account of the experimental procedure and 
the means by which systematic errors were avoided 
will be published in the Journal de physique et Le radium. 


Use of Thermocouples in a Radiation Field 


Husert P. YOCKEY 
Health Physics Division, Oak Ridge National Laboratory, 
Oak Ridge, Tennessee 
(Received December 27, 1955) 


LATT! has recently given a theoretical treatment 
of the influence of Frenkel defects on the absolute 
thermoelectric power of copper and he makes some 
general remarks on the use of thermocouples in a radia- 
tion field. Unfortunately, full advantage was not taken 
of the experimental work done by the author* of this 
note, his colleagues at Crocker Laboratory,’ and by 
others.** Therefore, it is felt that some comment is 
required. 

Our attention was directed to establishing that the 
iron-constantan thermocouple was indeed satisfactory 
in an experiment on the effect of radiation on the creep 
rate of aluminum.’ The radiation damage effects on an 
iron-constantan thermocouple were found to be about 
—0.50 microvolts/°C for an irradiation of about 20 ya 
hr/cm? of 10-Mev protons after annealing at 150°C. 
Thus, the error is about one centigrade degree for a 
temperature difference of 100°C. Since the specimen 
was usually in the neighborhood of 300°C where the 
change in calibration is of the order of 10 uv/°C and 
since the irradiation was about 1 wa hr/cm?, we con- 
cluded that the iron-constantan thermocouple gave 
satisfactory thermometry. 

The iron-constantan thermocouple has been used for 
many years to monitor slug temperatures of about 280°C 
in the ORNL X-10 reactor.’ The errors in calibration 
are known to be less than two to four centigrade degrees. 
Calibrated cromel-alumel! and iron-constantan couples 
have been exposed in the Materials Testing Reactor 
at the National Reactor Testing Station, Arco, Idaho, 
to a total flux of 10 neutrons/cm? sec for 3 weeks at 
170°C. The calibration was retained within 3°C.° At 
ordinary temperatures changes in the thermal, elec- 
tric, and mechanical properties saturate with in- 
creased irradiation. This is due to thermal and radiation- 
annealing. It will probably be found that change 
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in composition due to radioactive transmutations 
will be important in reactor technology thermometry 
at high total neutron fluxes. One may conclude 
from the presently accumulated data and experience 
that several thermocouples will give satisfactory tem- 
perature indication for most radiation field applications. 
Of course, standard precautions must be observed and 
this includes concern for any leakage caused by radia- 
tion damage to insulation. Rodeback and Eatherly,' and 
later Rodeback,® have reported theoretical and experi- 
mental results on work-hardened and radiation damaged 
copper. According to them, in the temperature range 
in which they worked, the pertinent imperfection is an 
elastic boundary scatterer. This corresponds to the 
view that Frenkel defects are annealed out in radiation- 
damaged copper and probably other metals below 
room temperature. Apparently, there is no experi- 
mental work in temperature ranges where Frenkel 
defects may be expected to occur. 

The fact that the change in the value of the thermo- 
electric power was found to be of opposite sign for iron 
and constantan*® does not seem to be consistent with 
Blatt’s theory, but this may be associated with the 
failure of the free-electron model to predict the correct 
sign for some metals. The effect in constantan is the 
same order of magnitude as iron.* This also appears 
to be a discrepancy. 

Professor Blatt has made an excellent contribution in 
focusing attention on an important, but neglected, 
problem. The experimental difficulties are not as great 
as indicated in his paper and should yield to experi- 
mental ingenuity.” For example, the pulse-annealing 
technique should be admirably suited to obtaining 
the relaxation activation energies since all property 
measurements are made at standard temperatures. The 
thermoelectric effect is but one of the cross phenomena 
resulting from the interference of heat and electrical 
conduction." If a magnetic field is included as a variable 
in the experiments, there are others. In view of the 
importance of this problem to the physics of metals 
and the need for accurate thermometry in reactor 
technology, it is to be hoped that a complete study will 
be made of this matter. 


1F, J. Blatt, Phys. Rev. 100, 666 (1955). 

? Andrew, Jeppson, and Yockey, Phys. Rev. 86, 643 (1952). 

5 A, Andrew and C. R. Davidson, Phys. Rev. 89, 876 (1953). 

‘W. J. Strum and R. J. Jones, Rev. Sci. Instr. 25, 392 (1954). 

5G. W. Rodeback and W. P. Eatherly, Phys. Rev. 91, 237 
(1953). 

®°G. W. Rodeback, Phys. Rev. 94, 1406 (1954); G. W. Rode- 
back, North American Aviation, Inc., Report NAA-SR-1111, 
May, 1955. 

7 Jeppson, Mather, Andrew, and Yockey, J. Appl. Phys. 26, 
365 (1955). 

5C. D. Cagle, Oak Ridge National Laboratory (private com- 
munication, December, 1955). 

®N. J. Pallodino, Westinghouse Atomic Power Division, 
Pittsburgh, Pennsylvania (private communication, May, 1954). 

© Yockey, Andrew, Fillmore, Glasgow, Hunt, and Pepper, Rev. 
Sci. Instr. 25, 1011 (1954). 

1S. R. de Groot, Thermodynamics of Irreversible Processes 
(Interscience Publishers, Inc., New York, 1951), p. 141. 
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Associated Donor-Acceptor Luminescent 
Centers 


J. S. PRENER AND F. E. Wittrams 


General Electric Research Laboratory, Schenectady, New York 
(Received December 27, 1955) 


HE (Zn, Cd)(S, Se) phosphors activated with Cu, 
Ag, Au, P, As, or Sb and coactivated with Cl, Br, 
I, Al, Ga, or In form an unusual class whose lumines- 
cence arises from perturbed states of the band struc- 
ture.! The activator, not the coactivator, determines the 
emission spectrum. ZnS and CdS also exhibit edge 
emission which may arise from impurities.? Recently, we 
reported that Cu substituted at random Zn sites in 
ZnS by Zn® decaying by K-capture does not contribute 
to the green emission and that the luminescent center 
consists of Cu and Cl associated at second or third 
nearest neighbor sites.’ 

The substitution of group I B activators for Zn 
or group V B for S yields a series of discrete states above 
the valence band.‘ In the neutral crystal the highest 
state is empty; consequently the activator is an 
acceptor. The substitution of VII B coactivators for 
S or group III B for Zn binds the extra electron in 
donor states. Electrons in excited states move in the 
long-range Coulombic potential ; in the lowest state, in a 
potential peculiar to the donor. 

The simultaneous introduction of activator and 
coactivator results in electron transfer from donor 
level to acceptor. These impurities become oppositely 
charged, and the energy is reduced by approximately 
the band gap. The solubility of the activator is thereby 
increased.’ At the preparation temperatures diffusion 
is rapid and the electrostatic attraction between 
activators and coactivators will lead to deviations from 
a random distribution. The deviation can be estimated 
by an extension of Lidiard’s® treatment. Assuming that 
the donors and acceptors interact Coulombically down 
to nearest neighbors and that only nearest and next 
nearest pairs contribute to the interaction energy, the 
free energy can be expressed as a function of the 
number of nearest and next nearest neighbor pairs. 
Minimizing the free energy one obtains 


a;/(1—a1—a2)?= cz; exp(e?/KrikT), 


where i is 1 or 2 for nearest or next nearest neighbors, 
respectively, a is the degree of association, z the number 
of available sites, K, the dielectric constant, r the inter- 
impurity distance, and c the concentration. For ZnS at 
1000°K, a,;=0.6 and as=0.03 for c= 10-4. 

For the nearest neighbor associated impurity system, 
the states of the separated acceptor and donor vanish 
because of overlap. The band structure is perturbed by 
a dipole potential. Based on Handler’s calculation’ 
on an electron interacting with a dipole, we find discrete 
states 10-*ev from the band edges. Many character- 
istics of edge emission are in accord with this associated 
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donor-acceptor system: the emission is close to the 
fundamental absorption edge, the narrow bands indicate 
transitions between discrete states, and the fine struc- 
ture characterizes vibrational levels of a two-center 
system. The prevalence of edge emission in relatively 
pure materials is expected from the large spatial exten- 
sion of the dipole wave functions. 

The activator and coactivator impurities associated 
as second or third nearest neighbors will retain many 
of the localized states of the isolated impurities. A 
small amount of overlap facilitates optical transitions 
between states of the acceptor and donor. The ordinary 
photoluminescence of ZnCdSSe phosphors is in accord 
with the properties of this associated acceptor-donor 
system. Excitation and emission involve transitions 
between the localized state of the activator and excited 
states of the coactivator. Following excitation, the 
lattice relaxes to a new equilibrium atomic configura- 
tion perturbing upward the empty state of the activator 
bond orbital. The equilibrium energy and configuration, 
and consequently the emission spectrum, depend on the 
activator identity. 

These ideas can be applied to group I-VII, III-V, 
and IV-IV solids with the wurtzite or zinc blende 
structure. 

1H. A. Klasens, J. Electrochem. Soc. 100, 72 (1953). 

?L. R. Furlong, Phys. Rev. 95, 1086 (1955). 

3 J. S. Prener, and F. E. Williams, May, 1955 meeting of the 
Electrochemical Society ; J. Electrochem. Soc. (to be published). 

‘J. C. Slater, Phys. Rev. 76, 1592 (1949). 

5H. C. Froelich, J. Electrochem. Soc. 100, 496 (1953). 

6 A. B. Lidiard, Phys. Rev. 94, 29 (1954). 

7G. S. Handler, J. Chem. Phys. 23, 1977 (1955). 





Millimeter Wave Absorption in 
Superconducting Aluminum 


M. A. Bronp1, M. P. GARFUNKEL, AND A. O. McCousrey 


Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received December 30, 1955) 


ECENT measurements of the electronic specific 
heats of superconducting vanadium,! tin,? and 
aluminum’ have shown an exponential dependence on 
temperature suggesting an activation energy ~$kT,.. 
This result, together with speculations‘ concerning the 
existence of a gap in the electronic energy level spectrum 
of superconductors, has led us to investigate the absorp- 
tion by superconductors of electromagnetic energy for 
the case hv~kT,.. We present here some preliminary 
results which indicate a number of interesting features. 
Experiments on a number of superconductors have 
shown that at frequencies below ~30 kMc/sec *(A>1 
cm) a difference in absorption exists between the super- 
conducting and normal states, while at high frequencies® 
(infrared and visible) no detectable difference is ob- 
served. The transition region must therefore lie be- 
tween ~10~ and 1 cm wavelength, and the specific 
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Fic. 1. Schematic diagram of the apparatus. The symbols H 
and T refer to dc heaters and carbon resistance thermometers, 
respectively, which are imbedded in the stages and in the base. 
The inner section connects to the outer bath only through poor 
thermal conductors such as the niobium tapered wave-guide 
section. 


heat data suggest that it lies at energies ~kT,. Since 
sources are commercially available which generate 
microwaves as short as 5 mm in wavelength, we chose 
aluminum, whose transition temperature T,=1.174°K 
corresponds to a wavelength, \,=/c/kT., of 12.3 mm, 
as the superconductor whose transition region would 
most likely fall in our available frequency range. In 
order to permit measurements over a continuous range 
of frequencies, a sample of high purity aluminum’ was 
fabricated in the form of a rectangular wave guide of 
cross section 0.010 in.X0.420in. which was then 
annealed and chemically brightened on its inner 
surface. The use of a small guide height leads to an 
increased absorption of energy in the wave guide. 

A schematic diagram of the apparatus is given in 
Fig. 1. A double helium Dewar construction is used in 
which the inner section is enclosed in an evacuated 
housing and is connected to the outer bath only 
through poor thermal conductors. Pumping on the 
helium bath and the inner reservoir reduces the tem- 
perature of the inner section to ~0.9°K. The absorption 
measurement is calorimetric; i.e., the absorption of 
microwave energy in the aluminum wave guide is 
determined from the temperature rise of the stage on 
which the aluminum is mounted. A stainless steel wave- 
guide section is used as a reference material® for absolute 
absorption calibration. A magnetic field parallel to the 
wave-guide axis is used to quench the superconductivity 
of the aluminum sample. 

The measurements of the ratio of surface resistances? 
in the superconducting and in the normal states are 
given as a function of temperature in Fig. 2. It will be 
seen that for each wavelength a “transition tempera- 
ture” (defined as the point at which R,/R, deviates 
from unity) is found which is lower than the “‘dc”’ transi- 
tion temperature of our sample. From Fig. 2 it will be 
seen that the smooth, solid curves indicate that the 
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effective transition temperature decreases as wavelength 
decreases, though no simple trend is indicated. The 
structure in these curves (indicated by the dashed lines) 
has been verified by repeated runs on different days 
and has not been explained in terms of any instrumental 
effect. 

Measurements at 18 wavelengths between 13 and 
5.3mm (0.95 kT.<hv<2.33kT.) at approximately 
1.0°K all indicate a difference in absorption between 
the superconducting and normal states. 

These results may be considered in terms of an 
energy gap model of superconductivity in several ways: 
For example, one might attempt to construct a model 
on the assumption that at photon energies equal to 
or greater than the gap energy (hy>AE), the differ- 
ence in absorption between superconducting and normal 
states vanishes. Our results would then show that the 
energy gap at 7<T, is greater than 2.33kT,. In 
addition, the decrease in the effective transition tem- 
perature with increasing photon energy would indicate 
that the gap is not fixed but decreases as TT... 

Alternatively, it is possible that even when hy 2 AE 
the superconducting and normal states do not have 
precisely the same absorptivity, but only approach 
identical absorptivity when hy>AE (optical frequen- 
cies). In this case, one should still be able to determine 
the energy gap by noting the intercept at T=0 of the 
R./R, vs T curves. For frequencies, hy<AE, it has 
been shown' that in good samples R,/R,—0 as T-0, 
while when hy>AE we should expect a nonzero 
intercept. Our present data do not extend over a suffi- 
cient temperature range to permit an accurate extrapo- 
lation to T=0, but the 5.3-mm curve almost certainly 
cannot be extrapolated to a zero intercept using the 
usual form of the curve.® Finally, the structure appear- 
ing in Fig. 2 may indicate structure in the super- 
conducting energy states. 














Fic. 2. Ratio of the surface resistances in the superconducting 
and normal states as a function of temperature. The arrows 
indicate the measured “dc” transition temperature of our sample. 
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Our results agree in some respects with the recently 
published measurements of millimeter wave absorption 
in tin,’ in that we also find a decrease in the effective 
transition temperature below the dc value. The tin 
work shows the presence of superconductivity to 
energies of 1.95&T, in agreement with our results which 
extend to 2.33kT,. However, the structure in the curves 
of Fig. 2 is not reported in the work on tin. The results 
of both the tin and aluminum measurements disagree 
with the prediction by Galkin and Bezuglii'' that the 
difference in absorption between the superconducting 
and normal states disappears when hy>kT,. This pre- 
diction was based on an extrapolation of their measure- 
ments which covered the range 0.24k7,.<hv<0.58kT.. 

1'W. S. Corak ef al., Phys. Rev. 96, 1443 (1954). 

2 W. S. Corak and C. B. Satterthwaite, Phys. Rev. 99, 1660 (A) 
(1955). 

3B. B. Goodman, Proceedings of Paris International Conference 
on Low Temperature Physics, September, 1955. 

‘ D. Shoenberg, Superconductivity (Cambridge University Press, 
Cambridge, 1952), p. 207 ff. 

5 A. B, Pippard, Advances in Electronics and Electron Physics VI 
(Academic Inc., Press, New York, 1954), p. 40 ff. 

®K. G. Ramanathan, Proc. Phys. Soc. (London) A65, 532 
(1952). 

7 Aluminum Company of America, high purity 99.99+ percent 
aluminum. 

§ Stainless steel has sufficiently low electrical conductivity so 
that the classical formula for absorption is applicable. Thus, the 
absorptivity of the stainless steel may be calculated from its 
measured dc resistivity. 

*R, and Rp, the surface resistances in the superconducting 
and normal states respectively, are defined as the ratios of powers 
absorbed to the square of the rf magnetic field at the surface. 

© Blevins, Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955). 

1 A. A. Galkin and P. A. Bezuglii, Doklady Akad. Nauk 
S.S.S.R. 97(2), 217 (1954). 


Mason’s Dislocation Relaxation Mechanism 


J. WEERTMAN 


Naval Research Laboratory, Washington, D. C. 
(Received August 26, 1955) 


N a recent article Mason! has proposed a dislocation 
relaxation model which could possibly explain 
Bordoni’s low-temperature internal friction peak. It is 
the purpose of this note to show that Mason’s mecha- 
nism probably gives rise to an internal friction peak 
which occurs at a much lower temperature than those 
observed by Bordoni. 
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Fic. 1. Model proposed by Mason for dislocation relaxation. 
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Fic. 2. Low-energy dislocation relaxation model. 


Mason considered the situation pictured in Fig. 1. 
A dislocation segment is assumed to be pinned at two 
points. The lowest energy position is that in which the 
dislocation is perfectly straight. If there is a strong 
Peierls force, there are other equilibrium positions in 
which the dislocation is kinked [Fig. 1(b) ]. The dis- 
location segments will thus be situated in potential 
wells [Fig. 1(c)]. An internal friction peak will occur 
when the jump time of a dislocation segment in moving 
from one equilibrium position to another is equal to 
the period, 7, of the applied cyclic stress. The tempera- 
ture at which the peak occurs is thus given by 

r= yp teh lk? (1) 
where » is the natural frequency of vibration of a dis- 
location line in its potential trough, and H is the 
energy shown in Fig. 1(c). Mason calculated H by 
assuming that the whole dislocation segment between 
B and A (Fig. 1) moves together. He found that 
H=c,b'l/x, where o, is the maximum Peierls force, 
b is the length of the Burgers vector, and / is shown 
in Fig. 1. 

Actually it is not necessary for the whole dislocation 
segment to move at once in going from one equilibrium 
position into another. Figure 2 shows another way in 
which this might be accomplished. Here a smaller 
kinked segment moves first over the potential hill and 
then expands into a longer segment. The energy in- 
volved in going from Fig. 2(a) to Fig. 2(c) is only 
opb*l’/x, where I’ is shown in Fig. 2. A lower limit on /’ is 
reached when this length becomes comparable to the 
length of the kinks. Mason gives the approximate value 
(u/o,)'d for the length of a kink, where yu is the shear 
modulus. The lowest activation energy required to move 
a dislocation segment from one equilibrium position into 
another is thus of the order 20,b*(u/o,)!/m instead of 
the value Mason calculated. Substituting this value 
into Eq. (1) gives for the temperature at the internal 
friction peak the expression 


T = 26° (uo p)*/rk logrv. (2) 


Consider what T should be for copper. Using the values 
op=1.9X10® dynes/cm? (Mason’s estimate), u=3.2 
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X 10" dynes/cm?, b= 2.55 X 10-® cm, r= 10~ sec, v= 10"° 
sec (Mason’s estimate), one finds that the peak 
should occur at 4°K, a temperature twenty-four times 
smaller than the experimentally observed one. Agree- 
ment between theory and experiment could be had if 
a, were about 600 times larger than the value used 
above. Such a large value, however, would be in dis- 
agreement with a critical shear stress for copper found 
by Blewitt? (2107 dynes/cm? at 4.2°K). It does not 
seem likely, therefore, that Mason’s mechanism can 
account for Bordoni’s peaks. It may, however, give 
rise to internal friction peaks in the liquid helium range. 

1 W. P. Mason, Phys. Rev. 98, 1136 (1955); J. Acoust. Soc. 


Am. 27, 643 (1955). 
* T. H. Blewitt, Phys. Rev. 91, 1115 (1953). 


Comments on Weertman’s Dislocation 
Relaxation Mechanism 


W. P. Mason 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received December 7, 1955) 


HE production of small loops at low temperatures 
by the combined thermal vibrations of all the 
normal modes of a dislocation considered as a 
stretched string probably occurs as suggested by 
Weertman.' However, it can be shown that these do 
not grow into larger loops at any temperatures of 
interest and contribute very little to the attenuation 
except at low temperatures. Furthermore, for lead they 
will contribute less than the least measurable internal 
friction Q-'=10-* below 8°K. The least detectable 
friction in quartz of Q~'= 10~7 does not occur below 6°K. 
If we assume a small loop such as shown by Fig. 1 
and consider that it maintains its form during the 
vibration, the potential well model resulting is the one 
shown on Fig. 1. The height A of the secondary wells 
and the difference between the potential maximum H 
and A are given by 


A=2b°((T13)ou/2e }!, H-—A=[(T13)0b*lo/x]}!, (1) 


where } is the Burgers vector, (7}3)o the maximum 
value of the Peierls stress, u the shear elastic constant 
along the glide plane, and /) the width of the flat part of 
the dislocation in the next minimum energy position. 
With this model it can be shown that the internal 
friction Q~ is given by the equation 
2g 418T pee] w/wo 

“14-26e-4/e7L RT 1+ (.o/c00)® 
where wo= y exp — (H— A)/RT']. The quantity pl is the 
length of one kink which for lead is about 1.8 10-5 cm. 
+ has been calculated to be 7.85 X 10° sec! and measured 


as 5.3X10°sec"!. Figure 1 shows calculations for the 
longitudinal Q~ [1/5.2 times the shear loss of Eq. (2) ] 


1 
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at 26.5 Mc/sec. This corresponds with the measured 
results in a previous paper.? The Q~ associated with 
various loop lengths Jo, from 210-5 to 3.2 10~ cm, 
are shown. The number of loops assumed is 10" per 
cubic cm, a typical value for pure lead. At low tempera- 
tures, for which only small thermal energies are avail- 
able, small size loops will be generated. Since the 
larger sized loops will be associated with the highest 
internal friction, the peak of the internal friction curve 
will be associated with the lengths close to the full 
distance between pinning points. Theoretically second, 
third, and higher harmonic loops can be generated, but 
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Fic. 1. Small dislocation loop, potential well model, and result- 
ing attenuation curves for various values of /) for 10” dislocation 
loops per cubic centimeter. 


these will be associated with 2, 3, and more values of 
A and hence will have much higher temperature 
“cut-off” points and lower peak heights. Hence, as 
long as the loop shape remains unchanged, the only 
effect of including all of them in the calculation is to 
indicate more short loops than would occur in the 
material. In lead? the measurements show no disloca- 
tion loss of as much as Q-'=10~® below 8°K, and in 
quartz’ no dislocation loss as much as Q-!=10~? 
below 6°K. 

Weertman now assumes, without suggesting a 
mechanism, that a small loop will grow into a large 
loop due to the applied stress coupled with thermal 
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vibrations. If the mean lifetime of the loop in its 
potential well, which is equal to 


1 (T13)0b*lo 
f= —— exp( aa ) seconds, 
7.85X 10° akT 


is less than the time of a thermal vibration 


t,=6.28/ (7.85 X 10°) = 8X 10-" second, (4) 


it is impossible for thermal vibration to cause the loop 
to grow. For the measured values (7)3)0/u=6X10-, 
u=7X10" dynes/cm?, b=3.5X10-* cm for lead, this 
condition results in the equation 


bo/ T=1.56X 10-*. (5) 
From Fig. 1, this temperature comes at about the same 
temperature as the maximum attenuation for each 
loop length. Furthermore, since the vibration in one 
direction undoes the effect of a vibration in the other, 
it will take a number of cycles of thermal vibration for 
the small applied biasing force to cause a small loop 
to grow into a larger loop. This will occur at a much 
lower temperature than the loop maximum temperature 
and hence this effect will not cause any change in the 
over-all attenuation curve. Hence, it is believed that 
Weertman’s criticism is not valid. 

! J. Weertman, preceding Letter [Phys. Rev. 101, 1429 (1956)]. 

2 W. P. Mason, J. Acoust. Soc. Am. 27, 198 (1955). 

’ Bémmel, Mason, and Warner, Phys. Rev. 99, 1894 (1955). 


Very High Frequency Absorption 
in Superconductors* 


M. J. BuckINGHAM 


Duke University, Durham, North Carolina 
(Received December 27, 1955) 


ECENT measurements! of the absorption of milli- 

meter waves in superconducting tin have shown 

that the temperature 7.,, say, at which the absorption 

departs from that in the normal state, differs from the 

transition temperature TJ), by an amount strongly 
dependent on the frequency w. 

It is the purpose of this note to show that such a 
dependence follows immediately from the concept of 
a gap in the electron energy level spectrum of a super- 
conductor. In particular, for the gap dependence on 
temperature typical of a second-order transition, 
To—T.<w*?, when To>—T,<KT>. The results! for tin 
fulfil this relation within their experimental error, as 
shown in Fig. 1. 

If the mechanism responsible for superconductivity is 
supposed of a cooperative nature, leading to a gap of 
width € in the electron energy spectrum in the ground 
state, its width, e, at finite temperatures will decrease, 
eventually vanishing at the transition temperature, 7. 
The normal state is regarded as one in which the energy 
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spectrum is without a gap and is independent of tem- 
perature, the system representing the superconducting 
state becoming identical with the normal one for T> 7». 
The electromagnetic properties of such a system will 
depend strongly on the size of the gap, but at high 
frequencies and near the transition temperature, when 
hw/e is large, will approach those of the normal state 
(without gap). For these conditions (1—R,/R,<1), 
we have the result 


R./Ri=F (w/e), (1) 


where R,/R,, is the ratio of the surface absorption, in 
a given external field, for the systems with and without 
the gap, i.e., for the superconducting and normal states; 
F is some function such that F(*)—1 as x. If, now, 
we choose some standard value for R,/R, (say 0.99), 
as indicating departure from normal behavior, and call 
T., the temperature at which this value occurs for fre- 
quency w, we have the result that fw/e(7.,) = constant, 
where €(7',) is the width of the gap at 7.. 

Now the energy difference between the states with 
and without the gap will, in general, be proportional 
to e (for the number of electrons involved, and their 
energy change are both proportional to e) and since, 
for a second-order transition, this energy difference 
vanishes linearly with temperature at the transition 
temperature, ¢(7'..) « (To—T.)! for To—T..&KTo. Thus 
finally, for temperatures near To, we have 

To—-Ty <u’. (2) 

Insofar as the same gap model would apply to all 
superconductors, we have a law of corresponding 
states, in that our result, expressed in a dimensionless 
form, may be written 


re To= f (hw/kT»), 


where f is a universal function (departing quadratically 
from unity for small values of its argument). This 
follows since, for a given model, €9 « Tp and €/e€) as a 
function of T/T) is determined, as is the function F 
in (1), provided ¢€9 is very small compared with the 
Fermi energy. 

It should be pointed out that the above discussion 
depends on the quantum nature of the electromagnetic 
field and the optical nature of the absorption electrons 
can be excited across the gap. Such an absorption is not 
envisaged in the London equations for the supercon- 
ducting state and, in fact, an analysis based on these 
equations would give, instead of (Aw/e) for the argu- 
ment of the function F in (1), a parameter? (A/6), 
where X is the penetration depth and 6 the skin depth 
(in the normal state). In the anomalous skin effect 
region this parameter is proportional to w!/(T»—T)!, 
near To, and would lead to the results 7)>—-T, <w! 
instead of (2). Thus at very high frequencies the London 
equations would have to be modified to include a term 
describing, in terms of the two-fluid concept, the forced 
transition of electrons from the superconducting state 
into normal states. 
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Fic. 1. Results of reference 1 plotted in terms of reduced variables. 


The author is indebted to Dr. W. Fairbank, Dr. W. 
Gordy, and Mr. G. Blevins for interesting discussions 
of their experiment, and to Dr. L. W. Nordheim for 
some comments on this problem; also to Professor,H. 
Fréhlich for the hospitality of his department and for 
many discussions of this and related subjects earlier 
in the year. 

* Work supported by the Office of Ordnance Research, De- 
partment of the Army. 

1 Blevins, Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955). 


2 See F. London, Superfluids (John Wiley and Sons, Inc., New 
York, 1950) Vol. 1. 


Spin Resonance in V-Centers 


M. H. CoHEN 
Institute for the Study of Metals, The University of Chicago, 
Chicago, Illinots 
(Received October 26, 1955) 


ANZIG' has recently observed spin resonances at 

— 180°C in KCl, NaCl, KBr, and LiF, all x-irra- 
diated at — 180°C. He attributes the resonance to that 
center responsible for the V;-band*; the manner of 
defect production and the thermal bleaching of the 
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FREE ClpLEVELS Clg LEVELS IN CRYSTAL WAVE FUNGTIONS 
Fic. 1. Schematic representation of V;-levels. The hole is in the 
By level. Allowed optical transitions are indicated by solid 
arrows, mixing of levels giving rise to Ag by dotted arrows. z 
rallels the Cl; axis, [110], and y the vacancy-pair axis, [110]. 
p21) represents the p-function of type s centered on atom one, etc. 
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resonance support this view.* The spectrum coincided 
in detail with that expected from a hole localized on 
two halogen ions. For KCl, these “Cl~ molecules” 
had cylindrical symmetry about axes parallel to (110), 
Ag,,=0, and Ag,=0.040. Kinzig has presented results 
in detail only for KCl; we restrict ourselves to KCl in 
the following. 

Let the term V-center refer to the models listed by 
Seitz? and the term V-band refer to the optical ab- 
sorption bands as labeled by Seitz.? We now discuss the 
spin resonance patterns to be expected from the V;- 
and V;-centers. 

V,-center—-The observed localization of the hole 
suggests a tight-binding approximation. Group theo- 
retical considerations yield explicitly the possible wave 
functions of electrons in the 3p-shells of Cl ions neigh- 
boring the vacancy. No wave function so obtained is 
consistent with localization of the hole on less than four 
Cl atoms. Very crude guesses as to the relative energies 
of the levels indicate that a 3-fold level might lie 
highest. If so, the V;-center would have a very short 
relaxation time, for the Jahn-Teller splitting of the 
level should be small in such crystals. 

On the other hand, if one accepts localization on two 
atoms, one is hard put to get cylindrical symmetry 
about a [110] axis. We suggest that the observed 
spectrum was not that of the V;-center. The latter 
might be observable at He temperatures. 

Vs-center—We assume the hole to be entirely 
localized on the two common nearest neighbors of the 
vacancy pair. The V;-center has orthorhombic sym- 
metry, D2. A group theoretical analysis yields wave 
functions and selection rules for optical transitions and 
for the g-shift. Wave functions, energy levels, and their 
relations to those of the Cl; molecule are indicated 
schematically in Fig. 1. For a hole in the By; level, 
Ag, =0. For Ag. approximately to equal Ag,, requires 
a small B;-, Bs~ energy separation. A small splitting 
of the 3pm, levels requires in turn a considerable 
decrease in the Cl— Cl spacing. 

It thus seems likely that the V;-center, and not the 
V,-center, is the source of Kinzig’s resonance. It also 
seems likely that the V;-center is still to be associated 
with the V;-band, etc., as proposed by Seitz.” For if we 
take the atomic spin-orbit parameter, \, as 587 cm™, 
Ag, as 0.040, and 70% for the p-character of the wave 
function! [admixture of s-character into By; can arise 
from |s1)—|s2)], we obtain 41 000 cm~ for the energy 
separation of By; and B; or B;~. This value is reason- 
able relative to the value 47 200 cm™ for the optical 
transition B; to A,+ obtained by associating the 
V;-band with the V;-center. Further, some V;-absorp- 
tion is produced by x-irradiation at —180°C.?* When 
holes are released by thermal dissociation of the V:- 
centers present in larger numbers, they are trapped 
by the negatively charged V;’s, turning the latter into 
diamagnetic V.-centers.?* This process can therefore 
explain the observed bleaching behavior. 











LETTERS 


If the line width, A», arises entirely from hyperfine- 
structure relaxation, it should be proportional to the 
sum of the squares of the two nuclear g-factors. We 
find (g,?+-g2")/Av equal to 0.25, 0.255, and 0.26 for 
Cl*®— Cl, Cl*®5— Cl*7, and Cl*7— Cl*’, respectively. This 
constancy indicates little spin-spin interaction for KC] 
and confirms the extreme localization of the hole. 

The observed localization and g-factors imply con- 
siderable lattice distortion. Such distortion can be 
understood in terms of the above level scheme. The 
empty level rises as the CI—Cl separation decreases; 
the five occupied levels should have a net lowering of 
energy. Stability of isolated V;-centers with respect to 
thermal dissociation might well be a consequence of 
the distortion. 

1 W. Kinzig, Phys. Rev. 99, 1890 (1955). 


? F. Seitz, Revs. Modern Phys. 26, 7 (1954). 
3D. Dutton and R. Maurer, Phys. Rev. 90, 126 (1953). 


Relaxation Effects in Recombination 
Velocity on Germanium Surfaces 
under Transverse Electrostatic 
Fields 


A. Many, Y. MArGontnskI, E. HARNIK, AND E. ALEXANDER 


Department of Physics, The Hebrew University, Jerusalem, Israel 
(Received November 22, 1955) 


HE surface recombination velocity (s) of a given 
chemically treated germanium surface can be 
changed by the application of transverse electrostatic 
fields, as described by Henisch and Reynolds.' By em- 
ploying this technique, relaxation phenomena in s 
were observed here which were not reported by those 
authors.? These effects are similar in character to the 
relaxation phenomena encountered in surface con- 
ductivity (field effect)*-* and in channel conductance 
in n-p-n junctions.®7 
The experimental procedure was as follows. A rec- 
tangular filament (0.2-0.6 mm thick), etched in CP4,° 
was placed between two interconnected metal plates 
and isolated from them by thin (0.02 mm) mica spacers. 
Voltages (up to 1500 volts) were applied between the 
metal plates and the filament. The quantity s was 
computed? from filament lifetime measurements em- 
ploying the bridge method.” The relaxation effects 
were investigated by field cycles consisting of (1) 
application of positive field (i.e., plates positive), (2) 
field off, (3) application of negative field of equal in- 
tensity, and (4) field off. In each stage, the variation of 
s with time was followed. Repeated successive cycles 
showed good reproducibility. The relaxation times ob- 
served in various filaments ranged from few minutes 
to several hours. Typical cycles are shown in Figs. 1 and 
2. The measurements were carried out in vacuum. The 
same types of curves were obtained when the mica 
spacers were removed. 
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Fic. 1. A field cycle of surface recombination velocity, 
typical for long relaxation times. 


The relaxation in channel conductance and surface 
conductivity (field effect) has been attributed*’ to 
the transfer of electrons between states on the ger- 
manium-germanium oxide interface and states on the 
outer surface of the oxide film. The same mechanism 
is found to explain satisfactorily the relaxation in s 
observed here. On the application of the field, say 
positive, electrons are drawn to the germanium- 
germanium oxide interface and a new equilibrium is 
set up between the barrier layer and the states at the 
interface, such that practically all field lines terminate 
at the interface. This process, which probably extends 
over a time of several tens of microseconds (of the 
order of filament lifetime),‘ results in a rapid depression 
of barrier height and hence" effects a corresponding 
change in s. As, however, the electrons move from the 
interface to the outer surface of the oxide (under the 
action of the field), they gradually screen the interface 
from the external field. As a result, s relaxes towards its 
initial equilibrium value. The relaxation time is deter- 
mined by the characteristics of the potential barrier 
in the oxide film.’ This barrier hinders the electronic 
transfer and could explain the long time constants 
observed. When the field is switched off, the excess 
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Fic. 2. A field cycle of surface recombination velocity, 
typical for short relaxation times. 
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electrons left on the outer surface of the oxide induce a 
negative field at the interface. Accordingly, s again 
undergoes a rapid change and then relaxes back to its 
initial value as over-all equilibrium is restored. Indeed, 
it is found experimentally that the effect of switching 
off is always equivalent to that of applying a field of 
opposite polarity. Moreover, the change in s following 
switching off is greater the longer the field was pre- 
viously applied. These facts strongly support the 
proposed model. 

In conclusion it should be pointed out that whenever 
the effect of transverse fields on s is investigated, the 
variation of filament lifetime with time should be 
closely followed. If this procedure is not adopted, but 
s measured just once following the application of the 
field, the relaxation effects might lead to erroneous and 
irreproducible results. 

' H. K. Henisch and N. N. Reynolds, Proc. Phys. Soc. (London) 
B68, 353 (1955). 

2 We have been informed by H. K. Henisch that similar effects 
have been also observed recently at Reading University. 

*K. Ziickler, Z. Physik 136, 40 (1953). 

‘G. G. E. Low, Proc. Phys. Soc. (London) B68, 10 (1955). 

5R. H. Kingston and A. L. McWhorter, Phys. Rev. 98, 1191 
(1955). 

®R. H. Kingston, Phys. Rev. 98, 1766 (1955). 

7 Statz, Davis, and DeMars, Phys. Rev. 98, 540 (1955). 

®R. D. Heidenreich, Phys. Rev. 81, 638 (1951). 

® W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950). 


© A. Many, Proc. Phys. Soc. (London) B67, 9 (1954). 
1D). T. Stevenson and R. J. Keyes, Physica 20, 1041 (1954). 


Correlation between Surface Recombination 
Velocity and Surface Conductivity 
in Germanium 
E. Harnix, A. Many, Y. MARGONINSKI, AND E. ALEXANDER 


Department of Physics, The Hebrew University, Jerusalem, Israel 
(Received November 22, 1955) 


N the accompanying Letter, results of relaxation 
effects in surface recombination velocity (s) under 
transverse electrostatic fields were described. In the 
present communication an attempt is made to correlate 
such results with the corresponding data of surface 
conductivity, on the basis of Stevenson and Keyes’ 
theory of surface recombination? and Schrieffer’s cal- 
culations of changes in surface conductivity*® (Ac). The 
results are found to be in disagreement with theory. 
In Fig. 1, two typical field cycles' on s and Ag are 
shown; the results in Fig. 1(a) were obtained in atmos- 
pheric pressure, while those in Fig. 1(b)—shortly 
afterwards, on the same filament, in vacuum (0.1 » Hg). 
The Ao values were derived from measurement of 
filament conductance throughout the field cycle. As the 
filament constituted one arm of the lifetime bridge,! 
conductance changes could be followed by observing 
the off-balance on the cathode-ray oscilloscope screen. 
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Fic. 1. Field cycles of s (full curve) and Ao (dashed curve) ; 
(a) at atmospheric pressure, (b) in vacuum. 





In Fig. 2, a theoretical curve of s (dashed) taken 
from Stevenson-Keyes*? together with the Ao curve 
(intermittent) corresponding to n-type material of 
17 ohm-cm, taken from Schrieffer,’ are shown on a 
common ¢, axis. (ey, is the difference between the 
Fermi level and the energy-gap midpoint at the 
surface.) The results of each s cycle given in Fig. 1 
could be explained on the s curve, provided the initial 
points (prior to field application) were assumed to 
lie near A and B for Figs. 1(a) and 1(b), respectively. 
The fact that in the former case both positive and 
negative fields reduce s proves the existence of a 
maximum on the s curve. Similarly, the results of each 
Ao cycle can be followed on the Schrieffer curve. The 
initial points on this curve should lie near A’ and B’ for 
Figs. 1(a) and 1(b), respectively. As the measurements 
of s and Ao were taken simultaneously, A and A’ on the 
one hand, and B and B’ on the other, should corre- 
spond to identical values of ¢,. This is clearly not so in 
Fig. 2. Assuming the validity of Schrieffer’s calcula- 
tions, it is readily seen that this cannot be the case as 
long as the maximum of the s curve lies at g,=0 (as 
follows from Stevenson and Keyes’ treatment). It is 
possible, however, to fit the data consistently if the 
maximum of the s curve is displaced towards positive 
gs values. This conclusion is fairly reliable as it follows 
from directions of change induced by the fields, rather 
than from the detailed aspects of the results. All avail- 
able data taken on different filaments and analyzed as 
above support this suggestion. 

Using the Schrieffer curve (Fig. 2), it is possible to 
evaluate the experimental dependence of s on ¢, from 
the measurements of s and filament conductance (G), 
provided the latter can be transformed to the corre- 
sponding Ao values used in Schrieffer’s calculations. 
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Keyes), and experimental results for s—versus ¢y. 


Such a transformation can be readily carried out if the 
minimum value of G (Gmin) is determined experiment- 
ally, since the corresponding value of ¢, is known from 
filament resistivity. Following this procedure, the pre- 
liminary data in Fig. 1 were used to evaluate the 
experimental s curve. Gmin was obtained by extrapola- 
ting the relaxation curve corresponding to the applica- 
tion of negative field in Fig. 1(b). The results (dots and 
circles) are shown in Fig. 2. It is seen that the maximum 
of the curve drawn through these points is indeed dis- 
placed by approximately 0.15 volt from g,=0. Any 
error in the estimation of Gmin would only lead to a 
slight additional shift towards positive ¢, values. 

Simultaneous measurements of s and Ao seem to be 
a powerful tool for investigating germanium surfaces. 
Further work along these lines is being carried out now. 

1 Many, Margoninski, Harnik, and Alexander, preceding Letter 
(Phys. Rev. 101, 1433 (1956). 

2D. T. Stevenson and R. J. Keyes, Physica 20, 1041 (1954). 


3 J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 
‘A. Many, Proc. Phys. Soc. (London) B67, 9 (1954). 


Nuclear Magnetic Relaxation in 
Antiferromagnetics 


TOrvu Mortyva 


Department of Physics, Osaka University, Osaka, Japan 
(Received November 30, 1955) 


N this note we study the mechanism of nuclear 
magnetic spin-lattice relaxation in antiferromagnetic 

substances theoretically and compare with a recent 
experiment by Hardeman! on proton resonance in 
CuCl: 2H,0. 

In antiferromagnetic substances, the nuclei are 
subjected to a large internal magnetic field which is 
produced by antiferromagnetically arranged electron 
spins. The time average of the internal field, combined 
with the external field, determines the quantization 
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axis and Larmor frequency of a nucleus, while the 
fluctuation with time of the internal field provides a 
mechanism of nuclear spin-lattice relaxation. This 
fluctuation is produced not only by lattice vibrations 
but also by thermal motions of the spins which are 
coupled with each other by exchange interaction; these 
thermal motions are well described by spin waves at 
low temperatures. 

It was concluded that in antiferromagnets, whose 
Curie temperature is far lower than the Debye tem- 
perature, such as CuCl,-2H,O, the predominant relaxa- 
tion mechanism is the inelastic scattering of spin waves 
by nuclear magnetic moments. In this process, the 
so-called Raman process, a nuclear spin flip is accom- 
panied by simultaneous emission of one spin wave and 
absorption of another while the total energy is 
conserved. 

The writer has calculated the transition probability 
due to this process. The Hamiltonian of the dipole 
interaction which produces the transition is expressed by 


YeV nh? 
Rg= » =a I—3(S, ‘ r:) (I- ri), ry?) ‘ (1) 


TI 


where I denotes the nuclear spin under consideration, S; 
the electron spin of the /th magnetic ion, and r; is the 
relative position vector between them. Electron spin 
operators can be expressed in terms of the annihilation 
and creation operators of spin waves, and the transition 
probability due to Raman processes can be calculated 
from the terms bilinear in the annihilation and creation 
operators. For the spin waves we take a simple two- 
sublattice model with uniaxial anisotropy which was 
studied earlier by Kubo,? Nakamura,’ and Ziman.‘ 
The frequency spectrum in this case has the following 
two degenerate branches: 


hid1g = hide = 2I S{ (1+a)?—y.2}}, (2) 


where o is the wave number vector, J twice the negative 
exchange integral, z the coordination number, a=2K/ 
zJS, K being the anisotropy constant, and y, is a 
certain trigonometrical function of the wave vector.’ 
Then the transition probability corresponding to 
I,=m—m-+1 is obtained as follows: 


W=try ey 7h? (I— m) (I+ m-+1) >» ri PF, 
l 


wm ehw/kT fj ta)2Js 
eres 1 
xf rom | us } +] 
X{N(w)}de, (3) 


where F; is a factor depending on the direction of the 
local magnetic field at the nucleus whose order of 
magnitude is 1, N(w) the relative state density nor- 
malized to 1, and w» the maximum frequency of spin 
waves. If we approximate the frequency spectrum (2) by 


hig = 2 S[2a+ (qn-tc)*}}, (4) 
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Fic. 1. Spin-lattice relaxation time of a proton in CuCl,-2H,0. 
The solid and the dashed lines show theoretical values calculated 
by using (4) and (5) respectively. Experimental points are shown 
by small solid circles. 


where is the number density of magnetic ions and 7 
is a certain geometrical factor depending on the type 
of the crystal structure, the transition probability can 
be calculated straightforwardly. 

In order to compare with Hardeman’s experiment on 
protons in CuCl,-2H;0, zJ and a were estimated from 
the experimental data on perpendicular susceptibility, 
critical field, and antiferromagnetic resonance fre- 
quencies. The result is shown in Fig. 1 by a solid line. 
The agreement between theory and experiment can 
be regarded as satisfactory both in order of magnitude 
and temperature dependence when we consider the 
approximate nature of our treatment; Eq. (4) should 
not be good for the short waves which are effective in 
Raman processes. If instead we arbitrarily assume the 
state density to be 


N (a) = (5/on®)w*, wn=2JS/h, (5) 


the agreement becomes improved as seen in Fig. 1 
(dashed line). With (5), the theoretical values of the 
specific heat and the sublattice magnetization give at the 
same time curves which agree well with experiment. 

Further application of our treatment to the fluorine 
nuclei in iron-group fluorides, such as MnF:, will 
predict that the spin-lattice relaxation time is of the 
same order of magnitude as that of protons in 
CuCl,-2H;O at the same reduced temperature 
T*=kT/hw,. A detailed paper will be published in 
the Progress of Theoretical Physics. 

The author wishes to express his cordial thanks to 
Professor T. Nagamiya and Dr. K. Yosida for helpful 
discussions. 

1G. E. G. Hardeman, Conférence de Physique des basses 
témperatures, Paris (September, 1955). 

2 R. Kubo, Phys. Rev. 87, 568 (1952). 


*T. Nakamura, Progr. Theoret. Phys. Gapan) 7 


4A (1952). 
4 J. M. Ziman, Proc. Phys. Soc. (London) A65, 540, 


, 548 (1952). 


Delay Time of Plastic Flow in Germanium 


J. R. Pater 
Research Division, Raytheon Manufacturing Company, 
Waltham, Massachusetts 
(Received December 27, 1955) 


N some early experiments on the plastic deformation 
of germanium and silicon in bending, Gallagher' 
found that germanium single crystals exhibit a pro- 
nounced delay time, or induction period, of the order 
of a few seconds to five minutes in a temperature range 
of 500 to 600°C. In analyzing Gallagher’s data, Seitz? 
concluded that the incubation time 7 can be described 
by the following equation: 


t= 79 exp(Q/RT), 


where ro= 10~* sec and Q= 28 000 cal/mole. 

In more recent experiments® on the plastic deforma- 
tion of germanium in compression, the effect of delay 
time was reinvestigated to determine its effects on the 
compressive stress-strain curves. Figure 1 shows the 
results of these experiments plotted as compressive 
strain versus time at a constant initial stress of 4.3 
kg/mm”. In Gallaher’s experiments, the stresses varied 
from 0 to 6 kg/mm? along the length of the bar. It 
should be noted that the present data show much longer 
delay times in a lower temperature range: 400 to 
500°C. Figure 2 shows a semilogarithmic plot of r as a 
function of 1/T for the present data. From Fig. 2, 
Q=39 000 cal/mole and Ty>=3X10-™ sec. 

According to Seitz, the broken bonds at dislocations 
with some edge component provide ideal sites for the 
condensation of foreign atoms to form a Cottrell 
atmosphere. Even with the very high purities obtained 
in germanium, dislocations may be locked because the 
density of dislocations in carefully grown crystals is 
rather low. Evidence from counting etch pits shows that 
this density pp is of the order of 10* to 10°/cm?. There- 
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Fic. 1. Percent strain of single crystals of germanium versus 
time for various temperatures at a uniaxial compressive stress 
of 4.3 kg/mm’. 








LETTERS TO 


fore, the density of potential locking sites is given by 
pp/b= 105(4 10-8) = 2.5X10"/cm®, where 6 is the 
Burgers vector in germanium. The impurity density in 
40 ohm cm n-type germanium is about 4X 10"/cm!; 
hence, enough impurities are present to lock the disloca- 
tions. Plastic deformation, therefore, occurs only at tem- 
peratures where thermal fluctuations are great enough 
to aid the applied stress in freeing the locked sites. The 
activation energy Q is the energy required to free the 
dislocation from the locked point. The value of 39 000 
cal/mole obtained for Q is very close to Q=37 000 
cal/mole obtained by Esaki‘ for the diffusion of acceptor 
centers from the surface into the interior of a specimen 
undergoing a thermal cycle which involves annealing 
and quenching. From his determination of the equilib- 
rium density of these acceptors, it is almost certain 
that Esaki measured effects due to copper. This high 
value of activation energy (0=37 000 cal/mole) has 
been attributed to a difference in the mechanism for the 
diffusion of copper below 650°C.* Since no special pre- 
cautions were taken to prevent contamination from 
the surface of the stressed specimens and there is close 
agreement between Esaki’s value of the activation 
energy and the present experimental value, it seems 
reasonable to assume that the impurity acting as a 
Cottrell atmosphere may be copper. That copper does 
interact with dislocations in germanium is shown by 
the recent work of Logan® in which the rate of precipi- 
tation of copper increased markedly in deformed 
samples, where the density of dislocations is high. 

The constant 79 is interpreted as the limiting time 
for the initiation of plastic flow only in very pure 
crystals, where there are no locking points. Assuming 
that the typical Frank-Read generator is 10* atom 
distances long and contains 100 locking points and that 
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the vibration frequency is 10'*/sec, Seitz concluded that 
to= 100X10-"=10-" sec, as compared with 10~° sec 
obtained from Gallagher’s data and 3X10-" sec from 
the present data. Actually, for carefully grown ger- 
manium crystals, the dislocation density observed 
from counting etch pits is about 10*/cm?, as compared 
with 108/cm? commonly assumed to be present in well- 
annealed metals. Under these conditions, a typical 
Frank-Read source should be 10° atom distances long 
instead of 10‘. For the same density of locking points 
(100/10*) along the generator, the number of locking 
points in a source 10® atom distances long is 10+. 
Therefore, for germanium to9=10*X10~"=10- sec. 
Although the close agreement between this predicted 
value and the experimental value (3X10~sec) is 
probably fortuitous, it appears to substantiate Seitz’s 
theory. 

The author is indebted to H. Letaw, Jr., for originally 
suggesting this analysis and for a stimulating discussion 
of the results. 

1C. J. Gallagher, Phys. Rev. 88, 721 (1952). 

2 F. Seitz, Phys. Rev. 88, 722 (1952). 

3J. R. Patel and B. H. Alexander, Acta Metallurgica (to be 
published). 

4L. Esaki, Phys. Rev. 89, 1026 (1953). 

5 Fuller, Struthers, Ditzenburger, and Wolfstern, Phys. Rev. 


93, 1182 (1954). 
®R. A. Logan, Phys. Rev. 100, 615 (1955). 


Subsidiary Absorption Peaks in 
Ferromagnetic Resonance at 
High Signal Levels 


H. SunL 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received December 22, 1955) 


HE experiments of Bloembergen and Wang,! and 
those of Damon,? on ferromagnetic resonance 
at high signal levels revealed two new effects: apparent 
saturation of the main resonance well below the signal 
level predicted by the conventional theory, and the 
appearance of an additional absorption at a dc field 
considerably below that required for resonance. The 
former effect has already been explained elsewhere, on 
the basis of unstable growth of certain spin wave 
disturbances when the signal level exceeds a certain 
threshold. The subsidiary absorption, hitherto un- 
explained, is attributable to a further type of instability 
at high signal levels. 

Both instabilities can be understood in terms of the 
nonlinear coupling of the spatially uniform precession 
at the signal frequency to the motions of the spin 
waves (always present at a finite temperature) through 
the demagnetizing and exchange forces to which they 
give rise (triple, quadruple, etc., terms in the spin-wave 
Hamiltonian). These coupling fields generally have 
components along the dc field, and involve various 
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powers of the uniformly precessing part of the mag- 
netization. Thus they modulate the dc field [and hence 
the natural frequency w(k) of the spin wave of wave 
number k*], terms of mth order in the uniform pre- 
cession giving a modulation rate m times the signal 
frequency w. Thus the motion of the &th spin wave is 
not unlike that of a pendulum subject to a periodic 
vertical force: if the modulation is deep enough, in- 
stability can occur, most readily when one of the 
modulation frequencies equals twice the natural fre- 
quency of the pendulum. Thus the spin wave k is 
potentially unstable whenever 2w(k)=mw. The case 
previously discussed’ is m=2. The driving terms, 
being quadratic in the uniform precession, are then too 
small to give instability in the presence of losses, except 
when the dc field is approximately adjusted for reso- 
nance, w=w(0). The condition w(k) =w=w(0) then gives 
the range of k for which instability may occur.‘ 

The instability responsible for the subsidiary peak is 
n=1, that is 2w(k)=w. It, too, is most readily excited 
at resonance w=w(0); however, the modulation, now 
linear in the uniform precession, can be as large remote 
from resonance as the quadratic modulation is at 
resonance, and so instability will occur at comparable 
signal levels. 

Detailed analysis now gives the following results: 
spin waves unstable for the least signal powers are so 
long that exchange effects are negligible. w(k) then 
depends on k only through the angle, 6, between k and 
the magnetization direction. The dc field H;, also in- 
volved in w(k), is found in terms of @ from 2w(k)=w. 
Spin waves along @ will begin to grow when the signal 
field exceeds 

w—w(0) 
h=— AH -F, (1) 
Airy Mo 


where Mp is the saturation magnetization, y the gyro- 
magnetic ratio, w(0) the resonance frequency in the 
field H,=H,(@), AH=1/yT; the line width obtained 
from the relaxation time 7),’ and F a numerical factor 
depending on @, sample shape, and w/4ryM». F=& at 
6=0 and 2/2, and achieves a minimum of order unity 
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Fic. 1. Minimum critical signal field, and the location of the sub- 
sidiary peak for commonly found experimental conditions. 
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TaBLe I. Ratio of field H; at subsidiary absorption to the 
field Ho required for resonance at 9000 Mc/sec, and the corre- 
sponding theoretical threshold fields. 








horit 


Hi /Ho from 
Theory Experiment* 


0.72 0.72 
0.78 0.66 


0.83 


AH 
(theory) 





MnZn ferrite disk (H 1 disk) 
4x Mo~3880 oe (H || disk) 


0.732 
0.230 
0.232 


Ni-ferrite sphere 0.73 


4x M o~3320 oe 








* See reference 1. A 
» Circular polarization of the uniform precession has been assumed here 
as elsewhere. This is not correct for H || disk, but can hardly change H:/Ho 


between these two limits. # can be minimized with 
respect to 6, yielding the least signal field Acrit above 
which instability will occur, and a corresponding value 
of the de field H,, at which the subsidiary absorption 
will first be noticed. The results are shown in Fig. 1. 
If conditions are such that 2w(k)=w=w(0) can be 
satisfied, w—w(0) in (1) should be replaced by yAH, 
yielding a particularly small critical field. 

In Table I the theoretical locations of the subsidiary 
peak are compared with the observations of Bloem- 
bergen and Wang. Agreement is better than 20% 
throughout. The corresponding theoretical values of 
herit are also stated. 

The state of the medium at signal levels above 
critical has also been investigated and will be discussed 
in a future publication. 

The author acknowledges many helpful discussions 
with A. M. Clogston, L. R. Walker, and particularly 
P. W. Anderson, who suggested the pendulum analog 
as an illustration of the processes discussed here. 

1N. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1954). 

2 R. W. Damon, Revs. Modern Phys. 25, 239 (1953). 

3 An expression for w(k) suitable for the present purpose is given 
in reference 4. 

4 Clogston, Suhl, Walker, and Anderson, Phys. Rev. 101, 903 


(1956). 
5 P. W. Anderson and H. Suhl, Phys. Rev. 100, 1789 (1955). 


Anomalous V°-Events as Three-Body 
Decays* 


J. Bartram, M. Grisarvu, AND S. B. TREIMAN 
Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 
(Received December 23, 1955) 


6¢ NOMALOUS?” V°-particle events (decay proc- 

esses which do not fit either of the schemes 
A’ p+2-+37 Mev or &—>2+-+2-+ 212 Mev) have by 
now been observed in many cloud-chamber experi- 
ments. In terms of other known K-meson de- 
cay schemes, four possible interpretations suggest 
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_ Fis. 1. “Phase space” energy distribution of the neutral pion 
in the K,3°—1++27+7° decay scheme as compared with ex- 
perimental data. 


themselves: 


(a) K,3—r++2-+7°+ 80 Mev, 
(b) Ky°9art+a-+y74+212 Mev, 
(c) Kys°pt+a*+7+249 Mev, 
(d) K.3°e++a*+ 7+ 354 Mev. 


The indicated Q-values are based on the assumption 
that all the K mesons have mass 494 Mev. Schemes (c) 
and (d) are suggested as neutral counterparts of K, 3+ 
and K,3*. Scheme (b) has been suggested by Gell-Mann 
and Pais.! 

From a knowledge of the laboratory momenta and 
included angle of the charged decay products, it is 
possible to calculate the kinetic energy Tp) of the 
neutral decay product in the rest system of the un- 
stable particle. One finds 


To= [ (M—m)?— (m+ m2+0’)?|/2M, 


where M, mo, m,, and m: are, respectively, the masses of 
the primary particle, the neutral decay product, and 
the charged decay products; Q’ is the Q-value calculated 
in the usual way from the measurements on the charged 
secondaries on the assumption of two-body decay. 

We have extracted from published data? some 27 
“anomalous” V°-events which are consistent with at 
least one of the above decay schemes. The identities 
of the charged secondaries are not experimentally 
established for any of these events; but if decay schemes 
(a) or (b) are assumed, the energy of the neutral decay 
product can be calculated without ambiguity. If 
scheme (c) is assumed, two values of 7 are obtained— 
depending on which charged secondary is assumed to 
be the » meson. The two values do not in general differ 
appreciably, however, and the selection has been a 
random one in each case. The same general procedure 
was used with scheme (d). 

Of these 27 events 15 are kinematically consistent 
with scheme (a). In Fig. 1 the distribution in kinetic 
energy of the neutral particle for these events [all 
analyzed on the basis of scheme (a) for this purpose ] 
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Fic. 2. “Phase space” energy distribution of the neutrino in 
the Ky3°y++x*+y» decay scheme as compared with experi- 
mental data, 


is compared with the phase space distribution. The 
latter is particularly relevant for scheme (a) if we 
assume it to be the neutral counterpart of the charged 
t-meson decay, since the charged + meson is now 
believed to have zero spin*; because of the fairly low 
Q-value one would expect the lowest orbital angular 
momentum state to dominate the distribution. The 
fit of the data to the predicted distribution suggests that 
not all the 15 events may be explained by scheme (a). 

In Figs. 2 and 3, respectively, we plot the distribu- 
tions obtained from all 27 events, analyzed in turn 
on the basis of schemes (b) and (c) together with the 
predicted phase space distributions. We have also 
compared the data with scheme (d) with essentially the 
same result as for scheme (c), except that the curve 
extends to higher energies. In this case there is more 
serious bias with respect to distinguishing these events 
from the ordinary 6° decays. We therefore do not plot 
these data. 

There is of course some bias against seeing events 
in which Q’ is very small, since in these cases the charged 
secondaries will often appear with a narrow included 
angle in the laboratory system. Events with very 
high Q’-values would be experimentally indistinguish- 
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able from ordinary @° decay. However, we can think 
of no serious bias which operates against observation 
of those events where Q’ has intermediate values (the 
major portion of the phase space distribution). All the 
theoretical curves are normalized to the area under the 
experimental curves. 

It can be seen that the experimental distributions 
are in reasonable agreement with the phase space 
distributions, for either of the two schemes (b) and (c). 
We tentatively suggest that “anomalous” V°-events 
can be largely explained in terms of these schemes 
along with an admixture of scheme (d). The latter 
could account for the occasional events involving 
large Q’-values > 212 Mev. 

It would of course be very useful to determine the 
lifetime of “anomalous” V®-particles, since a com- 
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parison here with the normal #-particle lifetime would 
serve to clarify the question of how many distinct 
K-particles are required to explain all the presently 
known decay processes. At the present time the data 
are too meager for a reliable lifetime determination. 
We wish to thank Professor Thompson and Professor 
Deutschmann for advance copies of their papers. 
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